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Introduction

A finite group G 1is said to be of conjugate type
{1, m},ifforall g € G\ Z(G), |G : Cglg)] =

m. Here, we also say G is of conjugate rank 1.

e N. Ito[ 1] proved that if & is of conjugate type
{1,m}, then G is nilpotent and m = pF, for
some prime p and integer £ > 1.

e K.Ishikawa [2] proved that if G be a p-group
with conjugate type {1, p"}, then nilpotency
class of (& is exactly 2, when p = 2 and at most

3, when p > 2

e K.Ishikawa [3] also classified finite p-groups
of conjugate type {1,p}and {1,p*} upto iso-
clinism.

e Two finite groups G and H are said to be
isoclinic if there exists an isomorphism ¢ of
the factor group G = G/Z(G) onto H =
H/Z(H), and an isomorphism ¢ of the sub-
group 7-(G) onto v»(H) such that the follow-

ing diagram 1s commutative

GX G g ’}/Q(G)

| |

H X H g ”)/Q(H)
Finite p-groups of conjugate type (1, p") and

nilpotency class 3

Theorem 3: Let p > 2 be a prime and n > 1
an integer. Then there exist finite p-groups of
nilpotency class 3 and conjugate type (1, p") if
and only 1f n 1s even. For each positive even in-
teger n = 2m, every finite p-group of nilpotency
class 3 and of conjugate type (1, p™) is isoclinic

to the group G,,,/Z(G,,), where G, is as

1 0 000
a 1 000
G = c b 100|:a,b,c,dye, fcFm
dab—cal(
_f e cbl_
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Finite p-groups of conjugate type (1, p°)

Theorem 1: Let GG be a finite p-group of conju-
gate type {1,p°}, p > 2. Then G is of class 2 and

1soclinic to one of following groups:

1. Finite Camina p-group K with |y (K)| = p°.

2.The group H, defined as

Hy = (a4, as, a3, a4, bio, b1z, b1y, boz, oy, by;

_ p__ D __ P _ 1.
a;, aj] = by, a; = ay = bgj = L

3. The quotient group H,/M;, where M, is a

central subgroup of H, presented as
Ml — <[Cl1, CLQHCL37 CZ4]>.

4. The quotient group H;/N;, where H; is a
central subgroup of H, presented as

Ny = (la, ao]las, ad], [a1, asl[as, ai]’),

with ¢ any fixed non-square modulo p.

Set H = {H : H is freest 2-group with 4 gen-
H ‘: 2103
Z(H) = H' = elementary abelian 2-group of

erators satisfying exp(H) = 4,

order 2}. For simplicity of notation, we assume

that a group H & H is generated by a, b, c and d.

Theorem 2: Let G be a finite 2-group of conju-
gate type {1,8}. Then G is isoclinic to one of

following groups:
1. Finite Camina 2-group L with |y(L)| = 8.
2. Any fixed group H> € H.

3. The quotient group H>/M,, where M is a cen-
tral subgroup of f5 given by

My = (la, blle, d)).

4. The quotient group H,/N,, where N, is a cen-
tral subgroup of H5 given by

My = <[CL, b][cv d]v [CL, C][ba d][cv d]>
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Probability Distribution Associated To
Commutator Word Map

Let GG be a finite group and ¢ € K(G). Here
K(G) denotes the set of commutators of G.

Here, we define;
Pry(G) = {(z,y) | [z, y] = g}|/IGI".

P(G) = {Pry(G) | 1 # g € K(G)}.

Theorem 4: Let n > 1 be a given positive 1n-
teger. Then there always exist a group G (de-

pending on n) of nilpotency class 2 and conju-

gate type (1,p™) such that |P(G)| = n. In par-

ticular, 1f we take

G = <a1>--->&r | [ai, aj| = bij, lax, bij] = 1,
af:af:bszl,l§z’<j§7",1§k§7":

withr = n°+n — 2 and

H = (|ay, as||as, ay),

:&57 a6: :CL7, a8:7 [%, &6] [a9, Cbm],

:Cbn, a12] [CL13, @14], [an, &12] [a15, CL16],

[CLM, @12] [CL17, @18]>

[a/OH—l? aoz+2] [CLthS, aoz+4] 7
[aa—l—lv aa+2] [aa—|—57 aoz+6] ce

[aoz—l—la aOHrQ] [CLCH-QTL—l? aoz+2n]> :

where « = (n — 2)(n+ 1). Then |P(G/H)| =n
Theorem 5: Let G be a finite p-group of con-
jugate type (1, p") and nilpotency class 3. Then

for g € &,
N 2n_1
PP = g =
PTQ(G) — an _pl
—, if1#£ged.
pn

Hence |P(G)| = 1.
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