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Pathwise stochastic integration in the fractional Sobolev
type spaces

Let us construct pathwise integrals fOT f(t)dB! for stochastic process f
belnging a.s. to the fractional Sobolev type spaces /', (LP) with some

p > 1. This approach was developed by Zahle [Zah98a], [Zah99], [ZahO01].
Consider two non-random functions f and g defined on some interval
[a, b] C R, suppose that the limits f(u+) := limso f(u + 6),

g(u—) :=limspo g(u—9), a < u < b, exist, and put

oo () = (F(x) — £(24) Lo (), 86_(x) = (&(b—) — £(x)) 1oy (x).
Suppose that o € 1§ (Lp[a, b]), gb— € lg:a(Lq[a, b]) for some
p>19g>11/p+1/g <1, 0<a<1. Then, evidently,

D, for € Lpla, b], DL “gh- € Lg[a, b] and it is possible to give the
following definition.
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Definition 1
The generalized (fractional) Lebesgue-Stieltjes integral fab f(x)dg(x) is

defined as

b b
/a F(x)de(x) = / (D2, £, ) (x)(DE=gs_)(x)dx+F(a+) (g (b—)—g(a+))

v

Lemma 2

Definition 1 does not depend on the possible choice of c.
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Let ap < 1. Then f,y € I3 (Lp[a, b]) if and only if f € I (Lp[a, b]) and
in this case

J2F()dg () = [2 (D3 0)(x) — ritey - (255 ) (DF g6 )(x)x

+ <a+)<g(b ) — g(at)) = [7(Dg, F)(x)(Dh="gs-)(x)dx
~f(a+),="(D,="¢)(a) + f(a+)(g(b-) — g(a+))

fa(D ¢ ) (x)(DE~*gp—)(x)dx.

(1)
Lemma 3

Let gp— € 1.=*(Lp[a, b]) N Cla, b] for some p > 12, 0 < a < 1. Then for
anya<c<d<b

b
/a (D2 11 07) () (D )(x)dx = g(d) — g(c). )

v
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Corollary 4

Let the function g is Holder continuous with some exponent 0 < A <1,
then gp— € I.-*(Lp[a, b]) for any p > 1 and 1 — a < \. So, we can take
p>2/\ a=1—\/2 and obtain (2).

Corollary 5

n—1
For any step function fr(x) = > ckl{y, x.,,)(X) with

a=x<...<xp=bandg sa_tisfying the conditions of Lemma 3, we

have that [ f(x)dg(x) = 3 ci(g(xk+1) — 8(x))-
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Further we suppose that g(b—) = g(b) and g(a+) = g(a).
Denote BV|a, b] the class of functions of bounded variation on [a, b].

Lemma 6

Let the functions for € 12, (Lp[a, b)), gb— € I.-*(Lg[a, b]) N BV/[a, b] with
p>1,9g>11/p+1/q<1and

b
/a 12, (1(D2 A () el (d) < oo. 3)

Then
b b
/ F(x)dg(x) = (L-S) / F(x)dg (x).
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Now we consider the case of Holder functions f and g. The existence of
(R-S) ? fdg for f € CM[a,b], g € C¥[a, b] with A+ 1 > 1 was established
by Kondurar [Kon37]. Moreover, this integral coincides with fab fdg , as
the next theorem states.

Yuliya Mishura Stochastic integration and SDEs involving fB SMOCS 2021 8/60



Let f € CMa, b] for some 0 < A < 1, [f(x) — F(y)] < c(A)|x — y|*,
x,y € [a, b]. Consider the following step function

n—1

fTF(X) = Z f(Xk)l[xk,xk+1)(X)7

k=0

where the partition 7 = {a = xp < x1 < ... < x, = b}.
Evidently, lim| o sup.|lfr — [l jae) = O

Theorem 7

1) Forany 0 < oo < A

lim supl|(Dg} fx) — (D34 f)ll y[a,6) = O-
|w|—=0 =

2) Let f € C*([a, b]), g € C*[a, b] with A + 11 > 1 then (R-S) [ fdg

exists and . .
/ fdg = (R—S)/ fdg.

= = = — e
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Now we establish the properties of generalized integral fst fdg as the
function of upper and lower boundaries.

Lemma 8 ([Zah98a])

1) Let a < s < t < b and the functions f and g satisfy the assumptions
(i) (f - 1(s,0) € I19(Lp[a, B]), gb— € IX7%(Lg[a, b]) for some
0<a<lp>1,g>11/p+1/q<1,

(i) foy €19 (Lpy[s, t]), g— € Il_a/(Lq/[s, t]) for some
0<d<l,p>1,¢g>1,1/p+1/q <1. Then

b t
/ l(s,t) fdg :/ fdg.
t u u
/ fdg+/ fdg:/ fdg
S| t S

holds for a < s < t < u < b, if all the integrals exist as generalized
Lebesgue-Stieltjes integrals.

2) The equality

v
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Pathwise stochastic integration in fractional Besov type
spaces

Consider the approach to pathwise stochastic integration in fractional
Besov type spaces, introduced by Nualart and Riscanu [NROO] (see also
the paper of Cieselski[CKR93]).

Consider the following functional spaces. Let for 0 < o < 1

23 (8) = [F(&)] + [ [F(£) — £(5)[(t — s)~°1ds, Wy = W[0T] be the
space of real-valued measurable functions f : [0, T] — R such that

[fllo,a := sup ¢f(t) < oo;
te[0,T]

W = W0, T] be the space of real-valued measurable functions
f [0, T] — R such that

f — f(s
Hleﬂ — sup <| ‘ U) )

0<s<t<T (u—-s) 1+a

and
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W5* = W50, T] be the space of real-valued measurable functions
f [0, T] — R such that

T!f( f(s) — f(u)|
fllaa == I738) = R4} .
1£1]2 /0 d-l—/ / s_ua+1dds<oo

The spaces W, i =0, 1, 2 are Banach spaces with respect to
corresponding norms.

Also, forany 0 < e < a A (1 —a)

cote[0, T] ¢ Welo, T] ¢ Ce—=[0, T], i=0,1,
cete[o, T] ¢ W2o, T).

Therefore the trajectories of fBm B with Hurst index H for a.a. w € Q
belong to W{[0, T] forany T >0, 0 < a < H and ||B"||1,, < oo for any
0<a<H.
Moreover, for g € W{*[0, T] its restriction to [0, t] C [0, T] belongs to
1%(L [0, t]) and
o 1
Na(g) = ogssgtpgTKDt*g)t_(s)' < m”gﬂl,a < 00.

The restriction of f € W3'[0, T] to [0,t] C [0, T] belongs to-I{*(L1[0,]).
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Now, let f € W50, T], g € WL ?[0, T]. Then for any 0 < t < T there
exists Lebesgue integral fot(D3“+f)(x)(Dt1__o‘gt_)(x)dx, so we can define
fot fdg according to Definition 1 and formula (2).Moreover, for any
0<t<T fot fdg = fOT L(o,¢)fdg, and the integral fot fdg admits an
estimate

| Jo fdg| < fy [(Dg,.£)(x)[|(D¢=ge—)(x)[dx

< N-a(@)lfll2e < (M1 =) Hgllii-allfll2a-
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Stochastic differential equations driven by fractional
Brownian motion with pathwise integrals

Consider the function o = o(t,x) : [0, T] x R — R satisfying the
assumptions: o is differentiable in x, there exist M >0, 0 < 8,k <1 and
for any R > 0 there exists Mg > 0 such that

(1) o is Lipschitz continuous in x:

lo(t,x) —o(t,y)| < M|x —y|, Vte|0,T],x,y €R,
and is of sublinear growth: there exist v € [0,1] and Ky > 0 such that
o (2, )] < Ko(1 + [x[7)
for all t,x; (ii) x-derivative of o is local Holder continuous in x:
|ox(t,x) = ox(t, y)| < MRlx = y[*, VIx|,[y| <R, t €0, T];
(iif) o and x-derivative of o are Holder continuous in time:
o (t, x)—0o(s,x)|+|ox(t, x)—ox(s,x)| < M|t—s|?, V¥x eR,t,s€]0,T].
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Let the function b = b(t,x) : [0, T] x R — R satisfy the assumptions
(iv) for any R > 0 there exists Lg > 0 such that

|b(t,x) = b(t,y)| < Lrlx —yl|, Vx|, ly| <RVt €0, T];
(v) there exists the function by € L,[0, T] and L > 0 such that

|b(t,x)| < L|x| + bo(t), V(t,x)€][0,T]xR.
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Now, consider SDE with fBm B, H € (1/2,1) on a complete probability
space (Q, F, P):

t t
X: = Xo +/ b(s, Xs)ds +/ o(s,Xs)dB, telo, T]. (4)
0 0

We can now state the following result.

Theorem 9

Let the coefficients b and o satisfy (i)—(v) with p = (1 — H)™1,
B>1—H, k> H'—1 (the constants M, Mg, R, L and the function by
can depend on w).

Then there exists the unique solution {X;,t € [0, T]} of equation (4),

X € Lo(Q, F, P, W3=H[0, T]) with a.a.trajectories from CH=¢[0, T] for
any0 <e < H.
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Remark 1

Theorem 9 admits evident generalization to multidimensional case.
Consider the equation on RY

. . t m t .
X :x(;+/ b;(s,Xs)ds+Z/ oi(s, Xs)dBY, 1<i<d telo,T],
0 - 0
j=1

(5)
where the processes B/ are fBm’s with Hurst index
H;j € (1/2,1),1 < j < m. Denote o = (Uff):'jﬁzl the matrix of " diffusions”
and b = (b;)9_, the "drift" vector, |o| := (i) |0.112)1/2,
|b| == (32,(b:)?)'/?, and suppose that assumptions (i)=(v) hold with these
notations, H = mini<j<mHi, p=(1—H)™}, 3>1—-H, k> H -1
Then there exists the unique vector solution X; of equation (5) on [0, T]
in Lo(Q2, F, P, WOI_H[O, T]) with a.a. trajectories from CH=¢[0, T] for any
0<e<H.
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Theorem 9 and other similar results are establish by the standard fixed
point theorem. What is the specific moment here? To establish that the
respective map is a contraction, it is necessary to consider the difference of
generalized Lebesgue-Stieltjes integrals of two functions, and so the
difference of two fractional derivatives that in turn includes the difference
of the function in two points s and t, say, appears. We get the value of
the form

o(t,x) —o(t,y) —o(s,x) + o(s,y).
To deal with such double-difference, there is no another methods except to
increase the smoothness of the diffusion.

Consider one example where this condition evidently holds and no
additional assumption is necessary.
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Some properties of OU process involving fBm

Consider the process that is a unique solution of the Langevin stochastic
differential equation

dX; = 0Xdt + odBl!, t >0, X|,_, = X, (6)

where 6§ € R, o > 0. This process is called the fractional Ornstein
-Uhlenbeck process and for any H € (0, 1) it admits an explicit

representation
t
Xy = et (xo - o—/ e‘)Sst’*) .
0

If H € (0,1/2), then integral fot e 95dB!" we understand as the result of
the integration by parts:

t t
/ e PdBl' = e %dB} + 0 / e "*Blds,
0 0

since the exponent has a bounded variation.
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It is ergodic if & < 0 and non-ergodic if # > 0. Therefore a question
appears: how to test the hypothesis concerning the sign of §7?The interest
to this problem is also connected with the stability properties of the
solution of the equation (6), which also depend on the sign of 6.
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Simple test for the testing the hypothesis Hy: 6 < 0
against the alternative Hy: 6 > 0

Let us propose comparatively simple test for the testing the hypothesis
Hp: 68 <0 against the alternative H;: 6 > 0. The main advantage of our
approach is that it can be used for any H € (0,1). Moreover, the test is
based on the observation of the process X at one point, therefore it is
applicable for both continuous and discrete cases. The distribution of the
test statistics is computed explicitly, and the power of test can be found
numerically for any given simple alternative. Also we consider the
hypothesis testing Hp: 6 > 6y against Hy: 6 < 0, where 6y € (0,1) is some
fixed number. Unfortunately, our approach does not enable to test the
hypothesis Hp: 6 = 0 against the two-sided alternative Hy: 6 # 0.
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For the hypothesis testing of the sign of the parameter # we construct a
test based on the asymptotic behavior of the random variable

~Infin| X

,t> 1. 7
Int (7)

Z(t)
The following result explains the main idea. It is based on the different

asymptotic behavior of Ornstein—Uhlenbeck process with positive and
negative drift parameter. But we need in some auxiliary results.
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One-dimensional distributions of the Ornstein—Uhlenbeck
process

Lemma 10

The random variable X, has a normal distribution N (Xoe, v(0, t)),
where

t
v(0,t) = H / 2HL (5 1 2090 . (8)
0
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The asymptotical behavior of the function v(,t) as t — oo is as follows.
Lemma 11

@ £ >0, then v(9, t) ~ LLEM 2t ¢ 5 oo,

@ If0 <0, then v(6,t) — HTCH) 4y oo

(o7
@ v(0,t)=tH t>0.
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Almost sure limits and bounds for the Ornstein—Uhlenbeck
process

Lemma 12

For6 >0
e X, 5 & as ast— oo,

where &g = Xo + 0 [° e B ds ~ N (Xo, Hrg(ﬁ-lH))'
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Lemma 13 ([11])

There exists a nonnegative random variable ¢ such that for all t > 0 the
following inequalities hold true:

sup |BH| < (1 + ¢ In? t) ¢, (9)
0<s<t
for >0
sup | Xs| < (eot + tH In2 t) ¢, (10)
0<s<t
while for 0 <0
sup [X| < (14 ¢7Int) ¢. (11)
0<s<t

Moreover, ¢ has the following property: there exists C > 0 such that
E exp{x(¢?} < oo forany 0 < x < C.
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Lemma 14
The value of Z(t) converges a.s. to 1 for § > 0, and to 0 for § < 0. J
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Proof.

For & > 0 Lemma 12 implies the convergence
In|X¢| — 0t — In|&| a.s.ast— oo,

where & is a Gaussian random variable, hence, 0 < |§| < oo a.s.

Therefore,

In X
#%6 a.s. as t — oo,

whence the a.s. convergence Z(t) — 1 follows.
For 6 < 0 it follows from (11) that
| Xt

T—)O a.s. as t — oo.

Then Z(t) — 0 a.s. as t — 0. O
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Lemma 15
For t > 1 the probability g(0, xo, t,c) = P(Z(t) < c) is given by
tc ot te ot
g(H,Xo, t, c) = o ﬂ + o ﬂ — 1l (12)
v(0,t) v(0,t)

where v(0, t) is a variance of X;, and g is a decreasing function of § € R.

v
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Lemma 16

Let o € (0,1). Then there exists tg > 1 such that for all t > ty there
exists a unique c; € (0,1) such that g(0,Xo,t,¢:) =1—«a, and ¢; — 0 as
t — 0.

The constant ty can be chosen as the largest t > 1 that satisfies at least
one of the following two equalities

g(0,Xp,t,0)=1—a or g(0,X,t,1)=1—qu.
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Testing the hypothesis Hy: # < 0 against H;: 6 > 0

We consider the test with the following procedure of testing the hypothesis
Hp: 0 < 0 against the alternative Hy: 8 > 0. For a given significance level
«, and for sufficiently large value of t we choose a threshold
c=ct €(0,1), see Lemma 16. Further, when Z(t) < ¢ the hypothesis Hy
is accepted, and when Z(t) > c it is rejected. Below we will propose a
technically simpler version of this test, without the computation of the
threshold c, see Algorithm 1.
By Lemma 15 for a threshold ¢ € (0,1) and t > 1 the probability of a type
| error equals

sup P(Z(t) > c) =1-g(0, X, t, ).

9<0
Therefore, for a significance level a we determine ¢; as a solution of the
equation

g(0,Xo, t,ct) =1—a. (13)

Lemma 16 shows that for any « € (0, 1) it is possible to choose a
sufficiently large t, such that ¢; € (0,1).
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Since the function g(0, Xo, t, ¢) is strictly increasing with respect to ¢ for
t > 1, we see that the inequality Z(t) < ¢; is equivalent to the inequality
g(0, Xo, t,Z(t)) < g(0, Xo, t,ct) = 1 — a. Therefore, we do not need to
compute the value of ¢;. It is sufficient to compare g(0, Xo, t, Z(t)) with
the level 1 — a.
Algorithm 1 The hypothesis Hy: 8 < 0 against the alternative Hy: 6 > 0
can be tested as follows.

@ Find ty defined in Lemma 16. The algorithm can be applied only in

the case t > tp.

@ Evaluate the statistics Z(t) defined by (7).

© Compute the value of g(0, Xo, t, Z(t))

© Accept the hypothesis Hp if g(0, Xp, t, Z(t)) <1 — «, and the
hypothesis H; otherwise.

Remark 2

Practically, the condition t > ty is not too restrictive, since for reasonable
values of « values of ty are quite small.
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Let us summarize the properties of the test in the following theorem.

Theorem 17

The test described in Algorithm 1 is unbiased and consistent as t — oc.
For the simple alternative 81 > 0 and time t > ty the power of the test
equals 1 — g(601, Xo, t, ct), where c; can be found from (13).
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Proof.

It follows from the monotonicity of g with respect to 6 (see Lemma 15)
that for any 67 > 0

P(Z(t) > Ct) - 1 7g(917X07 tv Ct) > 1 7g(05X0a ta Ct) = Q.

This means that the test is unbiased. Evidently, for the simple alternative
61 > 0 the power of the test equals 1 — g(61, Xo, t, ¢t).

It follows from the convergence ¢; — 0, t — oo (see Lemma 16) that

¢t < c for sufficiently large t and some constant ¢ € (0,1). Taking into
account the formula (12) and Lemma 11 (i), we get as t — o©

1>1 _g(017X07t, Ct) >1 _g(elaX07ta C)
#® _ O1t te 01t
PP e Xoe S et + Xpe
\/ V(91, t) V(91, t)
H H
N NN A I
JHT(2H) JHT(2H)
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Testing the hypothesis Hy: 6 > 6y against Hy: 6 <0

Let 0 € (0,1). Let us consider the problem of testing the hypothesis
Ho: 60 > 6y against alternative H;: 8 < 0.
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The next algorithm is based on the following results. They can be proved
similarly to the previous subsection.

Lemma 18

Let o € (0,1). There exists ty > 1 such that for all t > t there exists a
unique & € (0,1) such that

g(907X07t7 Et) = Q. (14)

In this case & — 1 as t — oo.

The constant ty can be chosen as the largest t > 1 that satisfies at least
one of the following two equalities

g(@o,Xo, t,O) =o or g(go,Xo, t, 1) = Q.

Yuliya Mishura Stochastic integration and SDEs involving fB SMOCS 2021 36 /60



Algorithm 2 The hypothesis Hy: 6 > 6 against the alternative Hy: 6 <0
can be tested as follows.

@ Find tp defined in Lemma 18. The algorithm can be applied only in
the case t > t.

@ Evaluate the statistics Z(t) defined by (7).
© Compute the value of g(6p, Xo, t, Z(t)), see (12).

© Accept the hypothesis Hp if g(0o, Xo, t, Z(t)) > «, and the
hypothesis H; otherwise.
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Theorem 19

The test described in Algorithm 2 is unbiased and consistent as t — oc.
For the simple alternative 61 < 0 and time t > t, the power of the test
equals g(01, Xo, t, &), where & can be found from (14).

Remark 3

It is possible to see from the numerics that if 6y is too close to zero, then
for small H the condition t > ty does not hold for reasonable values of t. )

Remark 4

If we have a confidence interval for 6, then the value of 8y can be chosen
as a lower confidence bound (in the case when it is positive).
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Continuous observations

Now we propose drift parameter estimators that work for any H € (0,1).
We consider continuous and discrete observations. Assume that a
trajectory of X = X(t) is observed over a finite time interval t € [0, T].
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Lemma 20

Let < 0. Then for any p > 1 there exist positive constants c, and C,
such that

E|X:|’P <¢, fort>0, (15)
E|X: —Xs|P < G|t —s|P" for |t —s| < 1. (16)

Proof.

By Lemmas 10 and 11 (ii), X; is a Gaussian random variable,

|EX:| = | Xo| €%t < |x0| < o0,
HI(2H)

VaI'Xt — W < 00,

whence (15) follows.
Assume that t > s > 0 and t — s < 1. Let us show that

E|X;e—X| < Cilt—s|", and E|Xi—XJ2P< Glt—s)?", (17)
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Proof.
By (6).
B# =Bz

t
Xe — X:| < |6] / X, dls +
S

Therefore, using (15), we get

t
EX; — Xi| < |9|/ E|Xu|du+E‘BtH—BSH
S
<alf(t—s)+(t=9)" < (alfl+1)(t—s)",
and
t 2 2
E(X: — X.)2 < 2|6]2E (/ X, | du) +2F (Bﬁ _ BSH>

t
< 2;9\2(15—5)/ E | Xu[? du + 2 (t — 5)2*
S

<200P A(t —s)2+2(t —s)*H <2 (\o|2 2 1) (t—s)?M.

N

Yuliya Mishura Stochastic integration and SDEs involving fB SMOCS 2021 41/60



Proof.

Thus, (17) is proved. Since X; — Xs has a Gaussian distribution, (16)
follows from (17) in the standard way. O
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Lemma 21

For6 <0

1 (7, HI(2H)

as T — oo a.s. and in L2.

Proof.

It was proved in [4] that in this case the process Y; = f_too e?(t=5) dBH is
Gaussian, stationary and ergodic. The integral with respect to the
fractional Brownian motion here exists as a path-wise Riemann-Stieltjes
integral, and can be calculated using integration by parts, see [4,

Prop. A.1]. It follows from the ergodic theorem that

1 T
?A Y2 dt — EY{

as T — oo a.s. and in L2, ]

v
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Proof.

The process X; can be expressed as X; = Y; — e’'ny, where

0
ng = 0/ e "B ds — xg
—0o0

is a Gaussian random variable. O
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Proof.

Using this representation, it is not hard to show that

1 (7o 1 (7 2
lim ?/0 X{dt = lim ?/0 Y dt = EY;.

T—o0 T—oo

The value of the limit can be calculated applying Lemmas 10 and 11. [
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Proof.
Indeed,

0 2 0 2
EYZ=E (/ e 0 stH> = lim E (—e—"fst” i+ 9/ e =Bl ds>
—0 t——o0 ¢

t—00

t 2
= lim E(—eotBHt—i—H/ e?*BH, ds)

t
= lim & (E (BH) 29e—9f/ " EBH,BH. ds
0

t—o0

t t
+ f2e 20t / / T ERH BH s du)
0 JO

:Iime29t(0 )_M i
t—o0 ( 9)2H
v
SMOCS 2021  46/60



Theorem 22

Let H € (0,1).
(i) For® < 0 the estimator

1
T —20
A1) _ 1 2
0y = (—r(z )T/o Xtdt)

is strongly consistent as T — oo.
(i) For 8 > 0 the estimator

i _ Xt
T - T 2
2 [T X2dt

is strongly consistent as T — co.
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Proof.

(1) For 6 < 0 the result follows from Lemma 21.
(i) If # > 0, then Lemma 12 implies the a.s. convergence

X2
297. — €3 as T — oo. (18)
Then, by L'Hopital’s rule,
T y2 2 2
Xz dt X
lim Jo Xedt lim T__ % (19)
Tooo 20T Tooo 20207 20

Note that 0 < fg < 0o with probability 1, since & is a Gaussian random

variable. Combining (18) and (19), we get the convergence é(ﬁ) — 6 a.s.
as T — oo. 0J

o

Remark 5

A1) A2
m 9@

In the case H € [1/2,1) the strong consistency of the estimators 657,
was proved in [7] and [1] respectively.

o

Yuliya Mishura Stochastic integration and SDEs involving fB SMOCS 2021 48 /60



Discrete observations

Assume that a trajectory of X = X(t) is observed at the points t , = %
0< k<n™ n>1where m>1is some fixed number.

Theorem 23
Let He (0,1), m > 1.
(i) For @ <0 the estimator

3) 1 nm—1 _ﬁ
(3 _ 2
0" (m) - (Hr(zH)nm ; Xk/n>

is strongly consistent as n — oc.
(ii) For @ > 0 the estimator

is strongly consistent as n — oo.
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Proof.

(/) Taking into account Theorem 22 (i), it suffices to prove the
convergence

1 m—1 nm—1

n 1
Cn = nm_l/ thdt—n—m ZXf/n—>O a.s.asn—oo. (20)
0 k=0

Denote

Then

1 n
T Zy(t) dt
=z [ 20

Using Lemma 20, one can show that
E|Z,(t)|P < K(p)n— "

for some constant K(p) > 0. Then by Holder's inequality, O
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Proof.
E|CalP < K(p)n=P".

Therefore by [10, Lemma 2.1], for all £ > 0 there exists a random variable
7 such that
Gol < men™"*° als.

for all n € N. Moreover, E |n.|P < oo for all p > 1. This implies the
convergence ¢, — 0 a.s. as n — o0.
(ii) It follows from [11, Cor. 5.2(i)] that for 6 > 0

nm—1 m—1

1 n
=3 X, = X2 dt + 10,
n k/n t

k=0 0

where
I

W—)O a.S.as n — oQ.
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Proof.
Combining this with Theorem 22 (ii) and (18), we get

-1

R X2m_ 1 20nm—1 9

65 (m) = — ot = = 2.5 ) ¢
2 [y XZdt+20, 0 Xin1 €

a.s. as n — 0. Yy
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