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AFFINE GROUP AND REGULAR SUBGROUPS

Let F be any field.

We identify the affine group AGL,(F) with the subgroup of
GLj+1(F) consisting of the matrices having (1,0,...,0)T as first
column.

So, AGL,(F) acts on the right on the set A = {(1,v): v € F"} of
affine points.

DEFINITION

A subgroup (or a subset) R of AGL,(F) is called regular if it acts
regularly on A, namely if, for every v € F", there exists a unique
element in R having (1, v) as first row.
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LITERATURE

The problem of classifying the regular subgroups of AGL,(F)
attracted the interest of many authors:

Caranti, Dalla Volta, Sala (2006); Catino, Rizzo (2009); Catino,
Colazzo, Stefanelli (2015-2016); Childs (2015).

These authors use concepts as radical rings, braces and Hopf
structures.

We prefer to adopt an approach based only on linear algebra.
On the other hand this problem is also connected to the
classification of nilpotent algebras:

Childs (2005); Poonen (2008); De Graaf (2010).
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AFFINE GROUP AND REGULAR SUBGROUPS

We write every element r of a regular subgroup R of AGL,(F) as

)t e

J

where

m : AGL,(F) — GL,(F),
pr o F" = AGL,(F),
or  F" — Mat,(F).
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REGULAR SUBGROUPS

EXAMPLE

The translation subgroup

7={(oh)ver)

is an example of regular subgroup (d3 = 0).
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REGULAR SUBGROUPS

Let R be a regular subset of AGL,(FF) containing I,11 and such
that dr is additive. Then R is a subgroup, if and only if:

O0r(vog(w)) = 0r(v)or(w),  for all v,w € F".

Also, given v, w € F",

pr(V)pr(w) = pr(w)pr(v) & vir(w) = wir(v).
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REGULAR SUBGROUPS

THEOREM

Let R be regular subgroup of AGL,(F). Then the following holds:
(a) the center Z(R) of R is unipotent;

(b) if 6g is linear, then R is unipotent;

(c¢) if R is abelian, then Og is linear.
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REGULAR SUBGROUPS: HEGEDUS (2000)

EXAMPLE

Let n >4 and F =, (p odd). Take the matrix
A = diag(As, Ih_s) of GL,_1(F,), where Az = (

has order p, is orthogonal and its minimum polyn
3. The subset R of order p*, defined by

2 —
1 —
0.1
mia

QO oor

JT
1 v h—l—% .
R = 0 Ah AP yT cveF, """, heF,;,
0 O 1

is a unipotent regular subgroup of AGL,(F,), such that
RNT ={1}.
Note that dr is not linear.

3) Tl A4
|

has degree
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SPLIT LOCAL ALGEBRAS

An F-algebra £ with 1 is called split local if £/J(£) is isomorphic
to IF, where J(L) denotes the Jacobson radical of L.

In particular L =F 1+ J(L), where F1 ={al; : o € F}.

We say that £ is finite dimensional if J(£), viewed as an F-module,
has finite dimension.
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SPLIT LOCAL ALGEBRAS

THEOREM

Let L be a finite dimensional split local F-algebra. Then, with
respect to the product in £, the subset

R=1+JL)={1+v:velL)}

is a group, isomorphic to a regular subgroup of AGL,(F) for which
OR is linear, n = dimp(J(£)).
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SPLIT LOCAL ALGEBRAS

Conversely we have the following result.

THEOREM

Let R be a regular subgroup of AGL,(FF). Set

e (I

Lr=Flpq1+ V.

Then LR is a split local subalgebra of Matp1(F), with
J(LR) =V, if and only if dg is linear.
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SPLIT LOCAL ALGEBRAS AND REGULAR SUBGROUPS

Our classification of the regular subgroups of AGL,(FF) is based on
the following proposition (see Caranti, Dalla Volta, Sala (2006)):

PROPOSITION

Assume that Ry, R, are regular subgroups of AGL,(F) such that
0Rr, and Og, are linear maps. Then

R1 and R, are conjugate in AGL,(F)
if and only if

the algebras Lg, and Lg, are isomorphic.
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REGULAR SUBGROUPS AND JORDAN FORMS

THEOREM

Let R be a regular subgroup of AGL,(F) and 1 # z be an element
of the center Z(R) of R.

Then, up to conjugation of R under AGL,(F), we may suppose
that z = J,, where

JZ = dlag (Jmlg LR 7Jmk)

is the Jordan form of z having Jordan blocks Jn,, associated to the
eigenvalue 1, of respective sizes

m; 2> mji1

for all i > 1.
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_Ounweron

We restrict our attention to regular subgroups U of AGL,(IF) such
that the map dy is linear.

J

o F

DA



OUR METHOD

We restrict our attention to regular subgroups U of AGL,(IF) such
that the map dy is linear.

Since U is unipotent, there exists 1 # z € Z(U) and, up to
conjugation, we may assume that z is a Jordan form.
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OUR METHOD

We restrict our attention to regular subgroups U of AGL,(IF) such
that the map dy is linear.

Since U is unipotent, there exists 1 # z € Z(U) and, up to
conjugation, we may assume that z is a Jordan form.

Our classification is obtained working inside Caqr,,(w)(2) using the
following parameters d, r and k, considered in this order.
Let H be any unipotent subgroup of AGL,(TF).

d(H) = max{degming(h—Il,+1) | he H};

r(H) = max{rk(h—Il,+1) | h € H};
k(H) = dimp{w € F": wn(h)=w, VY he H}.
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TWO GENERAL CASES

Let U be a unipotent regular subgroup of AGL,(F). If
d(Z(U)) = n+ 1 then, up to conjugation, U = Cxqr,,(r)(Jn+1)-
Moreover U is abelian.
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TWO GENERAL CASES

LEMMA

Let U be a unipotent regular subgroup of AGL,(F). If
d(Z(U)) = n+ 1 then, up to conjugation, U = Caqr,(r)(Jnt1)-
Moreover U is abelian.

LEMMA

Let U be a regular subgroup of AGL,(F), n > 2. If d(Z(U)) =n
then, up to conjugation, for some fixed o € F:

.« Xp—2 Xp—1 Xn

. xp—3 0  x,_2
. Xp—a O Xn—3

oo~
o= X
S

U=R.= : :
000 1 0 X1
000 0 1 ax,_1
000 0 0 1

In particular U is abelian and r(U) = n — 1. Furthermore, Ry and
R, are not conjugate for any o # 0.
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TWO GENERAL CASES

If n > 4 is even, then R, is conjugate to R; for any  # 0 and an
epimorphism VW : F[t1, t] — Flp41 + R, is obtained setting

U(t) =aX, V(b)=a"2 X1

In this case Ker (V) = (1" — 2, t1t5).

If nis odd, R, and Rs («, 5 € F*) are conjugate if and only if 5/«
is a square in [F*.
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OUR METHOD: AN EXAMPLE

LEMMA
Let U be a regular subgroup of AGL3([F).
If d(Z(U)) = r(Z(U)) = 2, then U is abelian, conjugate to

1 x1 x x3
0 1 0 x
0 0 1 x
0 0 0 1

and charF = 2.

Marco Antonio Pellegrini Algebras and regular subgroups



OUR METHOD: AN EXAMPLE

PROOF.

We may assume
zZ= diag(JQ, J2) S Z(U),

whence 0(v1) = E» 3. From the structure of the centralizer of z and
the unipotency of U we obtain

d(w)=E3+ a1+ pEzs.

It follows v15(v2) = v3. Now, we apply dg(vig(w)) = dgr(v)dr(w)
to vi, v, which gives

d(v3) = 0(v1)d(v2) = 0.

Direct calculation shows that U is abelian. Hence
d(Z(V)) = d(U) = 2. In particular, (u(v2) — I4)?> = 0 gives
a = =0. Finally (u(v1 + v2) — I4)? = 0 gives char F = 2. O
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STANDARD REGULAR SUBGROUPS

We can identify the direct product AGLp, (F) x AGLp, (F) with
the subgroup:

{(é

Clearly, in this identification, if U; are respective regular subgroups
of AGL, (F) for i = 1,2 then Uy x Uy is a regular subgroup of
AGLm1+m2 (F)

© > <
W o =

) v eF™, weF™, Ac GLny,(F), BEGLmQ(F)}.
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STANDARD REGULAR SUBGROUPS

We can identify the direct product AGLp, (F) x AGLp, (F) with
the subgroup:

1
0 v eF™, weF™, A€ GLp, (F), B € GLy,(F)
0

© > <
W o =

Clearly, in this identification, if U; are respective regular subgroups
of AGL, (F) for i = 1,2 then Uy x Uy is a regular subgroup of
AGLm1+m2 (F)

For every partition A of n+ 1 different from (1"1), we define one
or two abelian regular subgroups Sy, 5&\ of AGL,(F).
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STANDARD REGULAR SUBGROUPS

We start with the abelian subgroup:

Sti+n) = Caar,E)(J1+n)-
More generally, for a partition A of n+ 1 such that:
A=1+nm,nm,....;ns), s>1, nm>my;>1, 1<i<s—1,

we define an abelian regular subgroup Sy of AGL,(TF), setting

5)\ = 1+n1 H 5(1+nj)
In particular, if A = (2,1771), then S\ =T
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STANDARD REGULAR SUBGROUPS

LEMMA

Given a partition (1 4 n1,mp) of n+ 1, with 1 4+ ny > np > 1, set:

1 u v
Sgl-&-nl,nz) = 0 Tl-&-m(“) w ® Du™ cueF™, velF™,,
0 0 Tny (V)

where w = (0,...,0,1) € F™, D = antidiag(1,...,1) € GL,, (F).

#
Then S(1+n1,nz

AGL,(F).

) is an indecomposable regular subgroup of

DEFINITION

A subgroup H of AGL,(TF) is indecomposable if there exists no
decomposition of F” as a direct sum of non-trivial (H)-invariant
subspaces.
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STANDARD REGULAR SUBGROUPS

Next, consider a partition u of n+ 1 such that:

w=Q+n,n,....,ns), s>2, 14+n >n >1,

n;2n1+;21,2§i§s—1.

We define the abelian regular subgroup Sﬁ in the following way:

s
f _ cff _ cf
SM - 5(1+n17”2,n3~~~,ns) - 5(1+n1,n2) X H 5(1+”J)’
Jj=3

The regular subgroups Sy, Sﬁ associated to partitions as above will
be called standard regular subgroups. As already mentioned S, and
Sﬂ are always abelian.
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STANDARD REGULAR SUBGROUPS

THEOREM

Let \1 = (14 n1,...,n5),\a=(1+ my,..., my) be two partitions
of n+1 as in the first case and let

ur=(1+a1,...,ap),p2 = (1+ by,..., bx) be two partitions of
n -+ 1 as in second case. Then

(a) Sy, is not conjugate to Sﬁl;
(b) Sh, is conjugate in AGLp41(F) to Sy, if and only if \y = Ap;
(c) Sﬂl is conjugate in AGL,41(F) to Sﬁz if and only if 1 = uo.
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THE CLASSIFICATION FOR AGL;(F)

As shown by Tamburini (2012), the only regular subgroup of
AGL;(F) is the translation subgroup

X0 X1
T=o0 = (0 X0>'

However, already for n = 2, a description becomes much more
complicated. Also, restricting to the unipotent case, one may only
say that every unipotent regular subgroup is conjugate to:

1 xp X5
0 1 O’(Xl)
0 0 1

where 0 € Homy(F, ).
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THE CLASSIFICATION FOR AGL,(F)

A complete set of representatives for the conjugacy classes of
regular subgroups U of AGL;(F) with linear 9, for any field F:

U Flo1 + U Ker (V)
Xo X1 Xo
S@) 0 x xi (t13)  indec.
0 0 X0

X0 X1
Se.) g >60

Marco Antonio Pellegrini

X2
0 <t1, t2>2
X0
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THE CLASSIFICATION FOR AGL;3(F)

A complete set of representatives for the conjugacy classes of
abelian regular subgroups U of AGL3(F), for any field F.

U Fly + U char F Ker (V)
Xo X1 X2 X3
0 Xo X1 X2 4
S(4) 0 0 x x any (t*)
0 0 0 xo
Xo X1 X2 X3
0 x x1 O
SE) 0 o X(I) 0 any  (t, 0% titp)
0 0 0 xo
X0 X1 X2 X3
R/\7 0 X0 0 X1 2 2
) e FO 0 0 x A any  (t1° — A%, titr)
0 0 0 xo
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THE CLASSIFICATION FOR AGL;3(F)

up

S52,12)

oo oX

o ooX

X1
X0

X1
X0

X2

X0

X2

X0

X3
X2
X1
X0

X3

X0

2 (t12, t22)

any (t1, b, t3)?
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THE CLASSIFICATION FOR AGL;3(F)

LEMMA

U is conjugate to exactly one of the following subgroups:

1 X1 X2 X3
01 0 0] . s

(a) Ny = 00 1 x| if k(U) = 2;
0 0 0 1
1 X1 X2 X3
01 0 -

b) o= |4 o 1 Xf if k(U) =1, d(U) =2 and
0 0 O 1

charF # 2;

2
1 X1 Xo X3
0 1 0 xx+x .
(C) N37)\: 0 0 1 ! 22 , A e Fx, |fk(U):1and
0 0 O
B
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THE CLASSIFICATION FOR AGL4(F)

A complete set of representatives for the conjugacy classes of
indecomposable abelian regular subgroups U of AGL4(F), when F
has no quadratic extensions

U Fls + U charF Ker (V).
Xo X1 X2 X3 X4
0 x x1 x Xx3
5(5) 0 0 x x1 x any <t15>
0 0 0 x x
0 0 0 0 x
X0 X1 X2 X3 X4
0 x x1 0 x
5?372) 0 0 x 0 x4 any <t13 = t22, t1 t2>
0 0 0 X0 X3
0 0 0 0 xo

Marco Antonio Pellegrini Algebras and regular subgroups



THE CLASSIFICATION FOR AGL4(F)

U Fls + U char F Ker (V).
Xo X1 X2 X3 X4
0 X0 X1 0 X3

Ut 0 0 x 0 O any (t13, 1128, 12)
0 0 0 Xo X1
0 0 0 0 x
Xo X1 X2 X3 X4
0 x 0 0 xg

Ug 0 0 x 0 x3 any (t1? — tots, t2°, t32, t1t, tit3)
0 0 0 x x
0 0 0 0 x
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THE CLASSIFICATION FOR AGL4(F)

Representatives for the conjugacy classes of decomposable abelian
regular subgroups U of AGL4(FF), when F has no quadratic

extension
U Fls + U char ¥ Ker (V)

Xo X1 Xo X3 Xa
0 X0 X1 X2 0

5(471) 0 0 x x9 O any <t14, t22, t1 t2>
0 0 0 x O
0 0 0 0 xo
X0 X1 Xo X3 Xa
0 X0 X1 0 0

5(3’2) 0 0 xx 0 O any <t13, t23, t1 t2>
0 0 0 X0 X3
0 0 0 0 x
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THE CLASSIFICATION FOR AGL4(F)

u Fls+ U char F Ker (V)
Xo X1 Xo X3 Xa
0 x xx 0 0 s 2 o
53,11 0 0 x 0 O any (t1°, 2%, t3*,
- 0 0 0 x O tity, t1t3, tat3)
0 0 0 0 x
X0 X1 X2 X3 X4
g A (12 — 62, t3%,
S, 1) 0 0 x x 0 any
o 0 0 0 x O tity, t1ts, tat3)
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THE CLASSIFICATION FOR AGL4(F)

U Fls + U char F Ker (V)
Xo X1 X2 X3 Xa
0 x 0 x O Do
U3><51 0 0 x xx O 2 <t1’t2’t3’
1 == tita, 213
0 0 0 x O 113, ©2t3
0 0 0 0 x
Xo X1 X2 X3 Xa
0 x 0 0 O
5(2’13) 0 0 x 0 O any (tl, to, t3, t4>2
0 0 0 x O
0 0 0 0 x
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