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Concise words in groups

Let G be any group and let w(z1,...,x)) be a group-word, i.e., an
element of the free group Fy on {z1,...,x}.
We write G, for the normal subset consisting of all values w(g,...,gk),

where g1,. .., gi are elements of G and w(G) = (Gy,) for the
corresponding verbal subgroup.

A word w is said to be concise if whenever G, is finite for a group G, it
always follows that w(G) is finite.
In the sixties P. Hall asked whether every word is concise.

Later (1989) lvanov proved that this problem has a negative solution in its
general form.

Counterexample

w(z,y) = [z, y?" 1", y*"]" with n odd, n > 10'° and p prime, p > 5000
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A word w is said to be concise in a class of groups X if whenever G, is
finite for a group G € X, it always follows that w(G) is finite.
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Many words are know to be concise

A word w is said to be concise in a class of groups X if whenever G, is
finite for a group G € X, it always follows that w(G) is finite.

@ (1967) Merzlyakov showed that every word is concise in the class of
linear groups.

@ (1966) Turner-Smith proved that every word is concise in the class of
residually finite groups all of whose quotients are again residually
finite.

@ (1974) J. Wilson showed that every multilinear commutator word is
concise (in the class of all groups).
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Multilinear commutator words

Multilinear commutator words are also known as outer commutator words.

They are words formed by nesting commutators but using different
indeterminates.

For example, the words

[z1, z2],

[[:1:17 $2], [y17 Y2, 21/3]7 y4]'

lower central words 1 = x1, Vi = [Yk—1, 2], fork > 2 and

derived words 0y = 1, 0 = [0g—1,0k—1], fork >1
are multilinear commutators while

Engel words  [x,y,.".,y] are not for n > 2.
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|
Open problem

There is an open problem due to Dan Segal

Is every word concise in the class of residually finite groups? J

By Wilson's result every multilinear commutator word is concise (in
particular in the class of residually finite groups).

What about powers of multilinear commutator words?
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Our result

Let w be a multilinear commutator word and q a prime-power.
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Our result

Let w be a multilinear commutator word and q a prime-power. The word
w? is concise in the class of residually finite groups.

It remains unknown whether the word w? is actually concise in the class of
all groups.
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Let w be a multilinear commutator and G a residually finite group in
which the word v = w? has only finitely many values, let say |G| = m.
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Some ideas behind the proof

Let w be a multilinear commutator and G a residually finite group in
which the word v = w? has only finitely many values, let say |G| = m.

Observation

Let w be any word and G a group such that G,, is finite. Then w(G) is
finite iff it is periodic. Moreover if G has precisely m w-values and w(G)
has exponent e, then the order of w(G) is (e, m)-bounded.

It is sufficient to show that v(G) is periodic. Choose a normal subgroup K

in G such that the index [G : K] is finite and v(K) =1 (such a subgroup
exists because G is residually finite).

Note that all w-values in K have order dividing q.
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The proof of our result is based on the techniques that Zelmanov created
in his solution of the Restricted Burnside Problem.
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A corollary of the solution of the RBP is:

Any residually finite group of finite exponent is locally finite. J
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The proof of our result is based on the techniques that Zelmanov created
in his solution of the Restricted Burnside Problem.
A corollary of the solution of the RBP is:

Any residually finite group of finite exponent is locally finite. J

From Zelmanov's work it is possible to deduce the following result

Let q be a prime-power and w a multilinear commutator word. Assume
that G is a residually finite group such that any w-value in G has order
dividing q. Then the verbal subgroup w(G) is locally finite.

Since all w-values in our K have order dividing the prime-power ¢, we get
that w(K) is locally finite and so it is periodic.
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Since w(K) is periodic we pass to G/w(K) and assume that w(K) = 1.
Then K is soluble and G is soluble-by-finite (recall that |G : K| < 00).
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Since v = w?, every v-value in G is an element of w(G). If we show that
w(G) has finite exponent, it follows that v(G) is periodic too.
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We deduce that w(G) has finite exponent from the following key result.

Proposition

Let w be a multilinear commutator. There exist a (d,n,w)-bounded
integer s and a (d,n)-bounded integer h with the following property:
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Since w(K) is periodic we pass to G/w(K) and assume that w(K) = 1.
Then K is soluble and G is soluble-by-finite (recall that |G : K| < 00).

Since v = w?, every v-value in G is an element of w(G). If we show that
w(@G) has finite exponent, it follows that v(G) is periodic too.

We deduce that w(G) has finite exponent from the following key result.

Proposition

Let w be a multilinear commutator. There exist a (d,n,w)-bounded
integer s and a (d,n)-bounded integer h with the following property: Let
G be a group having a normal soluble subgroup of finite index n and
derived length d. Then G has a series of normal subgroups

1= < < - <Ty =w(G)

such that every quotient T;/T;_1 is an abelian subgroup generated by
cyclic subgroups contained in (G /T;_1)., except possibly one quotient
whose order is at most h.
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Thank you! -

special thanks to CAPES for the financial support
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