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The symmetric group Sn

The symmetric group Sn is an n−1 generated

simply-laced Coxeter group which presentation

is:

〈s1, s2, . . . , sn−1|s2
i = 1,

(si · si+1)3 = 1,

(si · sj)2 = 1 for |i− j| ≥ 2〉.
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• The Coxeter generator si can be considered

as the permutation on n elements which

exchange the element i with the element

i+ 1, i.e., the transposition (i, i+ 1);

• We consider multiplication of permutations

in left to right order. i.e., for every π1, π2 ∈
Sn, π1 · π2(i) = π2(j), where π1(i) = j;

• For every permutation π ∈ Sn, the Coxeter

length `(π) is the number of inversions in

π, i.e., the number of different pairs i, j, s.

t. i < j and π(i) > π(j);

2



A canonical form of Sn

t2 = s1

t3 = s1 · s2

...

...

...

tn = s1 · s2 · · · sn−1.

Every element of Sn has a unique presentation

in the following canonical form:

t
k2
2 · t

k3
3 · · · t

kn−1
n−1 · t

kn
n .

where, 0 ≤ kj < j.
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The connection between the canonical

form and the Coxeter length of the

elements

Let π ∈ Sn, where π = t
ik1
k1
· t
ik2
k2
· · · tikmkm in the

canonical form s.t.
∑m
j=1 ikj ≤ k1, then

`(π) =
m∑
j=1

kj · ikj − (ik1
+ ik2

+ · · ·+ ikm)2.

`(sr · π) = `(π)− 1, for r =
m∑
j=1

ikj .

`(sr · π) = `(π) + 1, for r 6=
m∑
j=1

ikj .

In particular, for every two sub-words π1 and

π2 of π, such that π = π1 · π2, it is satisfied:

`(π) = `(π1 · π2) < `(π1) + `(π2).
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Let π, π′ ∈ Sn, where π = t
ik1
k1
· t
ik2
k2
· · · tikmkm , and

π′ = t
ih1
h1
· t
ih2
h2
· · · tihvhv in the canonical form, s.t.

hv ≤ k1.

If hv ≤
∑m
j=1 ikj ≤ k1, then:

`(π′ · π) = `(π′) + `(π).
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Let π ∈ Sn, where π = t
ik1
k1
·t
ik2
k2
· · · tikmkm is written

in the canonical form.
Let π1, π2, . . . πz, sub-words of π s.t.

• πv = t
ihv,1
hv,1

· t
ihv,2
hv,2
· · · t

ihv,mv
hv,mv

in the canonical
form for every 1 ≤ v ≤ z;

• hv−1,mv−1
≤ hv,1, for every 2 ≤ v ≤ z;

• hv−1,mv−1
≤

∑mv
j=1 ihv,j ≤ hv1;

• π = π1 · π2 · · ·πz;

Then:

`(π) =
z∑

v=1

`(πv)

`(sr · π) =

`(π)− 1 r =
∑mv
j=1 ihv,j

`(π) + 1 otherwise.
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The exchange laws for the canonical form

of Sn

For transforming the element t
rq
q · t

rp
p (p < q)

onto the canonical form

t
i2
2 · t

i3
3 · · · t

in
n , one need to use the following ex-

change laws:

t
rq
q ·t

rp
p =



t
rq
rq+rp

· trpp+rq
· trqq q − rq ≥ p

t
p+rq−q
rq · tq−prq+rp

· trq+rp
q rp ≤ q − rq ≤ p

t
rq+rp−q
p+rq−q · t

p−rp
rq · trq+rp−p

q q − rq ≤ rp
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From the described exchange laws for Sn we

conclude the following: The canonical form of

both elements t
rq
q ·t

rp
p , where p < q, is a product

of non-zero powers of at most three different

canonical generators, where:

The canonical form of t
rq
q · t

rp
p (p < q) is a

product of non-zero powers of two different

canonical generators if and only if q− rq = p or

q − rq = rp, and then the following holds:

t
rq
q · t

rp
p =


t
rq
rq+rp

· trq+rp
q q − rq = p

t
p−rp
rq · tq−pq q − rq = rp

The canonical form of the element t
rq
q · t

rp
p for

q > p is either tiaa · t
ib
b · t

ic
c , or tiaa · t

ib
b for a < b < c,

where c = q and all of the numbers: a, b, ia, ib,

and ic, are linear combination of three numbers

from {p, q, rp, rq} with co-efficients 1 or −1
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Example

x = t2 · t23 · t4 · t
4
5 = (1,3,5).

The permutation x can be written as x = x1 ·
x2 · x3, where:

x1 = t2 = s1, x2 = t23 · t4 = s3, and

x3 = t45 = s4 · s3 · s2 · s1.

The reduced form of x in Coxeter generators

is just multiplying the reduced forms of x1, of

x2 and of x3.

x = s1 · s3 · s4 · s3 · s2 · s1,

`(x) = 2 · 1 + 3 · 2 + 4 · 1 + 5 · 4−
− (42 + (1 + 2)2 + 12) = 6.
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y = t2 · t3 · t24 · t
2
5 = (2,4,5,3).

The permutation y can be written as y = y1·y2,

where:

y1 = t2 · t3 = s2 and y2 = t24 · t
2
5 = s4 · s3.

The reduced form of y in Coxeter generators

is just multiplying the reduced forms of y1 and

of y2.

y = s2 · s4 · s3,

`(y) = 2 · 1 + 3 · 1 + 4 · 2 + 5 · 2−
− ((2 + 2)2 + (1 + 1)2) = 3.
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Now, we find x · y, where we use the described

exchange laws.

x · y = t2 · t23 · t4 · (t
4
5 · t2) · t3 · t24 · t

2
5

= t2 · t23 · t
2
4 · (t

3
5 · t3) · t24 · t

2
5

= t2 · t23 · t
2
4 · t3 · t

2
4 · (t

4
5 · t

2
4) · t25

= t2 · t23 · t
2
4 · t3 · (t

2
4 · t3) · t24 · t

4
5

= t2 · t23 · t
2
4 · (t3 · t2) · t3 · t4 · t45

= t2 · t23 · t
2
4 · t2 · (t

2
3 · t3) · t4 · t45

= t2 · t23 · (t
2
4 · t2) · t4 · t45

= t2 · (t23 · t
2
3) · (t34 · t4) · t5

= t2 · t3 · t45.
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The hyperoctahedral group Bn

The hyperoctahedral group Bn is an n gener-

ated finite Coxeter group which presentation

is:

〈s0, s1, . . . , sn−1|s2
i = 1,

(s0 · s1)4 = 1

(si · si+1)3 = 1 for i ≥ 1,

(si · sj)2 = 1 for |i− j| ≥ 2〉.
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• Each element in the group Bn can be con-
sidered as a signed permutation on the set
[±n] = {±i|1 ≤ i ≤ n}, s.t., π(−i) = −π(i)
for every i ∈ [±n];

• si for i ≥ 1 is the signed permutation which
exchanges the element i with the element
i + 1 (and exchanges the element −i with
the element −(i+1) ), and s0 is the signed
permutation which exchanges 1 with −1;

• `(π) = inv(π)−
∑n
i=1 |π(neg(π))|, where inv(π)

is the number of inversions of π, and neg(π)
is the set of elements 1 ≤ i ≤ n, s.t.
π(i) < 0;

• The parabolic subgroup of Bn, which is
generated by s1, s2, . . . sn (the set elements
in Bn, which do not contain s0 in their re-
duced form of the presentation in Coxeter
generators) is isomorphic to the symmetric
group Sn.
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A canonical form of Bn

t1 = s0

t2 = s0 · s1

...

...

...
tn = s0 · s1 · · · sn−1.

Every element of Sn has a unique presentation
in the following canonical form:

t
k1
1 · t

k2
2 · · · t

kn−1
n−1 · t

kn
n .

where, 0 ≤ kj < 2j.

Since, t2jj = 1, we may consider unique presen-
tation

where, −j ≤ kj < j.
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The elements of Sn in Bn

The elements of Sn in the canonical form have

the form

t
ki1
i1
· t
ki2
i2
· · · tkimim , where:

−ij ≤ kij ≤ ij − 1, for every 1 ≤ j ≤ m,

ki1 < 0,

kir ≤
∑r
j=1 kij ≤ 0 for 2 ≤ r ≤ m− 1, and

∑m
j=1 kij = 0.

`(π) =
∑m
j=1 tij · kij.
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Example

π = t−2
3 · t−2

4 · t35 · t6
= (t−2

3 · t24) · (t−4
4 · t45) · (t−1

5 · t6)

= s3 · s2 · s4 · s3 · s2 · s1 · s5.

Thus,

`(π) = 3 · (−2) + 4 · (−2) + 5 · 3 + 6 · 1 = 7.
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Let π ∈ Bn, then π has a unique presentation
in the following form: u1 · v1 · u2 · v2 · · ·ur for
some r, s. t. the following holds:

• uj ∈ Sn, for every 1 ≤ j ≤ r;

• vj = t
ij
ij

, where for j1 > j2, ij1 > ij2;

• For every 1 ≤ j ≤ r, either uj = 1 or

uj = t
kij1
ij1
· · · t

kijzj
ijzj

in the canonical form.

j1 ≥ j − 1, for every 2 ≤ j ≤ r, and
jzj ≤ j, for every 1 ≤ j ≤ r − 1.

Example

t2·t3·t34·t
2
5 = t1·(t−1

1 ·t2)·t22·(t
−2
2 ·t3·t4)·t44·(t

−2
4 ·t

2
5).

v1 = t1, v2 = t22, v3 = t44,
u1 = 1, u2 = t−1

1 · t2, u3 = t−2
2 · t3 · t4, and

u4 = t−2
4 · t25.
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Consider the presentation of π ∈ Bn in the form

u1 · v1 · u2 · v2 · · ·ur for some r, Then,

`(vi−1 · ui) = `(vi−1) + `(ui), and

`(vi−1 · ui · vi) = `(vi)− `(ui)− `(vi−1).

`(π) =ur + vr−1 − ur−1 − vr−1 + ur−2 + vr−2 − · · ·
· · ·+ (−1)r−1u1.
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Example

π = t2 · t3 · t34 · t
2
5

= t1 · (t−1
1 · t2) · t22 · (t

−2
2 · t3 · t4) · t44 · (t

−2
4 · t25).

Then,

`(π) = `(t−2
4 · t25) + `(t44)− `(t−2

2 · t3 · t4)

− `(t22) + `(t−1
1 · t2) + `(t1)

= 4 · (−2) + 5 · 2 + 4 · 4− 2 · (−2)− 3− 4

− 2 · 2 + 1 · (−1) + 2 + 1

= 13.

Indeed, the presentation of π in Coxeter gen-

erators is:

π = s0 · s1 · s2 · s3 · s4 · s2 · s1 · s0 · s1 · s2 · s3 · s1 · s0.
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The exchange laws for the canonical form

of Bn

For transforming the element t
rq
q · t

rp
p (p < q)

onto the canonical form

t
i1
1 · t

i2
2 · · · t

in
n , one need to use the following ex-

change laws:

The case rp ≤ p:

t
rq
q · t

rp
p =



t
rq
rq · t

rq
rq+rp

· trpp+rq
· trqq

t
2rq+p−q
rq · tq−prq+rp

· trq+rp
q

t
rq+rp−q
p+rq−q · t

rq+p−rp
rq · tq+rq+rp−p

q
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The case rp > p:

t
rq
q ·t

rp
p =



t
rq
rq+rp−p · t

rq+rp
p+rq

· trqq

t
p+rq−q
p+rq−q · t

p+rq−q
rq · tq−prq+rp−p · t

q−p+rq+rp
q

t
2rq+rp−2q
p+rq−q · t2p−rprq · trq+rp−2p

q

The case rp = p:

t
rq
q · t

rp
p =


t
rq
rq · t

p+rq
p+rq

· trqq q − rq ≥ p

t
p+rq−q
p+rq−q · t

rq
rq · t

q+rq
q q − rq < p
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