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Polynomial identities

Let F be a field and X = {x1, x2, . . .} a countable set of
indeterminates. We denote by F 〈X 〉 the free associative algebra
freely generated by X and we call polynomials its elements.

Definition

Let A be a F -algebra and f (x1, . . . , xn) ∈ F 〈X 〉. We say that
f (x1, . . . , xn) is a polynomial identity for A if f (a1, . . . , an) = 0
for any a1, . . . , an ∈ A. In particular, if there exists a non-trivial
polynomial identity for A, we say that A is an algebra with
polynomial identities or, briefly, PI-algebra.
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We consider T (A), the ideal of all polynomial identities of A
and the space Vn of all multilinear polynomials in n
indeterminates. If the characteristic of F is 0, T (A) is
generated, as a T -ideal, by the subspaces Vn ∩ T (A).

Remark

It is more efficient to study the factor space
Vn(A) = Vn/(Vn ∩ T (A)) in fact, although the intersection
Vn ∩ T (A) is huge as n goes to infinity, if A is a PI-algebra,
Vn(A) grows at most exponentially (see the famous work of
Regev [11])
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Motivation 1

An effective tool for the study of Vn(A) is provided by the
representation theory of the symmetric group. Indeed, one can
notice that Vn(A) is an Sn-module, then we consider the
following:

Definition

We call n-th cocharacter of A the character of the Sn-module
Vn(A).
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It is well known that the non-isomorphic irreducible
representation of the symmetric group of order n are in
one-to-one correspondence with the conjugacy classes of Sn

and are described in terms of partitions and Young diagrams.

Remark

We recall that a partition λ of the non-negative integer n
(λ ` n) is a sequence of integers λ = (λ1, . . . , λr ) such that:

λ1 ≥ · · · ≥ λr ≥ 1 and λ1 + · · ·+ λr = n
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Definition

Given a partition λ = (λ1, . . . , λr ), we associate to λ the skew
table [λ] having r rows and the i-th row contains λi squares.
We call [λ] the Young diagram of λ.

For instance, the partition (5, 3, 1, 1) is associated to the
following Young diagram:
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It follows that for any PI-algebra A,

χn(A) =
∑
λ`n

mλχλ,

where the χλ’s are the characters associated to the irreducible
submodules of Vn(A).
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Higher commutators

Let A be a F -algebra, then for any a, b ∈ A we denote by [a, b]
the element ab − ba.

Definition

We define higher commutators of degree n ≥ 3 (or simply
commutators) inductively, i.e.:

[a1, . . . , an] := [[a1, . . . , an−1], an].
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The Grassmann algebra

Definition

Let us consider F 〈X 〉 and its two-sided ideal I generated by the
set of polynomials {xixj + xjxi |i , j ≥ 1}. We shall call infinite
dimensional Grassmann algebra the factor space E = F 〈X 〉/I .

We have the following result:

Theorem

The T -ideal of polynomial identities of E is generated, as a
T-ideal, by the triple commutator [x1, x2, x3].
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Motivation 2

The explicit form of the multiplicities of χn(A) is known for few
algebras only, among them:

the Grassmann algebra E (Olsson and Regev [8]),

the 2× 2 matrix algebra M2(F ) with entries in F
(Formanek [7], Drensky [6]),

the algebra UT2(F ) of the 2× 2 upper triangular matrices
with entries in F (Mishchenko, Regev and Zaicev [9]),

the tensor square E ⊗ E of the Grassmann algebra (Popov
[10], Carini and Di Vincenzo [2]).
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Cocharacters of the Grassmann algebra E

Theorem

Let E be the infinite dimensional Grassmann algebra, then for
any n ≥ 1:

χn(E ) =
n∑

k=1

χ(k,1n−k ).

The irreducibles χ(k,1n−k ) look like

,

then we say that the irreducible submodules of Vn(E ) are
“hooks”.
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Factorable T-ideals

Definition

Let A be a PI-algebra. If there exist PI-algebras A1, A2, . . . ,Ar

such that T (A) = T (A1) · · ·T (Ar ), we say that A has a
factorable T -ideal.

In particular, if T (A) = T (A1)T (A2), we have a nice formula
for χn(A) due to Berele and Regev:

χn(A) = χn(A1) + χn(A2) + χ(1)⊗̂
n−1∑
k=0

χk(A1)⊗ χn−1−k(A2)+

−
n∑

k=0

χk(A1)⊗ χn−k(A2)
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The algebra UT2(E )

We consider the algebra of upper triangular matrices

UT2(E ) :=

{(
a b
0 c

)
| a, b, c ∈ E

}
with entries in the Grassmann algebra E . It is well known that
UT2(E ) has a factorable T -ideal and, in particular,

T (UT2(E )) = T (E )T (E ).
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It seems that we are allowed to use the Berele-Regev formula in
order to compute χn(UT2(E )) but...

Observation

...we have no good combinatorial tools for the tensor product
of “hooks”. How we solve the problem?
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We consider the space Γn of multilinear proper polynomials of
degree n, where a proper polynomial is a linear combination of
products of commutators. Notice that Γn is an Sn-module,
then we consider the following:

Definition

We call n-th proper cocharacter of A the character ξn(A) of the
Sn-module

Γn(A) := Γn/(Γn ∩ T (A))
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There is a strict connection between the multiplicities of
cocharacters and those of proper cocharacters:

Theorem (Drensky [5])

Let A be a PI-algebra and χn(A) =
∑

λ`n mλ(A)χλ its n-th
cocharacter. Let ξp(A) =

∑
ν`p kν(A)ξν its p-th proper

cocharacter, then

mλ(A) =
∑
ν∈S

kν(A),

where
S = {ν = (ν1, . . . , νn) | λ1 ≥ ν1 ≥ λ2 ≥ ν2 ≥ · · · ≥ λn ≥ νn}.
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Observation

The previous theorem gives also an idea of how to recollect the
cocharacters from the proper ones. The intertwining partitions
ν as in the theorem of Drensky are exactly the only admissible
partitions participating in the multiplication by the Young rule.

∑
kν ︸ ︷︷ ︸

ν

⊗
∑

=
∑

mλ ︸ ︷︷ ︸
λ

.
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The proper cocharacters of the Grassmann algebra

Theorem

Let E be the infinite dimensional Grassmann algebra, then for
any n ≥ 1:

ξn(E ) =

{
χ∅ if n is odd ;
χ(1n) if n is even.

The irreducibles ξ(1n) look like

, ,

then we say that the irreducible submodules of Γn(E ) are
vertical “strips”.
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Using the tool of Hilbert series, we derive a formula similar to
that of Berele and Regev for proper cocharacters of factorable
T-ideals:

Theorem ([3])

ξn(A) =

= ξn(A1)+ξn(A2)+
n−1∑
l=0

ξ(l)⊗̂ξ(1)⊗̂
n−l−1∑
k=0

ξk(A1)⊗ξn−l−1−k(A2)+

−
n∑

l=0

ξ(l)⊗̂
n−l∑
k=0

ξk(A1)⊗ ξn−l−k(A2).
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Observation

Tensoring with strips is more efficient than tensoring with
hooks. In fact, we may use the well known “Young rule” in
order to compute the proper cocharacters of UT2(E ). Now in
the light of the work of Drensky we just have to use once more
the Young rule in order to recollect the cocharacters of UT2(E ).

Then we have the final result:
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Theorem (see C. [3])

χn(UT2(E )) =
∑

mλχλ, where

λ = (k1, k2, 2
m, 1l) or λ = (k1, k2, 3, 2

m, 1l).

If λ = (k1, k2, 2
m, 1l), then

mλ = 12(k1 − k2 + 1)(l + 1) if k1 ≥ k2 ≥ 3, m ≥ 1
mλ = 4(k1 − k2 + 1)(2l + 1) if k1 ≥ k2 ≥ 3, m = 0

mλ = 8(k1 − 2)(l + 1) + 4(l + 1) if k1 ≥ k2 = 2, m ≥ 1
mλ = 3(k1 − 2)(2l + 1) + 3l + 2 if k1 ≥ k2 = 2, m = 0

mλ = (k1 − 2)(2l − 1) + l + 1 if k1 ≥ 2, k2 = 0, m = 0, l ≥ 1
mλ = 1 if λ = (1l) or λ = (k).

If λ = (k1, k2, 2
m, 1l), then

mλ = 4(k1 − k2 + 1)(l + 1) if k2 ≥ 3, m ≥ 1.



Lucio
Centrone

Background
and
Motivations

Tools and
Results

Future
research

Acknowledgments

Bibliography

PI improvement

In [1] Boumova and Drensky gave an easy algorithm which
calculates the generating function of the cocharacter
sequence of the T-ideal of UTn(F ).

In [4] the author and Drensky generalize the previous
algorithm to the case of upper triangular matrices
UTn(E ).They tried to calculate the generating function of
the cocharacter sequence of the T-ideal of UTn(E ).

The new tool is the double set of indeterminates in order
to control the “vertical strip” part of cocharacters and the
“horizontal strip”.
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Combinatorial improvement

The explicit knowledge of the cocharacters of UT2(E ) may
be used in order to build up something similar to “Young
rule” for “hooks” instead of “strips”.
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