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Generalized Commuting Probability

Let m = (w1 mo ... ) be a permutation from
Sn, and G is a finite group.

Then Pr;(G) defined as the probability of
PT(CL]_CLQ e Qn — afﬂ‘lafﬂ‘Q te af?'('n_]_a'ﬂ'n)

in (.

Notice that Pri 1y(G) is just the commuting
probability of G.



Pri(G) := Pry 1.2 1)(G)

Pr-(G) = Pri(Q)

where t is a non-negative integer number such
that n —t+ 1 is the number of alternating cy-
cles in the Hultman decomposition of the cycle
graph of the permutation = € Sj,.



Two directions of generalization

Direction 1: Let G be a finite group, and =«
be a signed-permutation in B;,. Then,

Pr(G) := Pr(a1as---ap = a‘e;fr)ai%(r) : ‘egqgr))

where for every 1 <1< n, ¢ € {1,—1} is deter-
mined as follows:

e In case m; > 0, ¢;(mw) = 1.
e In case m; <0, ¢(w) = -1

m € By is positive, in case ¢;(w) = 1, for every
1 <1< n. Otherwise 7 is hon-positive.



PT_t(G) L= P’I“<_1 22— (t—1) _t>(G) —

=Pr(alag---at=aIla§1---at_1) =

=Pr(a%-a%---atz=1)

For every non-positive m,

Pr(G) = Pr Q)

where t is a non-negative integer number such
that n—t+1 is the number of generalized alter-
nating cycles in the Generalized Hultman de-

composition of the cycle graph of the signed-
permutation © € By,.



There are two interesting cases:

Ambivalent Groups: In case of G is a finite
ambivalent group, Pr—2k(@) = Pr2k(@), for
every integer kK < 0. Therefore,

Pr-(G) = Pr?(@)

if and only if # and 68 have the same number
of generalized alternating cycles in the Gen-
eralized Hultman decomposition, without de-
pending on weather w or 6 is positive or non-
positive.

Groups of odd order: In case of G is a finite
group, which order is odd, Pr—F(G) = G for
every integer k£ > 1.



Direction 2: Let G be a finite group, b be an
involution in GG, and w be a signhed-permutation
in Bn. Then,

1(m) gea(m) | jen(m)y

T ol e

Pr.y(G) := Pr(aiaz---an = a

where for every 1 < i < n, ¢ € {1,b} is deter-
mined as follows:

e In case m; > 0, ¢;(mw) = 1.

e In case m; <0, ¢(w) =b



For every non-negative integers k, [:

2k,0
Pry 7 (G) = Prek(@)

2k _
Pry 7 (G) =
2k+21 1 L
Pr( I[ ai= ] ai- 1] AQk4-2i—1 * O2k+2i) =
i=1 i=2k =1
k 21
= Pr( ][ lagi—1,a2] = ][] b*2k+i)

Prflk’l(G) = Prgf’l(G), for every non-negative
integers k,[, in case b1 and b, are conjugate
involutions.



New Generalized Hultman Decomposition:

Let m € B,,. then look at the set H,, of 2n + 2
vertices named by

Hn — {O, 1, ...,n}

(i+) :=(+ 1) mod (n+ 1),
(i—) ' =(1—1) mod (n+1).

There are black-edges connecting ¢ --» 1+ , for
every 1 € Hy,.

There are gray-edges connecting n(:7) — w(i—)
for every 1 € Hy,.



The gray-edges are labeled by + or — as fol-
lOoWS:

e In case both w and =« (i—) are positive or
negative:
The gray-edge connecting « (i) to n(i—) is
labeled by +.

e In case only w(i) or w(i—) is positive:
The gray-edge connecting (7)) to n(i—) is
labeled by —.

The cycle graph Gr(¢) of a signed permutation
™ € By, is the bi-colored directed labeled graph.



e An '"alternating negative cycle” is a cy-
cle where black edges are followed by gray
alternately, and there are odd number of
edges which are labeled by —.

e An "alternating positive cycle” is a cycle
where a black edge followed by a gray alter-
nately, and there are even number of edges
which are labeled by —.

10



e Let sT(7) be the number of the alternating
positive cycles of Gr(w).

e Let s7(7) be the number of the alternating
negative cycles of Gr(w).

o Let s(m) = st (m) + 4.
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Theorem: Let G be a finite group, b € G an
involution, = € By, then:

where

and
2k=n—sT(x)—s (x) + 1.

and therefore,

2k+1=n—s(m) + 1.
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