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Groups with commutators of bounded order have received some
attention in the recent years.

The following question, originally due
to MacDonald (1961), was posed by Masurov in the Kourovka
Notebook.

Let G be a group satisfying the identity [x , y ]n ≡ 1. Does it follow
that G ′ is periodic?

It has been known for some time that G ′ is periodic if n = 2
MacDonald (1961) or n = 3 Gupta (1967). In the former case G ′

has exponent 4. In the case n = 3 we do not know whether G ′ has
finite exponent.

In general, the answer to the above question is negative:
Deryabina and Kozhevnikov showed that for sufficiently big odd
integers n there exist counter-examples (1999). Independently, this
was proved by Adian.
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In sharp contrast with the negative results, in the case that G is
residually finite we have the following theorem.

P.S.(1999) Let n be a prime-power, G a residually finite group
satisfying the identity [x , y ]n ≡ 1. Then G ′ is locally finite.

Note that in general a periodic residually finite group need not be
locally finite. The corresponding examples are now well-known. In
particular, such groups have been constructed by Golod (1964),
Grigorchuk (1981), Gupta-Sidki (1983), Suschansky (1979).

The theorem was proved using the techniques developed by
Zelmanov in his solution of the Restricted Burnside Problem.
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Thus, we want to deal with the question

Let G be a residually finite group in which all commutators have
order n. Is G ′ necessarily locally finite?

In this talk I would like to present the following theorem.

Let n be a positive integer and G a residually finite group in which
every product of at most 68 commutators has order dividing n.
Then G ′ is locally finite.
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Let n be a positive integer and G a residually finite group in which
every product of at most 68 commutators has order dividing n.
Then G ′ is locally finite.

The constant 68 in the theorem comes from the famous results of
Nikolov and Segal on commutator width of finite groups. They
showed that every element in the derived group of a finite
d-generated group is a product of d-boundedly many
commutators. It follows from the proof that if G is soluble and
2-generated, then every element of the derived group is a product
of at most 68 commutators.
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The relation between the RBP and the problem on commutators in
residually finite groups is very natural.

RBP: Let n ≥ 1 and G a residually finite group satisfying the
identity xn ≡ 1. Is G locally finite?

Our question: Let n ≥ 1 and G a residually finite group satisfying
the identity [x , y ]n ≡ 1. Is G ′ locally finite?

More general setting: Let n ≥ 1, w a group-word and G a
residually finite group satisfying the identity wn ≡ 1. Is w(G )
locally finite?

First we concentrate on the case w = [x , y ].
Later we discuss the situation where w is another word.
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Earlier partial results:

2002: Let n be a positive integer that is not divisible by p2q2 for
any distinct primes p and q. Let G be a residually finite group
satisfying the identity ([x1, x2][x3, x4])n ≡ 1. Then G ′ is locally
finite.

P.S. and J. C. Silva, 2008: For any positive integer n there exists t
depending only on n such that if G is a residually finite group in
which every product of t commutators is of order dividing n, then
G ′ is locally finite.

Thus, our latest result is an improvement since it shows that t can
be taken 68 always.
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A well-known corollary of the Hall-Higman theory says that the
Fitting height of a finite soluble group of exponent n is bounded by
a number depending only on n.

We will denote the number by
h(n).

We have to deal with the following well-known problem.

Let G be a finite soluble group such that [x , y ]n = 1 for all
x , y ∈ G . Is h(G ) bounded in terms of n alone?
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At least we can prove the following Proposition:

Let G be a finite soluble group in which every product of 68
commutators has order dividing n. Then h(G ) ≤ h(n) + 1.

I will now explain why 68 commutators are easier to deal with.
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It is well-known that G is nilpotent iff every pair of conjugate
elements generates a nilpotent subgroup.

A deep theorem obtained recently by Gordeev,Grunewald,
Kunyavskii and Plotkin and independently by Guest says that G is
soluble iff every pair of conjugate elements generates a soluble
subgroup.

Recently we proved that a finite group G has Fitting height h if
and only if every pair of conjugate elements generates a soluble
subgroup of Fitting height h.
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Now, let G be a finite soluble group in which every product of 68
commutators has order dividing n.

Let a, b ∈ G . By the theorem
of Nikolov and Segal every element in 〈a, b〉′ is a product of at
most 68 commutators. So 〈a, b〉′ has exponent n and according to
the Hall-Higman theorem 〈a, b〉′ has Fitting height at most h(n).
Therefore 〈a, b〉 has Fitting height h(n) + 1 and h(G ) ≤ h(n) + 1,
as required.
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as required.
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Now we can prove a few interesting facts.

One is the theorem that if G is a residually finite group in which
every product of at most 68 commutators has order dividing n,
then G ′ is locally finite.

The other is the following theorem.

The class of all groups G such that G ′ is locally finite and every
product of 68 commutators has order dividing n is a variety.
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Recall that variety is a class of groups defined by equations.

For
example the class of all abelian groups is a variety defined by the
law [x , y ] ≡ 1.

The solution of the RBP means that the class of all locally finite
groups of exponent n is a variety. The identities that define that
variety are unknown.

The fact that the class of all groups G such that G ′ is locally finite
and every product of 68 commutators has order dividing n is a
variety is another result in the spirit of the RBP.
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Can we replace 68 with a smaller number?

Actually this is a question about finite soluble groups. Because the
following statements are equivalent.
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1. Every residually finite group G in which all products of C
commutators are of order dividing n has G ′ locally finite.

2. The class of all groups G such that G ′ is locally finite and every
product of C commutators has order dividing n is a variety.

3. The Fitting height of a finite soluble group in which all products
of C commutators are of order dividing n is bounded in terms of n
alone.

In particular the two questions

Let G be a residually finite group satisfying the identity
[x , y ]n ≡ 1. Does it follow that G ′ is locally finite?

and

Is the Fitting height of a finite soluble group G satisfying the
identity [x , y ]n ≡ 1 bounded in terms of n?

are equivalent.
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We will now briefly discuss the problem about other words.

Let n ≥ 1, w a group-word and G a residually finite group
satisfying the identity wn ≡ 1. Is w(G ) locally finite?
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Let n ≥ 1, w a group-word and G a residually finite group
satisfying the identity wn ≡ 1. Is w(G ) locally finite?

If w is a word in variables x1, . . . , xt we think of it primarily as a
function of t variables defined on any given group G . The
corresponding verbal subgroup w(G ) is the subgroup of G
generated by the values of w . The word w is commutator if the
sum of the exponents of any variable involved in w is zero.
According to the solution of the Restricted Burnside Problem the
answer to the above question is positive if w(x) = x . In fact it is
easy to see that the answer is positive whenever w is any
non-commutator word. Indeed, suppose w(x1, . . . , xt) is such a
word and that the sum of the exponents of xi is r 6= 0. Now, given
a residually finite group G , substitute the unit for all the variables
except xi and an arbitrary element g ∈ G for xi . We see that g r is
a w -value for all g ∈ G . Hence G satisfies the identity xnr = 1 and
therefore is locally finite by the result of Zelmanov.
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Therefore the problem is essentially about commutator words.

An important family of group words is formed by multilinear
commutators. A word w is a multilinear commutator (outer
commutator word) if it can be written as a multilinear Lie
monomial. Particular examples of multilinear commutators are the
derived words, defined by the equations:

δ0(x) = x ,

δk(x1, . . . , x2k ) = [δk−1(x1, . . . , x2k−1), δk−1(x2k−1+1 . . . , x2k )],

and the lower central words:

γ1(x) = x ,

γk+1(x1, . . . , xk+1) = [γk(x1, . . . , xk), xk+1].
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Let n ≥ 1, w a group-word and G a residually finite group
satisfying the identity wn ≡ 1. Is w(G ) locally finite?

In 2000 the problem was solved positively in the case where n is a
prime-power and w a multilinear commutator.

In 2009 we proved the following theorem.
For any positive integer n there exists t depending only on n such
that if w is a multilinear commutator and G is a residually finite
group in which every product of t values of w has order dividing n,
then w(G ) is locally finite. (Joint paper with J. C. Silva)
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The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal. However
now it seems dealing with 2-generated subgroups is not enough.
Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal. However
now it seems dealing with 2-generated subgroups is not enough.
Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal.

However
now it seems dealing with 2-generated subgroups is not enough.
Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal. However
now it seems dealing with 2-generated subgroups is not enough.

Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal. However
now it seems dealing with 2-generated subgroups is not enough.
Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



The latest result in this direction:

Let n be a positive integer and w a multilinear commutator. Let G
be a residually finite group in which every product of 896 w-values
has order dividing n. Then w(G ) is locally finite.

Again, the constant 896 comes from Nikolov and Segal. However
now it seems dealing with 2-generated subgroups is not enough.
Instead, we consider 4-generated subgroups.

Pavel Shumyatsky Commutators in residually finite groups



An important tool is provided by the following proposition,
essentially due to Flavell, Guest and Guralnick.

An element a of a finite group G belongs to Fk(G ) if and only if
every 4 conjugates of a generate a soluble subgroup of Fitting
height at most k.
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Finally, consider the case where w is an Engel word.

Thus, w = [y , x , . . . , x ] where x occurs k times.

P. S. and J. C. Silva: Let n and k be positive integers. There exists
s depending only on n and k such that if G is a residually finite
group in which every product of s k-Engel values has order dividing
n, then the corresponding verbal subgroup of G is locally finite.

This was proved a couple of years ago. Now I think perhaps s can
be chosen independent of n. No idea if it is possible to take s a
constant.
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