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@® Restriction Functor
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Given a field E and an integer n, a linear code is a
subspace L of E”

We call nthe of L
If L has dimension k and d,wecall L
a (n, k,d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L
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Given a field E and an integer n, a linear code is a
subspace L of E”

We call n the length of L

If L has dimension k and d,wecall L
a (n, k,d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L
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Given a field E and an integer n, a linear code is a
subspace L of E”

We call n the length of L

If L has dimension k and minimum distance d, we call L
a (n, k, d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L
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Galois Definitions

Previtali

Linear Codes

Given afield E and an integer n, a linear code is a
subspace L of E”

We call nthe length of L

If L has dimension k and minimum distance d, we call L
a (n, k,d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L



Assume K subfield of E

Consider C = LN K", Cis a K-linear code of length n
What about k(C) and d(C)?
We would like to study the

Res:L— LNK"

from the category of E-linear to the category of K-linear
codes
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Galois Restriction Functor

Previtali

Restriction
Functor

Assume K subfield of E

Consider C = LN K", Cis a K-linear code of length n
What about k(C) and d(C)?

We would like to study the restriction map

Res:L— LNK"

from the category of E-linear to the category of K-linear
codes



o Let G = Gal(E/K) = Caurg)(K)

e Any v € G extends to a K-linear map of E" via

v Xn) = (X

e X0
e Then Res(L) = Res(L"), but in general L # L
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Galois

Previtali

Restriction
Functor

o Let G= Gal(E/K) = Cau(e)(K)
e Any v € G extends to a K-linear map of E" via

(X1, Xn)" = (X{, ..., Xp).



Galois

Previtali

Restriction
Functor

o Let G= Gal(E/K) = Cau(e)(K)
e Any v € G extends to a K-linear map of E" via

(X1, Xn)" = (X{, ..., Xp).

e Then Res(L) = Res(L"), but in general L # L7



Define Lg = ﬂveG L7, the G-core of L
Lg is G-invariant

Lis G-invariantiff L= Lg

Res(Lg) = Res(L)

Res may be injective only on G-invariant codes
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Define Lg = ﬂveG L7, the G-core of L
Lg is G-invariant

Lis G-invariantiff L= Lg

Res(Lg) = Res(L)
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Define Lg = ﬂ’yEG L7, the G-core of L
Lg is G-invariant

Lis G-invariantiff L = Lg

Res(Lg) = Res(L)

Res may be injective only on G-invariant codes
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Define Lg = ﬂ’yEG L7, the G-core of L

Lg is G-invariant

Lis G-invariantiff L = Lg

Res(Lg) = Res(L)

Res may be injective only on G-invariant codes
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K=Q

E = Q(«), where o® =2

G = {ide}

L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)
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K=Q

E = Q(a), where o® =2

G = {idg}

L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)
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° K=Q

e E=Q(a), where a® =2

o G= {idg}

e L=E(1,a) < E?

e Then Lg = L but Res(L) = 0 = Res(0)



.K:Q

E = Q(a), where o® =2

G = {ide}

L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)



[ ] K:Q ;
e E=Q(a),where o® =2
o G={idg} )
L=E(1,a) < E ) ;
:Then Lg = L but Res(L) = 0 = Res(0)



Assume E/K is Galois
Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E®k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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Assume E/K is Galois

Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E®k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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e Assume E/K is Galois

e Let G= Gal(E/K), then K = Cg(G)
e Define Ext(C) = E®k C

e Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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Assume E/K is Galois

Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E @k C

Ext defines a functor from K-linear codes to G-invariant

E-linear codes



Theorem

E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant
iff L = Ext(Res(L)) iff L admits a basis in K".

e Obviously Ext(Res(L)) is G-invariant

bj =

e | = Lg, b Gauss-Jordan reduced normalized basis

liein K"

(0,...,0,1,...)
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e Obviously Ext(Res(L)) is G-invariant

bi=(0,..., 0,1,...)
liein K"

> AFr <

E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant
iff L = Ext(Res(L)) iff L admits a basis in K".

e [ = Lg, b Gauss-Jordan reduced normalized basis
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E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant
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E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant

iff L = Ext(Res(L)) iff L admits a basis in K".
e Obviously Ext(Res(L)) is G-invariant
e | = Lg, b Gauss-Jordan reduced normalized basis

bi=(0,...,0,1,
liein K"
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Corollary
Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes

¢ Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra
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e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes

e Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra

«O>» «Fr «=>»

<

i
v



Lg = Ext(Res(L))
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G-invariant E-linear codes and K-linear codes
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Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes

Different proof using cohomology tools

Cohomology is just sophisticated linear algebra
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Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes

¢ Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra
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e E/K Galois, Tr the Trace map extends to E”
Tr((C1 5.

.,¢n)) = (Tr(ct),...,Tr(cn))
e Define Tr(L) = {Tr(c)

cel} <K
e Dualcode L+ ={ve E": L-vl=0}

> AT e o«
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e E/K Galois, Tr the Trace map extends to E”
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e E/K Galois, Tr the Trace map extends to E”
Tr((C1 5.

., ¢n)) = (Tr(cy),...,Tr(en))

e Define Tr(L) = {Tr(c) : ce L} < K"

e Dualcode L+ ={ve E": L-v!=0}
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e E/K Galois, Tr the Trace map extends to E”
Tr((C1 5.

., ¢n)) = (Tr(cy),...,Tr(en))

e Define Tr(L) = {Tr(c) : ce L} < K"

e Dualcode L+ ={ve E": L-v!=0}

Theorem (Delsarte, 1975)

Let E/K Galois, L a E-linear code, then

Res(L)* = Tr(LY)
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e E/K Galois, Tr the Trace map extends to E”

Tr((cq,...,¢n)) = (Tr(cy), ..., Tr(cn))

e Define Tr(L) = {Tr(c) : ce L} < K"
e Dualcode L+ ={ve E": L-vI=0}

Let E/K Galois, L a E-linear code, then

Res(L)* = Tr(L*)
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Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where of = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code

But Res(E™) = K" £ 0
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Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code

But Res(E") = K" #0
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e Both Res(L) and Tr(L) are K-linear codes
e How are they related?
e Let K =Fp(x), E = K(a), where o = x
e Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code
But Res(E™) = K" # 0
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Galois Trace and Restriction

Previtali

Trace Codes

Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code



Galois Trace and Restriction

Previtali

Trace Codes

Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension

Tr(L) = 0 for any E-linear code
But Res(E") = K" #0



Let |E : K| = 2, a quadratic extension with char K # 2
E=Kla],ed®?=acKandL=Ev,v=1,a)

Then Tr(v) = (2,0) and Tr(av) = (0, 2a)

Thus Tr(C) = K? while Res(C) =0
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e Let |E : K| = 2, a quadratic extension with char K # 2
e E=Kla],a?=acKandL=Ev,v=1,a)

e Then Tr(v) = (2,0) and Tr(av) = (0,2a)

e Thus Tr(C) = K? while Res(C) =0
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e Let |E : K| = 2, a quadratic extension with char K # 2
e E=Klo],a®?=acKandL=Ev,v=(1,a)

e Then Tr(v) = (2,0) and Tr(av) = (0,2a)

e Thus Tr(C) = K? while Res(C) =0
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e Let |E : K| = 2, a quadratic extension with char K # 2
e E=Klo],a®?=acKandL=Ev,v=(1,a)

e Then Tr(v) = (2,0) and Tr(av) = (0,2a)

e Thus Tr(C) = K2 while Res(C) =0
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" )\ c E,

Tr(A\v) = Tr(\)v.
e o € E such that Tr(a) = 1

e Take v € Res(C) = CnN K", then v = Tr(av) € Tr(C)
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" Ac E,

Tr(Av) = Tr(A)v.
e o € E such that Tr(a) = 1

e Take v € Res(C) = CN K", then v =Tr(av) € Tr(C)
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" Ac E,

Tr(Av) = Tr(A)v.
e a € E such that Tr(a) = 1

e Take v € Res(C) = CnN K", then v = Tr(av) € Tr(C)
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" Ac E,

Tr(Av) = Tr(A)v.
e a € E such that Tr(a) = 1

e Take v € Res(C) = CN K", then v = Tr(av) € Tr(C)
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o E/K Galois, G = Gal(E/K), L = Lg < E", then

Res(L) = Tr(L)
e Tr(c)=>_,cgc’ €L

e Tr(c) € K", then Tr(c) € Res(L)
e Does the converse hold?
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e E/K Galois, G= Gal(E/K), L= Lg < E", then
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Forany v e E", v € Ext(Tr(Ev))

B(\, i) :== Tr(A\n) defines a non-degenerate bilinear
K-formon E

see s Amand pq, ..., im K-bases of E

°
—
)
—_

o

Tr(;zk/\/-) = (5;(/

,...,an), aj = Z/-a,-j/\j
Then > ", Ak Tr(pkai) = > @ik k = a
Thus v =5, A Tr(ukv) € Ext(Tr(Ev))
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Forany v e E", v € Ext(Tr(Ev))

e B(\, u) := Tr(Apn) defines a non-degenerate bilinear
K-formon E
o Let \q,.... \pand pu1,...,um K-bases of E

Tr(/jk)\/') o (Skj

yee.y@n), @i = Z/‘aij)‘j
Then > ", Ak Tr(ukai) = >k @ik k = a
Thus v =5, A Tr(ukv) € Ext(Tr(Ev))

® ®
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Forany v e E", v € Ext(Tr(Ev))

B(A, 1) := Tr(Ap) defines a non-degenerate bilinear
K-formon E

Let A\1,...,A\mand pq,...,um trace-dual K-bases of E
TI’(,uk)\j) = 5kj

..... a,,), aj = Z/ a,-/-)\j
Then Zk /\k Tr(;zka,-) = Zk a,-k)\k = aj
Thus v =5, A Tr(ukv) € Ext(Tr(Ev))
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Galois

Previtali

Forany v € E", v € Ext(Tr(Ev))

B(\, 1) :== Tr(A\u) defines a non-degenerate bilinear
Galois K-formon E

earanee Let A1,...,Amand 1, ..., um trace-dual K-bases of E
Tr(uk)\j) = 5kj

Letv =(ai,...,an), & = >_; aj\



Galois

Previtali
e Forany v e E", v e Ext(Tr(Ev))
e B(\, 1) := Tr(\u) defines a non-degenerate bilinear
Galois K-formon E
uaranee o Let M\,...,Amand p1, ..., um trace-dual K-bases of E

Tr(pkNj) = Ok

Letv = (81,...,an), aj = Zjaij)‘/
Then >, A Tr(pkai) = >k @ik = a;i



Galois

Previtali

Forany v € E", v € Ext(Tr(EV))

B(\, 1) :== Tr(A\u) defines a non-degenerate bilinear
Galois K-formon E

earanee Let A1,...,Amand 1, ..., um trace-dual K-bases of E
Tr(uk)\j) = 5kj

Letv = (81,...,an), aj = Zjaij)‘/
Then >, A Tr(pkai) = >k @ik = a;i
Thus v =", A Tr(ukv) € Ext(Tr(Ev))



Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Ls® Ev

Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)

So Tr(Ev) < Tr(Lg)

But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L
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heoem
E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant
o We claim Res(L) = Tr(L) forces L = Lg
e [ is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Lg® Ev
Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)
So Tr(Ev) < Tr(Lg)
But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L
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E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant
e We claim Res(L) = Tr(L) forces L = Lg
e [ is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Lgs® Ev
Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)
So Tr(Ev) < Tr(Lg)
But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L

u]
]
it
i

[
)
0
i)



E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant
e We claim Res(L) = Tr(L) forces L = Lg
e [ is a counterexample of minimum dimension
Thendim(L/Lg) =1and L=Lg ® Ev
Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)
So Tr(Ev) < Tr(Lg)
But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L
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E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant
e We claim Res(L) = Tr(L) forces L = Lg
e [ is a counterexample of minimum dimension
e Thendim(L/Lg) =1and L=Ls & Ev
Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)
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Galois

Previtali

Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
i L = Lg is Galois invariant

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Lg® Ev

Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(EVv)



Galois

Previtali

Theorem
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So Tr(Ev) < Tr(Lg)



Galois
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Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
i L = Lg is Galois invariant

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Lg® Ev

Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)

So Tr(Ev) < Tr(Lg)

But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L
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