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Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where g1, ..., gn are elements of G.
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Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where gy, ..., g, are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G)
is finite. More generally, a word w is said to be concise in a class
of groups X if whenever G, is finite for a group G € X, it always
follows that w(G) is finite.
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Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where gy, ..., g, are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G)
is finite. More generally, a word w is said to be concise in a class
of groups X if whenever G, is finite for a group G € X, it always
follows that w(G) is finite. P. Hall asked whether every word is
concise, but later lvanov proved that this problem has a negative
solution in its general form.

Pavel Shumyatsky On words that are concise in residually finite groups



Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where gy, ..., g, are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G)
is finite. More generally, a word w is said to be concise in a class
of groups X if whenever G, is finite for a group G € X, it always
follows that w(G) is finite. P. Hall asked whether every word is
concise, but later lvanov proved that this problem has a negative
solution in its general form. On the other hand, many relevant
words are known to be concise. For instance, it was shown Jeremy
Wilson that the multilinear commutator words are concise.
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Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where gy, ..., g, are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G)
is finite. More generally, a word w is said to be concise in a class
of groups X if whenever G, is finite for a group G € X, it always
follows that w(G) is finite. P. Hall asked whether every word is
concise, but later lvanov proved that this problem has a negative
solution in its general form. On the other hand, many relevant
words are known to be concise. For instance, it was shown Jeremy
Wilson that the multilinear commutator words are concise. Such
words are also known under the name of outer commutator words
and are precisely the words that can be written in the form of
multilinear Lie monomials.
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Let w be a group-word in n variables, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup
generated by the set G,, consisting of all values w(gx,...,gn),
where gy, ..., g, are elements of G. A word w is said to be concise
if whenever G, is finite for a group G, it always follows that w(G)
is finite. More generally, a word w is said to be concise in a class
of groups X if whenever G, is finite for a group G € X, it always
follows that w(G) is finite. P. Hall asked whether every word is
concise, but later lvanov proved that this problem has a negative
solution in its general form. On the other hand, many relevant
words are known to be concise. For instance, it was shown Jeremy
Wilson that the multilinear commutator words are concise. Such
words are also known under the name of outer commutator words
and are precisely the words that can be written in the form of
multilinear Lie monomials. Thus, the word [[x1, x2], [x3, Xa, X5], X6]
is an outer commutator while the Engel word [x1, X2, X2, x| is not.
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Merzlyakov showed that every word is concise in the class of linear
groups while Turner-Smith proved that every word is concise in the
class of residually finite groups all of whose quotients are again

residually finite.
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Merzlyakov showed that every word is concise in the class of linear
groups while Turner-Smith proved that every word is concise in the
class of residually finite groups all of whose quotients are again
residually finite. There is an open problem, due to Dan Segal,
whether every word is concise in the class of residually finite
groups.
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Merzlyakov showed that every word is concise in the class of linear
groups while Turner-Smith proved that every word is concise in the
class of residually finite groups all of whose quotients are again
residually finite. There is an open problem, due to Dan Segal,
whether every word is concise in the class of residually finite
groups. In the present talk | would like to describe the following

result.
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Let w be a multilinear commutator word and q a prime-power.
The word w9 is concise in the class of residually finite groups.
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Let w be a multilinear commutator word and q a prime-power.
The word w9 is concise in the class of residually finite groups.

It remains unknown whether the word w9 is actually concise in the
class of all groups.
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We say that a word w is boundedly concise in a class of groups X
if for every integer m there exists a number v = v(X, w, m) such
that whenever |G| < m for a group G € X it always follows that
W(G) < v.
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We say that a word w is boundedly concise in a class of groups X
if for every integer m there exists a number v = v(X, w, m) such
that whenever |G| < m for a group G € X it always follows that
|w(G)| < v. Ferndndez-Alcober and Morigi showed that every
word which is concise in the class of all groups is actually
boundedly concise. Moreover they showed that whenever w is a

multilinear commutator word having at most m values in a group
G, one has |w(G)| < (m —1)(m=1),
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We say that a word w is boundedly concise in a class of groups X
if for every integer m there exists a number v = v(X, w, m) such
that whenever |G| < m for a group G € X it always follows that
|w(G)| < v. Ferndndez-Alcober and Morigi showed that every
word which is concise in the class of all groups is actually
boundedly concise. Moreover they showed that whenever w is a
multilinear commutator word having at most m values in a group
G, one has |w(G)| < (m— 1)1 In view of our theorem it
would be interesting to determine whether the word w9 is
boundedly concise in the class of residually finite groups.
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We say that a word w is boundedly concise in a class of groups X
if for every integer m there exists a number v = v(X, w, m) such
that whenever |G| < m for a group G € X it always follows that
|w(G)| < v. Ferndndez-Alcober and Morigi showed that every
word which is concise in the class of all groups is actually
boundedly concise. Moreover they showed that whenever w is a
multilinear commutator word having at most m values in a group
G, one has |w(G)| < (m— 1)1 In view of our theorem it
would be interesting to determine whether the word w9 is
boundedly concise in the class of residually finite groups.
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In this direction we obtain the following theorem.
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In this direction we obtain the following theorem.

Let w = 7y be the kth lower central word and q a prime-power.
The word w9 is boundedly concise in the class of residually finite
groups.
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In this direction we obtain the following theorem.

Let w = 7y be the kth lower central word and q a prime-power.
The word w9 is boundedly concise in the class of residually finite

groups.

Recall that the word ~y, is defined inductively by the formulae
M = X1, Ve = [Yk—1,xk] = [x1, ..., x«], for k > 2.

The corresponding verbal subgroup vx(G) is the familiar kth term
of the lower central series of G.
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In this direction we obtain the following theorem.

Let w = 7y be the kth lower central word and q a prime-power.
The word w9 is boundedly concise in the class of residually finite

groups.

Recall that the word ~y, is defined inductively by the formulae
M = X1, Ve = [Yk—1,xk] = [x1, ..., x«], for k > 2.

The corresponding verbal subgroup vx(G) is the familiar kth term
of the lower central series of G. It remains unknown whether the

word 'yg is concise in the class of all groups.
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Both theorems were obtained in a joint work with Cristina Acciarri.
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Both theorems were obtained in a joint work with Cristina Acciarri.
| will now describe some ideas behind the proofs.
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Both theorems were obtained in a joint work with Cristina Acciarri.
| will now describe some ideas behind the proofs.
Let w be a group-word and G a group.
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Both theorems were obtained in a joint work with Cristina Acciarri.
| will now describe some ideas behind the proofs.

Let w be a group-word and G a group. A subgroup N < G will be
called w-subgroup if N is generated by cyclic subgroups contained
in Gy .
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Both theorems were obtained in a joint work with Cristina Acciarri.
| will now describe some ideas behind the proofs.

Let w be a group-word and G a group. A subgroup N < G will be
called w-subgroup if N is generated by cyclic subgroups contained
in G,,. By weight of a multilinear commutator we mean the
number of variables involved in the word. It is clear that any
multilinear commutator w of weight k > 2 can be written in the
form w = [wy, wa] where wy and w, are multilinear commutators
of smaller weights.
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Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.
Choose a multilinear commutator word w and let k be the weight
of w. If k=1, then w = x and [A, G] is a w-subgroup.

| A
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.

Choose a multilinear commutator word w and let k be the weight
of w. If k =1, then w = x and [A, G] is a w-subgroup. Thus,
assume that k > 2 and show that [A, G] is a w-subgroup using
induction on k. Let w = [wi, wn], where wy and ws are two
multilinear commutators of smaller weights, say k; and kp, such
that kK = k1 + k.
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.

Choose a multilinear commutator word w and let k be the weight
of w. If k =1, then w = x and [A, G] is a w-subgroup. Thus,
assume that k > 2 and show that [A, G] is a w-subgroup using
induction on k. Let w = [wi, wn], where wy and ws are two
multilinear commutators of smaller weights, say k; and kp, such
that k = ki + ko. By the inductive hypothesis [A, G] is a
wi-subgroup in G. Moreover since w is a multilinear commutator
and G is perfect, we have G = wy(G), and so G is generated by
wor-values.
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.

Choose a multilinear commutator word w and let k be the weight
of w. If k =1, then w = x and [A, G] is a w-subgroup. Thus,
assume that k > 2 and show that [A, G] is a w-subgroup using
induction on k. Let w = [wi, wn], where wy and ws are two
multilinear commutators of smaller weights, say k; and kp, such
that k = ki + ko. By the inductive hypothesis [A, G] is a
wi-subgroup in G. Moreover since w is a multilinear commutator
and G is perfect, we have G = wy(G), and so G is generated by
wa-values. We know that [A, G] = [A, G, G] (This is because G is
perfect).
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.

Choose a multilinear commutator word w and let k be the weight
of w. If k =1, then w = x and [A, G] is a w-subgroup. Thus,
assume that k > 2 and show that [A, G] is a w-subgroup using
induction on k. Let w = [wi, wn], where wy and ws are two
multilinear commutators of smaller weights, say k; and kp, such
that k = ki + ko. By the inductive hypothesis [A, G] is a
wi-subgroup in G. Moreover since w is a multilinear commutator
and G is perfect, we have G = wy(G), and so G is generated by
wa-values. We know that [A, G] = [A, G, G] (This is because G is
perfect). Hence [A, G] is generated by elements of the form [x, y],
where (x) C Gy, and y € G,.
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Lemma

Let G be a perfect group and A a normal abelian subgroup of G.
Then [A, G] is a w-subgroup for any multilinear commutator w.

Proof.

Choose a multilinear commutator word w and let k be the weight
of w. If k =1, then w = x and [A, G] is a w-subgroup. Thus,
assume that k > 2 and show that [A, G] is a w-subgroup using
induction on k. Let w = [wi, wn], where wy and ws are two
multilinear commutators of smaller weights, say k; and kp, such
that k = ki + ko. By the inductive hypothesis [A, G] is a
wi-subgroup in G. Moreover since w is a multilinear commutator
and G is perfect, we have G = wy(G), and so G is generated by
wa-values. We know that [A, G] = [A, G, G] (This is because G is
perfect). Hence [A, G] is generated by elements of the form [x, y],
where (x) C G,, and y € G,,. Since [A, G] is abelian, we obtain
that [x, ¥y = [/, y] € [Gu,, Gu,] C Gy for any j. Thus we
conclude that [A, G] is a w-subgroup, as desired. O
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Another result of similar nature is the following lemma.
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Another result of similar nature is the following lemma.

Let w = [wy, wo] be a multilinear commutator word. Let K be a
normal subgroup of a group G and suppose that K is nilpotent of
class two. If K/Z(K) is a wi-subgroup in G/Z(K) and if it is
generated by wy-values in G/Z(K), then K’ is a w-subgroup in G.
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The two lemmas can be used to prove that for any g (not
necessarily prime-power) the word w9 is concise in the class of
soluble-by-finite groups. The key proposition is as follows.
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The two lemmas can be used to prove that for any g (not
necessarily prime-power) the word w9 is concise in the class of
soluble-by-finite groups. The key proposition is as follows.

PROPOSITION: Let w be a multilinear commutator. There exist a
(d, n, w)-bounded integer s and a (d, n)-bounded integer h with
the following property: Let G be a group having a normal soluble
subgroup of finite index n and derived length d. Then G has a
series of normal subgroups

1=T1 < <--- < T, =w(G)

such that every quotient T;/T;_1 is an abelian w-subgroup in
G/ Ti_1, except possibly one quotient whose order is at most h.
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The two lemmas can be used to prove that for any g (not
necessarily prime-power) the word w9 is concise in the class of
soluble-by-finite groups. The key proposition is as follows.

PROPOSITION: Let w be a multilinear commutator. There exist a
(d, n, w)-bounded integer s and a (d, n)-bounded integer h with
the following property: Let G be a group having a normal soluble
subgroup of finite index n and derived length d. Then G has a
series of normal subgroups

1=T1 < <--- < T, =w(G)

such that every quotient T;/T;_1 is an abelian w-subgroup in
G/ Ti_1, except possibly one quotient whose order is at most h.

The proof is somewhat technical. We will not discuss the details.
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COROLLARY:
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.

Proof.

A\ |
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.

Proof.

We know that G hasaseries1 =T < T, <--- < T, = w(G)
such that s is a (d, n, w)-bounded number and every quotient

T;/ Ti—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is (d, n)-bounded.
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.

Proof.

We know that G hasaseries1 =T < T, <--- < T, = w(G)
such that s is a (d, n, w)-bounded number and every quotient

T;/ Ti—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is (d, n)-bounded. By the hypothesis G has
only t values of w™.
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.

Proof.

We know that G hasaseries1 =T < T, <--- < T, = w(G)
such that s is a (d, n, w)-bounded number and every quotient

T;/ Ti—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is (d, n)-bounded. By the hypothesis G has
only t values of w™. Therefore every quotient T;/T;_; must have
finite exponent bounded in terms of m and t, except possibly one
finite quotient whose order is (d, n)-bounded.
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COROLLARY: Let G be a soluble-by-finite group, w a multilinear
commutator word, and m > 1 an integer. Suppose that G has only
finitely many w™-values. Then w(G) has finite exponent. If G has
only t values of w™ and the soluble radical of G has index n and
derived length d, then the exponent of w(G) is

(d, m, n, t, w)-bounded.

Proof.

We know that G hasaseries1 =T < T, <--- < T, = w(G)
such that s is a (d, n, w)-bounded number and every quotient

T;/ Ti—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is (d, n)-bounded. By the hypothesis G has
only t values of w™. Therefore every quotient T;/T;_; must have
finite exponent bounded in terms of m and t, except possibly one
finite quotient whose order is (d, n)-bounded. Thus we conclude
that w(G) has finite exponent bounded in terms of d, m, n, t and
w, as claimed. []
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It is interesting to compare the proposition that if G is
soluble-by-finite then G has a series

1=T1 < Ty <--- < Ts =w(G) such that every quotient
T;/T;—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is finite with other results of similar nature.
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It is interesting to compare the proposition that if G is
soluble-by-finite then G has a series

1=T1 < Ty <--- < Ts =w(G) such that every quotient
T;/T;—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is finite with other results of similar nature.

If G is soluble and w = § is the derived word, then G has a series
1=TH<Th<.-.-<Ts= Gk such that every quotient T;/T;_1
is an abelian w-subgroup and s depends only on k (S. Brazil, A.
Krasilnikov, P. Shumyatsky, 2006).
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It is interesting to compare the proposition that if G is
soluble-by-finite then G has a series

1=T1 < Ty <--- < Ts =w(G) such that every quotient
T;/T;—1 is an abelian w-subgroup in G/ T;_1, except possibly one
quotient whose order is finite with other results of similar nature.

If G is soluble and w = § is the derived word, then G has a series
1=T1 < Ty <---< Ty = GWK such that every quotient Ti/Ti—1
is an abelian w-subgroup and s depends only on k (S. Brazil, A.
Krasilnikov, P. Shumyatsky, 2006).

If G is soluble and w is any multilinear commutator, then G has a
series 1 = T1 < Tp <--- < Ts = w(G) such that every quotient
T;/ Ti—1 is an abelian w-subgroup and s depends only on w
(Fernandez-Alcober and Morigi, 2010) .
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact:
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G,, is a finite set of m elements.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G, is a finite set of m elements. Let

C = Cs(Gy ). Since the set G, is normal, it follows that the index
of Cin G is at most m!.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G, is a finite set of m elements. Let

C = Cs(Gy ). Since the set G, is normal, it follows that the index
of Cin G is at most m!. Since w(G) is generated by at most m
w-values, C N w(G) is generated by an m-bounded number of
elements.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G, is a finite set of m elements. Let

C = Cs(Gy ). Since the set G, is normal, it follows that the index
of Cin G is at most m!. Since w(G) is generated by at most m
w-values, C N w(G) is generated by an m-bounded number of
elements. Moreover C N w(G) is an abelian subgroup with
m-bounded index in w(G).
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G, is a finite set of m elements. Let

C = Cs(Gy ). Since the set G, is normal, it follows that the index
of Cin G is at most m!. Since w(G) is generated by at most m
w-values, C N w(G) is generated by an m-bounded number of
elements. Moreover C N w(G) is an abelian subgroup with
m-bounded index in w(G). Therefore w(G) is finite if and only if
CNw(G) is periodic.
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Next we need the simple observation that whenever G,, is finite,
the verbal subgroup w(G) is finite if and only if it is periodic.
Moreover there exists also a quantitative version of this fact: if G
has precisely m w-values and w(G) has exponent e, then the order
of w(G) is (e, m)-bounded.

PROOF. Assume that G, is a finite set of m elements. Let

C = Cs(Gy ). Since the set G, is normal, it follows that the index
of Cin G is at most m!. Since w(G) is generated by at most m
w-values, C N w(G) is generated by an m-bounded number of
elements. Moreover C N w(G) is an abelian subgroup with
m-bounded index in w(G). Therefore w(G) is finite if and only if
C N w(G) is periodic. It is clear that if C N w(G) has exponent e,
then w(G) has (e, m)-bounded order.
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The proofs of our main results are based on the techniques that
Zelmanov created in his solution of the restricted Burnside
problem.
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The proofs of our main results are based on the techniques that
Zelmanov created in his solution of the restricted Burnside
problem. Recall that the restricted Burnside problem was whether
or not the order of a finite m-generated group G of exponent e is
bounded in terms of m and e only.
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The proofs of our main results are based on the techniques that
Zelmanov created in his solution of the restricted Burnside
problem. Recall that the restricted Burnside problem was whether
or not the order of a finite m-generated group G of exponent e is
bounded in terms of m and e only. In 1957 Hall and Higman
reduced the problem to the case where G is a p-group for some
prime p. Their reduction theorem used the (future at that time)
classification of finite simple groups and the representation theory.
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The proofs of our main results are based on the techniques that
Zelmanov created in his solution of the restricted Burnside
problem. Recall that the restricted Burnside problem was whether
or not the order of a finite m-generated group G of exponent e is
bounded in terms of m and e only. In 1957 Hall and Higman
reduced the problem to the case where G is a p-group for some
prime p. Their reduction theorem used the (future at that time)
classification of finite simple groups and the representation theory.
The case where G is a p-group remained open for more than 30
years. Then Zelmanov solved the problem in 1989. The solution of
the RBP for p-groups was based on Lie methods created in the
late 30s by Magnus and Zassenhaus.
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One immediate corollary of the solution of the RBP is the fact that
any residually finite group of finite exponent is locally finite.
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One immediate corollary of the solution of the RBP is the fact that
any residually finite group of finite exponent is locally finite.
Making some adjustments to Zelmanov's work one can deduce the

following related result.
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One immediate corollary of the solution of the RBP is the fact that
any residually finite group of finite exponent is locally finite.
Making some adjustments to Zelmanov's work one can deduce the
following related result.

Let g be a prime-power and w a multilinear commutator word.
Assume that G is a residually finite group such that any w-value in
G has order dividing q. Then the verbal subgroup w(G) is locally
finite.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.
Let G be a residually finite group in which the word v = w9 has
only finitely many values.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite).
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite). All w-values in K have order dividing g. By
our Zelmanov-like theorem w(K) is locally finite and so in
particular it is periodic.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite). All w-values in K have order dividing g. By
our Zelmanov-like theorem w(K) is locally finite and so in
particular it is periodic. We pass to the quotient group G/w(K)
and assume that w(K) = 1. Then K is soluble and so G is
soluble-by-finite.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite). All w-values in K have order dividing g. By
our Zelmanov-like theorem w(K) is locally finite and so in
particular it is periodic. We pass to the quotient group G/w(K)
and assume that w(K) = 1. Then K is soluble and so G is
soluble-by-finite. We deduce that w(G) has finite exponent.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite). All w-values in K have order dividing g. By
our Zelmanov-like theorem w(K) is locally finite and so in
particular it is periodic. We pass to the quotient group G/w(K)
and assume that w(K) = 1. Then K is soluble and so G is
soluble-by-finite. We deduce that w(G) has finite exponent. Since
every v-value in G is an element of w(G), it follows that v(G) is
periodic too.
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Now we are ready to prove the theorem that the word w9 is
concise in the class of residually finite groups.

Proof.

Let G be a residually finite group in which the word v = w9 has
only finitely many values. It is sufficient to show that v(G) is
periodic. Choose a normal subgroup K in G such that the index
[G : K] is finite and v(K) =1 (such a subgroup exists because G
is residually finite). All w-values in K have order dividing g. By
our Zelmanov-like theorem w(K) is locally finite and so in
particular it is periodic. We pass to the quotient group G/w(K)
and assume that w(K) = 1. Then K is soluble and so G is
soluble-by-finite. We deduce that w(G) has finite exponent. Since
every v-value in G is an element of w(G), it follows that v(G) is
periodic too. The proof is complete. []
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The proof of the other theorem — that if w = v, and g is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups — requires some additional work.
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The proof of the other theorem — that if w = v, and g is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups — requires some additional work. Since we
are going to prove a quantitative result, it is sufficient to deal with
finite groups.
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The proof of the other theorem — that if w = v, and g is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups — requires some additional work. Since we
are going to prove a quantitative result, it is sufficient to deal with
finite groups. We have

PROPOSITION: Let m,k > 1 and q be a p-power for some prime
p. Assume that G is a finite m-generator group such that

[x1,...,xk]|9 =1 forall x1,...,xx € G. Then the exponent of
v«(G) is (k, m, q)-bounded.
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The proof of the other theorem — that if w = v, and g is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups — requires some additional work. Since we
are going to prove a quantitative result, it is sufficient to deal with
finite groups. We have

PROPOSITION: Let m,k > 1 and q be a p-power for some prime
p. Assume that G is a finite m-generator group such that

[x1,...,xk]|9 =1 forall x1,...,xx € G. Then the exponent of
v«(G) is (k, m, q)-bounded.

This is a result in the spirit of the RBP and the proof is based on
Lie-theoretic results of Zelmanov.
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We will also require the following result of Mann.
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We will also require the following result of Mann.

Theorem: Let G be a finite group such that G/Z(G) has exponent
e. Then the exponent of G’ is e-bounded.
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We will also require the following result of Mann.

Theorem: Let G be a finite group such that G/Z(G) has exponent
e. Then the exponent of G’ is e-bounded.

This is a result in the spirit of Schur's theorem that says that if
G/Z(G) has order n, then the order of G’ is n-bounded.
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We will also require the following result of Mann.

Theorem: Let G be a finite group such that G/Z(G) has exponent
e. Then the exponent of G’ is e-bounded.

This is a result in the spirit of Schur's theorem that says that if
G/Z(G) has order n, then the order of G’ is n-bounded. In
Schur's theorem there is no need to assume that G is finite.

Pavel Shumyatsky On words that are concise in residually finite groups



We will also require the following result of Mann.

Theorem: Let G be a finite group such that G/Z(G) has exponent
e. Then the exponent of G’ is e-bounded.

This is a result in the spirit of Schur's theorem that says that if
G/Z(G) has order n, then the order of G’ is n-bounded. In
Schur’s theorem there is no need to assume that G is finite.
Mann's theorem fails for infinite groups (but it holds for example
for locally finite groups).
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We will also require the following result of Mann.

Theorem: Let G be a finite group such that G/Z(G) has exponent
e. Then the exponent of G’ is e-bounded.

This is a result in the spirit of Schur's theorem that says that if
G/Z(G) has order n, then the order of G’ is n-bounded. In
Schur’s theorem there is no need to assume that G is finite.
Mann's theorem fails for infinite groups (but it holds for example
for locally finite groups). The proof of Mann's theorem uses the
solution of RBP.
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Now we embark on the proof that if w =~ and ¢ is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups.
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Now we embark on the proof that if w =~ and ¢ is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups.

Assume that G is a finite group with at most m values of the word
v =w9.
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Now we embark on the proof that if w =~ and ¢ is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups.

Assume that G is a finite group with at most m values of the word
v = w9. Without loss of generality we can assume that G is
generated by at most mk elements. Indeed, let {u1, ..., un} be the
set of all v-values in G. Write u; = [gi1,...,8i]9 fori=1,....,m.
Let K be the subgroup of G generated by gi1, g12, .- -,&mk and
note that v(G) = v(K). Hence, without loss of generality we can
assume that G is generated by gi1, 812, - - -, 8mk-
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Now we embark on the proof that if w =~ and ¢ is a
prime-power, the word w9 is boundedly concise in the class of
residually finite groups.

Assume that G is a finite group with at most m values of the word
v = w9. Without loss of generality we can assume that G is
generated by at most mk elements. Indeed, let {u1, ..., un} be the
set of all v-values in G. Write u; = [gi1,...,8i]9 fori=1,....,m.
Let K be the subgroup of G generated by gi1, g12, .- -,&mk and
note that v(G) = v(K). Hence, without loss of generality we can
assume that G is generated by gi1, 812, - - -, 8mk-
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Let H be the centralizer in G of all v-values.

Pavel Shumyatsky On words that are concise in residually finite groups



Let H be the centralizer in G of all v-values. Then [G : H] < m!.
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H).
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v (H) is (k, m, q)-bounded.
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v, (H) is (k, m, g)-bounded. Thus
vk(H)/Z(~vk(H)) has (k, m, g)-bounded exponent.
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v, (H) is (k, m, g)-bounded. Thus
vk(H)/Z(~vk(H)) has (k, m, g)-bounded exponent. Mann’s result
tells us that [vx(H),v«(H)] has (k, m, g)-bounded exponent.

Pavel Shumyatsky On words that are concise in residually finite groups



Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v, (H) is (k, m, g)-bounded. Thus
vk(H)/Z(~vk(H)) has (k, m, g)-bounded exponent. Mann’s result
tells us that [vx(H),v«(H)] has (k, m, g)-bounded exponent. We
pass to the quotient G/[v«(H),v«(H)] and assume that v,(H) is
abelian.
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v, (H) is (k, m, g)-bounded. Thus
vk(H)/Z(~vk(H)) has (k, m, g)-bounded exponent. Mann’s result
tells us that [vx(H),v«(H)] has (k, m, g)-bounded exponent. We
pass to the quotient G/[v«(H),v«(H)] and assume that v,(H) is
abelian. It follows that H is soluble with derived length at most
k+1.
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Let H be the centralizer in G of all v-values. Then [G : H] < m!.
Since G is generated by at most mk elements and H has
m-bounded index in G, it follows that also H has a (k, m)-bounded
number of generators. Consider the quotient H = H/Z(H). Since
H centralizes all v-values, it follows that the law v = 1 holds in H.
Therefore we are in the position to use the above result and
deduce that the exponent of v, (H) is (k, m, g)-bounded. Thus
vk(H)/Z(~vk(H)) has (k, m, g)-bounded exponent. Mann’s result
tells us that [vx(H),v«(H)] has (k, m, g)-bounded exponent. We
pass to the quotient G/[v«(H),v«(H)] and assume that v,(H) is
abelian. It follows that H is soluble with derived length at most

k + 1. We conclude that v(G) has (k, m, g)-bounded exponent
and therefore (k, m, g)-bounded order, as desired.
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