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Table representation of elements in C’Zgi)
i=1

n .
Let Pp = 2101(92> denote the iterated wreath product of cyclic groups of order p.
1=

Py, is known to be isomorphic to the Sylow p-subgroup of iterated wreath product of sym-

n .
metric groups S](p

1=1

p-adic rooted tree of height n [1].
Following |2] we represent elements of P, as tables with n coordinates:

and hence to the Sylow p-subgroup of the automorphism group of a

a = [ah CLQ(«Tl); ag(xl, IQ), cees an(xl, ...In_l)],

where a1 1s an element of the finite p-element field Iy,

ap(w1, - wp—1) = ap(zg—1) € Fplry, .., xp1] /L1,

and Z;. = (x] — :z:]f, r9 — xg, ooy T — :1:@ is an ideal of the respective ring of polynomials of
k — 1 indeterminates over IF),.

The table a consists of reduced polynomials over Iy, with degrees in every indeterminate

not greater than p — 1. Since every function f : IF]]E — ) can be uniquely represented by
a reduced polynomial ay(zy) € Fp|z1, ..., £/}, the table representation of elements in P,
is well defined and unique.

For every monomial m(eq, €9, ...,61) = ¢ x‘?x‘%zxi’“ we define the height:

H(m(e1,e0,....6)) = L+ e1 +eop+ ... +e,p" 1,

which is a natural number between 1 and p¥ — 1. Additionally we set H (0) = 0.

If f(z1,...,21) € Fplz1, ..., 21| /Z), then we define its height to be the maximal height of
all its constituent monomials. So, every table a € P, may be characterized by a vector of
heights of its coordinate polynomials:

char a = |H(ay1), H(as(x1)), ..., H(an(x1, ..., xn—1)],

which is called the characteristic of a.

r
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Group action on [ and group operations

Let a,b € P, be represented by two tables:

a = [ah a2(x1)7 ag(xl, IQ), cees an(xl, ...In_l)],

b = [by, bo(21), b3(w1, 22), ..., b (1, -
The group Py, acts on I} as follows:

Tp—1)].

21, ) = 21+ ag, w9+ ao(x), - T+ an(T, 1))

Denoting by z; = |x1, ..., x;| and a; = |a1, as(x1),, ..., ai(z1, ...x;_1)] the group operations
are given as:
a-b = [a) + by, ag(x1) + ba(21™), .., an(zp—1) + bulz," )],

el § “n—1

-1 —1
an—l

a~ ' =[—ay, —ag(z" ), ., —an(z )]

i )) - H (bz’@z’—l)) for any a € Pj,.

Lower central series of P,

A basic commutator of weight k is a word in alphabet X = {x1, 9, 3, ...} defined recursively
as:

ci(wy) =1, gl mg) = (1 (@1, 1), 2], kB> L

Given group G, by 7.(G) we denote the k-th term of its lower central series, i.e. the subgroup
generated by values of ¢;.:

(G) = (ck(91, - 9k), 9159k € G).

The following characterization of the lower central series of Py, is elaborated by L. Kaloujninie
in [2]:

Vi=1,...,n H(a;)<p"™ ' —k+1}

Tk(Pn) ={a € Py

/Basic commutators width

Every element b € ~1.(F,,) is obviously a product of values of basic commutators:

b= (al) a2 allb)) .o a@D 422 ACK) .o alsD) 4(s2) (k)

VA )

for certain s € N and a%7) € P,.

An interesting question is whether the number s can be estimated or bounded, or in partic-
ular, if s = 1. The following theorem provides the answer:

Theorem 1. Fvery element of the lower central series term ~i.(Pp) is a value of the
basic commutator word cy..

About the proof:

e Induction on k

e Every element b € ~v,.(FP,) is a commutator of the form: b = |a, u|, where

—1
a1l

e Tool: Kaloujnine’s criterion on solvability of polynomial equations:

ai(z;_1) — ai(z;" ) = bi(z;_1)

The equation has a solution a;(x;_q) iff the sum of values of b;(z,;_1) over each orbit of
the action of u;_1 on F%_l IS Zero.

e u Is an element with the maximal characteristic in P, and has only one orbit on Iy,

o b € 19(P,), hence its characteristic on ¢ — th coordinate does not exceed p* — 1

e cvery monomial in b;(x;_1) contains at least one indeterminate in exponent less than p—1

e sum of all values of b;(z;_1) over ]Fé‘l is zero

Corollary 2. Every element of the lower central series term vi.(Py) is a value of the

Engel word ey (x,y) = [x,y, ..., y|.

k—1

/Outer commutators

An outer commutator of weight k is any word in alphabet X = {x1, z9,x3, ...} of the form

defined by:

wi(zy) =21, wiler, 1) = wilen, ), Wk (@41, - )], B> L

Given G we consider verbal subgroups (), (G) generated by all values of the word
wr.(x1, ..., x1) in group G.

In [3] V. Sushchansky characterized all verbal subgroups of P, as terms of the lower central
series of P,.

For characterization of {2, (F,) we consider subgroups of the form:

Vil Fn),vj(Fo)] = ([a,b], acyiPn),b e yj(Fn)).

Let s = [log,i| < [log,j| = r, and let

a = [\07 .0, as—|—1(£5>7 i an(@n—l)] = 7i<Pn>7
S

b = [\07 7';'0,7 a?“-|-1<£7“>7 e an(ﬁn_lﬂ = /YJ(P”)’

where

H(ajz_ ) =p T—i+l=1+a;+as+..+a_ 2,

Hbjzg_ ) =p ' —j+1=1481+ o +..+ 5172,

for [ > s 4+ 1. We have the following characterization:

Theorem 3. Let I = {l € {1,2,...,s} :
i (Pn), ’Yj(Pn>] = v1.(Py), where

a; + B > pt. For every i,j € N we have

k=i+j+Y (q+pf—p+1)p "

About the proof:

e Induction on n
e Consider the commutators of tables of highest characteristic
e Analyze the height of the polynomial obtained in commutator

e Use the characterization in 2] of normal subgroups of P, to conclude the statement.

Corollary 4. Given two outer commutator words wi. and cu]’\C of weight k, the respective
verbal subgroups (2, (Pp) and Q%(Bz) need not coincide.
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