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Infinite locally finite groups containing a non-cyclic subgroup with
finite centralizer can be simple. One example is provided by the
group PSL(2, F), where F is an infinite locally finite field of odd
characteristic. This group contains a non-cyclic subgroup of order
four with finite centralizer.
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group having a four-subgroup A such that Cg(A) is finite. Suppose
that A contains two distinct involutions a; and a; such that the
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Let G be a locally finite group containing a non-cyclic subgroup A
of order p? such that Cg(A) is finite and Cg(a) has finite exponent
for all a € A#. Then G is almost locally soluble and has finite

exponent.

The proof of the above theorem uses the classification of finite
simple groups and it seems unlikely that one could find a proof
that does not use the classification.
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In particular the classification is used to obtain

Let A be a finite p-group acting on a finite group G of exponent e.
Assume |Cg(A)| < m. Then |G : S(G)| is {|A|, e, m}-bounded.
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Assume |Cg(A)| < m. Then |G : S(G)| is {|A|, e, m}-bounded.

Here S(G) denotes the soluble radical of the finite group G. It is a
deep result of Hartley that if A here is cyclic then the bound on
|G : 5(G)| does not depend on e (but of course depends on |A]
and m).
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Assume |C(A)| < m. Then |G : S(G)| is {|A|, e, m}-bounded.
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normal subgroup M in G. So M =51 x S5 x -+ X 5. According
to the classification |S;| is bounded and Cp(A) # 1. By induction
arguments we can assume that G/M is soluble. Now it is sufficient
to bound k. The bound for k follows from the fact that A has
nontrivial centralizer in each subgroup (S#). [

An almost immediate corollary:

Let G be a locally finite group of finite exponent containing a finite
p-subgroup whose centralizer is finite. Then G is almost locally
soluble.
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The idea of the proof of

Let G be a locally finite group containing a non-cyclic subgroup A
of order p? such that Cg(A) is finite and Cg(a) has finite exponent
for all a € A#. Then G is almost locally soluble and has finite
exponent.
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The idea of the proof of

Let G be a locally finite group containing a non-cyclic subgroup A
of order p? such that Cg(A) is finite and Cg(a) has finite exponent
for all a € A#. Then G is almost locally soluble and has finite
exponent.

Under the hypothesis of the theorem one can show that the Sylow
p-subgroups of G are finite.
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Under the hypothesis of the theorem one can show that the Sylow
p-subgroups of G are finite. Thus, we can use induction on the
order of the Sylow p-subgroups of G.
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Assume that G is a counterexample to the theorem.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy (G) = 1.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p’-group, a
contradiction.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p’-group, a
contradiction. Therefore N = 51 X 55 x --- x Sy, where S; are

isomorphic non-abelian infinite simple groups transitively permuted
by G.
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exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p’-group, a
contradiction. Therefore N = 51 X 55 x --- x Sy, where S; are
isomorphic non-abelian infinite simple groups transitively permuted
by G. Here k must be finite because so is Cg(A).
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p’-group, a
contradiction. Therefore N = 51 X 55 x --- x Sy, where S; are
isomorphic non-abelian infinite simple groups transitively permuted
by G. Here k must be finite because so is Cg(A). We can further
assume that N is of infinite exponent.
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Assume that G is a counterexample to the theorem. We apply the
joint result with Khukhro and conclude that Oy/(G) has finite
exponent. We can pass to the quotient G/Oy(G) so it will be
assumed that Oy(G) = 1. Since Sylow p-subgroups of G are
finite, it follows that G possesses a minimal normal subgroup N. If
N is locally soluble, one can show that N is a p’-group, a
contradiction. Therefore N = 51 X 55 x --- x Sy, where S; are
isomorphic non-abelian infinite simple groups transitively permuted
by G. Here k must be finite because so is Cg(A). We can further
assume that N is of infinite exponent. Indeed, if N were of finite
exponent Corollary together with the minimality of N would show
that N is locally soluble.
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Thus the product NA is also a counterexample to the theorem.
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;.
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x --- x Cs, (Ak)-
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the

diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore
Cs, (A1) = Cn(A).
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic.
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic. Hence A = A;.

Pavel Shumyatsky Exponent of locally finite groups with small centralizers



Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic. Hence A = A;. The theorem is now reduced
to the case that N is simple.
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic. Hence A = A;. The theorem is now reduced
to the case that N is simple.

A simple infinite locally finite group having a finite Sylow
p-subgroup is linear (Kegel) and therefore it is of Lie type over
some locally finite field of characteristic distinct from p (deep
theorem independently obtained by Belyaev, Borovik,
Hartley-Shute, Thomas).

Pavel Shumyatsky Exponent of locally finite groups with small centralizers



Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic. Hence A = A;. The theorem is now reduced
to the case that N is simple.

A simple infinite locally finite group having a finite Sylow
p-subgroup is linear (Kegel) and therefore it is of Lie type over
some locally finite field of characteristic distinct from p (deep
theorem independently obtained by Belyaev, Borovik,
Hartley-Shute, Thomas). Another result of Hartley says that any
p-automorphism of such a group fixes elements of prime order g
for infinitely many primes gq.
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Thus the product NA is also a counterexample to the theorem.
Let A; be the stabilizer in A of S;. Then, of course, Cy(A) is the
diagonal of the group Cs, (A1) x - -+ x Cs, (Ak). Therefore

Cs, (A1) = Cn(A). Thus Cs, (A1) is finite. In particular, we deduce
that A; is noncyclic. Hence A = A;. The theorem is now reduced
to the case that N is simple.

A simple infinite locally finite group having a finite Sylow
p-subgroup is linear (Kegel) and therefore it is of Lie type over
some locally finite field of characteristic distinct from p (deep
theorem independently obtained by Belyaev, Borovik,
Hartley-Shute, Thomas). Another result of Hartley says that any
p-automorphism of such a group fixes elements of prime order g
for infinitely many primes g. This yields a final contradiction since
Cn/(a) has finite exponent for any a € A7,
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