
Exponent of locally finite groups with small
centralizers

Pavel Shumyatsky

University of Brasilia, Brazil

Pavel Shumyatsky Exponent of locally finite groups with small centralizers



A group is locally finite if every finite subset of the group generates
a finite subgroup.

In the theory of locally finite groups centralizers
play an important role. In particular the following family of
problems has attracted great deal of attention in the past.

Let G be a locally finite group containing a finite subgroup A such
that CG (A) is small in some sense. What can be said about the
structure of G ?
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In some situations quite a significant information about G can be
deduced.

If G contains an involution whose centralizer is of finite of order m,
then G has a nilpotent subgroup of class at most two with finite
index bounded by a function of m (Hartley-Meixner, 1981) .

If G contains an element of prime order p whose centralizer is of
finite of order m, then G contains a nilpotent subgroup of finite
(m, p)-bounded index and p-bounded nilpotency class.
This result for locally nilpotent periodic groups is due to Khukhro
(1989) while the reduction to the nilpotent case was obtained
combining a result of Hartley and Meixner with that of Fong. The
latter uses the classification of finite simple groups.

If G has an element of order n with finite centralizer of order m,
then G contains a locally soluble subgroup with finite
(m, n)-bounded index (Hartley 1986).
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Infinite locally finite groups containing a non-cyclic subgroup with
finite centralizer can be simple. One example is provided by the
group PSL(2,F ), where F is an infinite locally finite field of odd
characteristic. This group contains a non-cyclic subgroup of order
four with finite centralizer.

Therefore the above results cannot be extended to groups with
small centralizers of noncyclic subgroups.
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The proofs of the above results rely on many different tools.

In
particular, they use the classification of finite simple groups, the
representation theory (the Hall-Higman theory), and the Lie
methods. These are the same methods that were used in the
solution of the restricted Burnside problem.

Recall that the restricted Burnside problem was whether or not the
order of a finite m-generated group G of exponent e is bounded in
terms of m and e only. In 1956 Hall and Higman reduced the
problem to the case where G is a p-group for some prime p. Their
reduction theorem used the (future at that time) classification of
finite simple groups and the representation theory. The case where
G is a p-group remained open for more than 30 years. Then
Zelmanov solved the problem in 1989.
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Zelmanov’s solution of the RBP turned out to be useful in the
context of centralizers in locally finite groups.

First we mention the
following theorem on automorphisms of finite groups.

Theorem

(Khukhro and Shumyatsky, 1999) Suppose that A is a non-cyclic
group of order p2 acting on a finite p′-group G , and let e be an
integer such that the exponents of the centralizers CG (a) of the
non-trivial elements a ∈ A# divide e. Then the exponent of G is
{e, p}-bounded.

This was proved using Zelmanov’s Lie theoretic results.
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The theorem played a crucial role in obtaining 2 years later the
next result.

If a locally finite group G contains a non-cyclic subgroup A of
order p2 for a prime p such that CG (A) is finite and CG (a) has
finite exponent for all nontrivial elements a ∈ A, then G is almost
locally soluble and has finite exponent.

A group is said to almost have certain property if it contains a
subgroup of finite index with that property.

Recently Mazurov raised some questions on the action of
Frobenius groups. One of his questions was: Let GFH be a double
Frobenius group. Is it is true that the exponent of G can be
bounded in terms of |H| and the exponent of CG (H) alone?
At this moment we do not require precise definitions.
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The work related to this problem produced some new results on
the exponent of finite groups with automorphisms. In turn, the
results proved to be helpful in dealing with centralizers in locally
finite groups.
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New results in this area:

1. (2011, joint work with E. Romano) Let G be a locally finite
group having a four-subgroup A such that CG (A) is finite. Suppose
that A contains two distinct involutions a1 and a2 such that the
centralizers CG (a1) and CG (a2) have finite exponent. Then

1. G is almost locally soluble and

2. G is (of finite exponent)-by-abelian-by-finite.
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2. (2012, joint work with E. Lima) Let G be a locally finite group
which contains a four-subgroup A such that CG (A) is finite and
CG (a) has finite exponent for some a ∈ V . Then

1. G is almost locally soluble and

2. G is (of finite exponent)-by-abelian-by-(of finite exponent).
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3. (2013, joint work with E. Lima)

Let A be isomorphic with D8 and let V be the normal 4-subgroup
of A and a be an involution such that a 6∈ V . Suppose that A is a
subgroup of a locally finite group G such that CG (V ) is finite and
CG (a) has finite exponent. Then

1. G is almost locally soluble and

2. G is (of finite exponent)-by-abelian-by-finite.
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Now I would like to describe some of the techniques used in the
proofs of the above results.

I will concentrate on the following
theorem.

Theorem

Let G be a locally finite group containing a non-cyclic subgroup A
of order p2 such that CG (A) is finite and CG (a) has finite exponent
for all a ∈ A#. Then G is almost locally soluble and has finite
exponent.

The proof of the above theorem uses the classification of finite
simple groups and it seems unlikely that one could find a proof
that does not use the classification.
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In particular the classification is used to obtain

Theorem

Let A be a finite p-group acting on a finite group G of exponent e.
Assume |CG (A)| ≤ m. Then |G : S(G )| is {|A|, e,m}-bounded.

Here S(G ) denotes the soluble radical of the finite group G . It is a
deep result of Hartley that if A here is cyclic then the bound on
|G : S(G )| does not depend on e (but of course depends on |A|
and m). When A is not cyclic the bound cannot be taken
independent of e.

The above result fails if we drop the condition that A is a p-group.
(A finite simple group A acts naturally on the direct product of
groups isomorphic with A and the centralizer under the action is
trivial).
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Theorem

Let A be a finite p-group acting on a finite group G of exponent e.
Assume |CG (A)| ≤ m. Then |G : S(G )| is {|A|, e,m}-bounded.

The idea of the proof of the theorem:

We can assume that the
soluble radical of G is trivial. Consider a minimal A-invariant
normal subgroup M in G . So M = S1 × S2 × · · · × Sk . According
to the classification |S1| is bounded and CM(A) 6= 1. By induction
arguments we can assume that G/M is soluble. Now it is sufficient
to bound k . The bound for k follows from the fact that A has
nontrivial centralizer in each subgroup 〈SA

i 〉.
An almost immediate corollary:

Corollary

Let G be a locally finite group of finite exponent containing a finite
p-subgroup whose centralizer is finite. Then G is almost locally
soluble.
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The idea of the proof of

Theorem

Let G be a locally finite group containing a non-cyclic subgroup A
of order p2 such that CG (A) is finite and CG (a) has finite exponent
for all a ∈ A#. Then G is almost locally soluble and has finite
exponent.

Under the hypothesis of the theorem one can show that the Sylow
p-subgroups of G are finite. Thus, we can use induction on the
order of the Sylow p-subgroups of G .
It is sufficient to show that G has finite exponent.
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Assume that G is a counterexample to the theorem.

We apply the
joint result with Khukhro and conclude that Op′(G ) has finite
exponent. We can pass to the quotient G/Op′(G ) so it will be
assumed that Op′(G ) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p′-group, a
contradiction. Therefore N = S1 × S2 × · · · × Sk , where Si are
isomorphic non-abelian infinite simple groups transitively permuted
by G . Here k must be finite because so is CG (A). We can further
assume that N is of infinite exponent. Indeed, if N were of finite
exponent Corollary together with the minimality of N would show
that N is locally soluble.
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Thus the product NA is also a counterexample to the theorem.

Let Ai be the stabilizer in A of Si . Then, of course, CN(A) is the
diagonal of the group CS1(A1)× · · · × CSk (Ak). Therefore
CS1(A1) ∼= CN(A). Thus CS1(A1) is finite. In particular, we deduce
that A1 is noncyclic. Hence A = A1. The theorem is now reduced
to the case that N is simple.
A simple infinite locally finite group having a finite Sylow
p-subgroup is linear (Kegel) and therefore it is of Lie type over
some locally finite field of characteristic distinct from p (deep
theorem independently obtained by Belyaev, Borovik,
Hartley-Shute, Thomas). Another result of Hartley says that any
p-automorphism of such a group fixes elements of prime order q
for infinitely many primes q. This yields a final contradiction since
CN(a) has finite exponent for any a ∈ A#.
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