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Exercise 1-3. Prove that if g (Q) is a distortion function,
then Fq (Fg) is a proper distribution function for all F.
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Exercise 1-3. Prove that if g (Q) is a distortion function,
then Fq (Fg) is a proper distribution function for all F.

The distorted distribution associated to a distribution function F and to an
increasing continuous distortion function q : [0,1] — [0, 1] such that
q(0) =0 and g(1) =1, is given by

Fq(t) = q(F(t)), VteR.
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Exercise 1-3. Prove that if g (Q) is a distortion function,
then Fq (Fg) is a proper distribution function for all F.

The distorted distribution associated to a distribution function F and to an
increasing continuous distortion function q : [0,1] — [0, 1] such that
q(0) =0 and g(1) =1, is given by

Fq(t) = q(F(t)), VteR.

e The DF g is increasing so, in particular, Fg is non decreasing in R.
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Exercise 1-3. Prove that if g (Q) is a distortion function,
then Fq (Fg) is a proper distribution function for all F.

The distorted distribution associated to a distribution function F and to an
increasing continuous distortion function q : [0,1] — [0, 1] such that
q(0) =0 and g(1) =1, is given by

Fq(t) = q(F(t)), VteR.

e The DF g is increasing so, in particular, Fg is non decreasing in R.
e The DF g is continuous so, in particular, Fq is right continuous in R.

e The DF g is a function ¢ : [0,1] — [0,1] such that g(0) =0 and
g(l) =156

limeoFq(t) =0 and [fime 1 Fg(t) =1.

e The same for Fg.
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Exercise 2-4. Provide a valid distortion function of
dimension 1 and one of dimension n > 1.
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Exercise 2-4. Provide a valid distortion function of
dimension 1 and one of dimension n > 1.

Power distortion : u", r > 0.

Dual power distortion :1— (1 —u)", r > 0.
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Exercise 2-4. Provide a valid distortion function of
dimension 1 and one of dimension n > 1.

Power distortion : u", r > 0.

Dual power distortion :1— (1 —u)", r > 0.
e n>1

Qur, ) = tht[1 + (1 — uy)(1 — wp)], wy,uwr € [0,1].

FeH Cz.:PuQQ)
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Exercise 5. Compute the distortion functions of the median
X23.
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Exercise 5. Compute the distortion functions of the median
X23.

o In general, the survival function of Xj., is

-8 (e
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Exercise 5. Compute the distortion functions of the median

Xo3.

o In general, the survival function of Xj., is

i—1

o) =3 (7) PE™i0)

j=0

° ﬁ;:n(t) is a distorted distribution with

i—1
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e For X5.3 we have

G23(u) = a(u) = 30* + 24°
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Exercise 6. Compute the distortion function of a fifty-fifty
mixture of F and F2.
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Exercise 6. Compute the distortion function of a fifty-fifty
mixture of F and F2.

@ The mixture survival function

'Ep(t) :Plﬁl(t) + o+ paFa(t),
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Exercise 6. Compute the distortion function of a fifty-fifty
mixture of F and F2.

@ The mixture survival function
'Ep(t) = Plﬁl(t) S +Pnﬁn(t)-
where =p(p1,....pn).pi 2 0and p1,--- ,ps = 1.

e It is a generalized distorted distribution with
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o The distortion function of a fifty-fifty mixture of F and F? is

@(,uu): ——ul——uz-—(l--Jru).
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Exercise 7. Compute the distortion function of the parallel
system Xp.0 = max(Xy, X3) for a copula C. What happen if
X1 and X5 are ID?
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Exercise 7. Compute the distortion function of the parallel
system Xp.0 = max(Xy, X3) for a copula C. What happen if
X1 and X5 are ID?

e The distribution function of X5 for a copula C is
F22(t) = C(Ai(t), (1)),

that is a GDD from Fy, F, with @, = C.
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Exercise 7. Compute the distortion function of the parallel
system Xp.0 = max(Xy, X3) for a copula C. What happen if
X1 and X5 are ID?

e The distribution function of X5 for a copula C is
Fa2(t) = C(Fi(t), F2(1)),
that is a GDD from Fy, F, with @, = C.

e Clayton copula
ty 2

Clg, )= ————= .
(1 2) th + Uy — Uy
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Exercise 7. Compute the distortion function of the parallel
system Xp.0 = max(Xy, X3) for a copula C. What happen if

X1 and X5 are ID?

e The distribution function of X5 for a copula C is
Fa2(t) = C(Fi(t), F2(1)),
that is a GDD from Fy, F, with @, = C.

e Clayton copula

U
Clu,t))=—2
th + Uy — Uy
e So u/,u
Q2:2(U1._ U2) = L

o+ —
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e In ID case

@:2(u,u) = Cu,u) = g2(u)
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e In ID case

Q2:2(u, u) == q22(u)

CQo,‘{toff\/ chu,QcU D

e So
q:2(v) ‘ = Qowpomgq}cj
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Exercise 8. Find a distortion function that is not a copula.
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Exercise 8. Find a distortion function that is not a copula.

@ X5 with indipendent components.
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Exercise 8. Find a distortion function that is not a copula.

@ X5 with indipendent components.

o Doy, th) =th + th — qn
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Exercise 8. Find a distortion function that is not a copula.

@ X5 with indipendent components.
° @2;2(U1-. ) = Uy + Uy — thik

o If we compute, for example, Q(1, u>)

Q2(liw)=1+uwm—x @

- oEseay Exercise Session #1 SMOCS 2021 10 / 20



Exercise 8. Find a distortion function that is not a copula.

X2 with indipendent components.
° @2;2(U1-. ) = Uy + Uy — thik

If we compute, for example, Qo:5(1, )

Qo(l,w) =1+ —x =1.

C(Oﬂé\:(_(’x,O) -0

C(xA)=x
C)Y
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Exercise 9. Compare the order statistics X5.3 and X3.3 (11D
case).

Fa(): PO 5 gusta) =
EL 0= 4- Fsl-4- P = 4-(1- P({))

B gy ()= 4-(4- “> B - B4
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Exercise 9. Compare the order statistics X5.3 and X3.3 (11D
case).

o g33(u)=u® and Gaa(u) =3u -3+’
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Exercise 9. Compare the order statistics X5.3 and X3.3 (11D
case).

o g33(u)=u® and Gaa(u) =3u -3+’

o Go3(u) = qa(u) =30 — 24°.
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Exercise 9. Compare the order statistics X5.3 and X3.3 (11D
case).

o g33(u)=u® and Gaa(u) =3u -3+’

o Go3(u) = qua(u) = 3u® — 24°.

e ST order
Q3:3(U) < qoa(u) = Xo3 <s1 X33
[

2 ?3’52%23“)
w2 BT 2 03 w3 U V3 320

RU-w)ZO 4P - M 2O OK\ VMé(O,/i)
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Exercise 9. Compare the order statistics X5.3 and X3.3 (11D
case).

o g33(u)=u® and Gaa(u) =3u -3+’
o Go3(u) = qua(u) = 3u® — 24°.

ST order

B3(u) < ga(u) = Xo3 <s1 X33

e RHR order

3

Zj:;%z; = 3u2u_ 5 = 3 _u2u increases in [0, 1]

= X2.3 <RHR X3:3
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o hy(u) = 6u—6u7 and  Gs(u) = 367 — 6u+3.
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——————,
o Gy(u)=6u—6u? and (u)=3u? —6u+3.
e LR order

—r 2 _ 2.
??:3(”) _3u 6”;_3 - 2u—i;1 decreases in [0, 1]
Gh5(u) 6u—6u 2u—2u

= Xo3 <Ir X33.
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INSS——————————
o Ghy(u) =6u—6u and G,(u) =3u? —6u+3.

e LR order

Ghau) 30 —6u+3 P —2u+1
.3 (1)  bu—6u?  2u—2u2

decreases in  [0,1]

= Xo3 <R X33.

e HR order
Ga(u) 3u—3P 4+ 3-3u+i?

o3 (u) 32 — 258 30— decreases in  [0,1]

= Xo3 <HR X33
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INSS——————————
o Ghy(u) =6u—6u and G,(u) =3u? —6u+3.

e LR order

Gya(u) 3u° —6u+3 B w2 —2u+1
G5.3(v) - bu—6u?  2u—2u?

decreases in  [0,1]

= Xo3 <R X33.

e HR order
Ga(u) 3u—3P 4+ 3-3u+i?

o3 (u) 32 — 258 30— decreases in  [0,1]

= Xo3 <HR X33

e MRL order
X203 <HR X33 = Xo3 <mrL X33
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Exercise 10. Study which aging classes are preserved by the
median X3 (IID case).
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Exercise 10. Study which aging classes are preserved by the
median X3 (IID case).

. 52:3(9') = q2:3(u) =3 — 2% 5:‘5:3(”] = 6u — 6u°
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Exercise 10. Study which aging classes are preserved by the
median X3 (IID case).

. 52:3(9') = q2:3(u) =3 — 2% 5?5:3(”] = 6u — 6u°
e We have to compute

Gos(u) 60> —6u°  6—6u

go:3 3u2 — 203 3u—2u

ax3(u) = u
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Exercise 10. Study which aging classes are preserved by the
median X3 (IID case).

. 52:3(9') = q2:3(u) =3 — 2% 5?5:3(”] = 6u — 6u°
e We have to compute

Gos(u) 60> —6u°  6—6u

go:3 3u2 — 203 3u—2u

ax3(u) = u

® aj3(u) is decreasing for u € [0,1] = IFR class is preserved by X;3.
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Exercise 10. Study which aging classes are preserved by the
median X3 (IID case).

. 52:3(9') = q2:3(u) =3 — 2% 5?5:3(”] = 6u — 6u°
e We have to compute

Gos(u) 60> —6u°  6—6u

az3(u) = u go:3 3u2 — 203 3u—2u

® aj3(u) is decreasing for u € [0,1] = IFR class is preserved by X;3.

o Go3(uv) =3uPv? — 2533
q2:3(u) = 3“2 = 2”2? @MQ“ 2M3)(3’0_:(- R ’§3>
Goa(v) = 3v —2v /

Gra(uv) < Goa3(u)Goa(v), Vu,v € [0,1]

= NBU class is preserved by X5.3.
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= 3u2‘ — 248¢

° Goa(uf
() = (3u? —20°)°

(2

Go3(u®) = (Goa(v)), Yu,c €[0,1]
= IFRA class is preserved by X; 3.

FR cCam = ARV Lo
FR oy > (RO oy
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .

o G(u)=su+3u’ and F(u)=5+u
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .

o G(u)=su+3u’ and F(u)=5+u
e We have to compute

=
i) = K (_u) _1+ Zu.
q 1+4+u
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .

o G(u)=su+3u’ and F(u)=5+u
e We have to compute

=
i) = K (_u) _1+ Zu.
q 1+4+u

e afu) is increasing for u € [0,1] = DFR class is preserved.
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .

o G(u)=su+3u’ and F(u)=5+u
e We have to compute

=
i) = K (_u) _1+ Zu.
q 1+4+u

e afu) is increasing for u € [0,1] = DFR class is preserved.

e DFR class is preserved by the mixture == NWU class is preserved.
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Exercise 11. Study which aging classes are preserved by
fifty-fifty mixture of F and F? .

o G(u)=su+3u’ and F(u)=5+u
e We have to compute

=
i) = K Eu) _1+ 2u.
q 1+4+u

e a(u) is increasing for u € [0,1] = DFR class is preserved.

DFR class is preserved by the mixture = NWU class is preserved.

DFR class is preserved by the mixture = DFRA class is preserved.
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Exercise 12. Prove that the NBU class is preserved by X;.»
in the IID case.
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Exercise 12. Prove that the NBU class is preserved by X;.»
in the IID case.

o (ho(up, ) =t + tp — uyup
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Exercise 12. Prove that the NBU class is preserved by X;.»

in the IID case.

o (ho(up, ) =t + tp — uyup
@ In the IID case

Qo (u,u) = g(lu)-—2u—u —>9%( )=2-2u.

e \We have to compute

= . .
a(u) = u? ((;) = 22 _2::.

DI Eecrcise Session £1 SMOCS 2021

16 / 20



Exercise 12. Prove that the NBU class is preserved by X;.»
in the IID case.

o Qo) =t +u— i

In the IID case

@2(u,u) = G(u) =2u — ? = §(u) =2 - 2u.

e \We have to compute

= . .
a(u) = u? ((;) = 22 _2::.

e o(u) is decreasing for u € [0,1] = IFR class is preserved by X;.5.

v WD canl
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Exercise 12. Prove that the NBU class is preserved by X;.»
in the IID case.

o Qo) =t +u— i

In the IID case

@2(u,u) = G(u) =2u — ? = §(u) =2 - 2u.

e \We have to compute

oy qu) _2-2u
a(u) =u G "o u

e o(u) is decreasing for u € [0,1] = IFR class is preserved by X;.5.

o IFR class is preserved by X».» = NBU class is preserved by X;.».
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Exercise 13. Prove that the NBU class is preserved by X;.»
in the IND case.
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Exercise 13. Prove that the NBU class is preserved by X;.»
in the IND case.

° @2:2(“1- U2) =+ U —Uth
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Exercise 13. Prove that the NBU class is preserved by X;.»
in the IND case.

° @2:2(“1- U2) =+ U —Uth
o Qa(tvi,thv) = v + thva — hvitbV,
Q2:2(U1-. uz] =l + U — o
Qoa(va, v2) = vi + v — v]\,zvfﬁ‘{iﬂz-/u{ﬂz)(‘yi - g )
4

@2 (v, tiow) < Qa(ur, ) Qa(v, w), Yuj, v; € [0,1]

= NBU class is preserved by X;.3.

- oEseay Exercise Session #1 SMOCS 2021 18 / 20



S
Exercise 13. Prove that the NBU class is preserved by X;.»
in the IND case.

° @2:2(”1- U2) =+ U —Uth

o Qa(thvi,thv) = v + thva — hvitbV,
Q2:2(U1-. uz] =l + U — o
2(vi, ) =vi+v—viv

@2 (v, tiow) < Qa(ur, ) Qa(v, w), Yuj, v; € [0,1]
= NBU class is preserved by X;.3.

e NB: ALL the systems with indipendent components preserve the NBU
class.
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Exercise 14. Study which classes are preserved by X5., in the
ID case for a copula C.

— AN
Bug (o a)= A+ sy = E1202)

~ Tons ODww. ok
My ) = Ay %6
C( 4 '2) Ty ¢ ity - Abs Mg (,C(P\LQQ)
— A
@2;( (M'LM,Z_) = q&ﬁl (Lk) = M - C(M.)
A N - 2
C/(M\) - { z _,}i—-— -V
o an L
(- )= _ Gk -k
?{C(M) sl 2 o £ - M 2- M

R S SMOCS 2021 19/ 20



Exercise 14. Study which classes are preserved by X5., in the
ID case for a copula C.

e Dependent component

@2:2(U1~U2) =W + U — €(U1eu2)
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Exercise 14. Study which classes are preserved by X5., in the
ID case for a copula C.

e Dependent component
Qa2(wn. 1) =t + up — C(ur, p)

@ In the dependent ID case

@2 (u, u) = Goo(u) = 2u — C(u, u).
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Exercise 14. Study which classes are preserved by X5., in the
ID case for a copula C.

e Dependent component
Qa(uy, ) = th + up — C(un, o)

@ In the dependent ID case

@2‘.2(”1 U) = 52:2(11') =2u— C(U, U).
e Clayton survival copula in the ID case

u
2—u

Clu,u) =
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Exercise 14. Study which classes are preserved by X5., in the
ID case for a copula C.

e Dependent component
Qa(uy, ) = th + up — C(un, o)

@ In the dependent ID case

@2‘.2(”1 U) = 52:2(11') =2u— C(U, U).
e Clayton survival copula in the ID case

u
2—u

Clu,u) =
e So

u  3u-—2u°
2—u  2—u

- oEseay Exercise Session #1 SMOCS 2021 19 / 20
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e The derivative
5 6 — 8u+2u°
Gro(U) = ———

2-u)
92 () = BrémEu) +(3M zﬂ))
(»Z )
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e The derivative
i ( ) - 6 — 8U + 2U2
o2\ U) = = u)2

e We have to compute

e} — ué’(u) 6 —8u+2u°
2 T T Tuta

oy () = M 6-8us 2’ 2-m

(2—A)J‘ du -2u’t
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e The derivative
i ( ) - 6 — 8U + 2U2
o2\ U) = (2 — U)2

e We have to compute

ool = ué’(u) 6 —8u+2u°
2 T T Tuta

® a5 (u)is decreasing for u € [0,1] =
IFR class is preserved by Xo.» in ID case for Clayton copula.
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e The derivative
i ( ) - 6 — 8U + 2U2
q2:2 u) = (2 — U)2

e We have to compute

i) ué’(u) 6 —8u+ 212
2 T T Tuta

® a5 (u)is decreasing for u € [0,1] =
IFR class is preserved by Xo.» in ID case for Clayton copula.

e IFR class is preserved by X5, in ID case for Clayton copula =
NBU class is preserved by X5 in ID case for Clayton copula.
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e The derivative
i ( ) - 6 — 8U + 2U2
q2:2 u) = (2 — U)2

e We have to compute

e i = Uﬁ’(u) 6 —8u+ 212
2 T T Tuta

a(u) is decreasing for u € [0,1] =
IFR class is preserved by Xo.» in ID case for Clayton copula.

e IFR class is preserved by X5, in ID case for Clayton copula =
NBU class is preserved by X5 in ID case for Clayton copula.

e IFR class is preserved by Xz.2 in ID case for Clayton copula =
IFRA class is preserved by X5, in ID case for Clayton copula.

- oEseay Exercise Session #1 SMOCS 2021 20/ 20



