Canonical forms and exchange
laws for the symmetric group
Sn, and for the hyperoctahedral
group Bj.

Robert Shwartz
Ariel University
ISRAEL

March 21, 2018



The symmetric group S;,

The symmetric group S, is an n— 1 generated
simply-laced Coxeter group which presentation
IS:

<817827 ° -73n—1|37;2 — 17

(Si ) S’i—|—1)3 — 17
(s; - sj)2 =1 for |i—j| > 2).



e [ he Coxeter generator s; can be considered
as the permutation on n elements which
exchange the element ¢ with the element
i+ 1, i.e., the transposition (7,7 4+ 1);

e \We consider multiplication of permutations
in left to right order. i.e., for every m1,7m5 €
Sn, m1 - m2(1) = m2(j), where 71 (i) = j;

e For every permutation w € S,,, the Coxeter
length 4(7) is the number of inversions in
w, i.e., the number of different pairs 1, 3, S.
t. 1< g7 and w(3) > w(4);



A canonical form of S,

o = s1
l3 = 8152
th = 8182 -S_1-

Every element of S;, has a unique presentation
in the following canonical form:

ko k3 kn—1 .k
t2 t3 "'tn_l tnn

where, 0 < kj < 7.



T he connection between the canonical
form and the Coxeter length of the
elements
Let 7 € S, where © = tZZl -t%---t%ﬁ in the

canonical form s.t. Z?le z'kj < k1, then

((m) = 3 kji, = gy A gy - 4 i, )°
j=1

b(sp-m)=4(m)—1, for r= f: ik
j=1

l(sp-mm)=4(m)+ 1, for r#* Z g

J=1
In particular, for every two sub-words 71 and
7o Of 7w, such that m = w1 - mp, it is satisfied:

b(m) = £(my - m2) < £(m1) + £(m2).



Zk )
2 ...t,"m and

Let m, 7' € S,, where m = t -ty P

Zh
7T/:t 1
1

hﬂu<kf1
If hv<23 17,k < k1, then:

o(n’ -7 = (x") 4+ (7).

Zh2 hv
by St i} in the canonical form, s.t.



Let m € S),, where T = tk t t;’jzl is written
in the canonical form.
Let w1, 7o, ... 74, SUb-words of = s.t.

ith
[ ) 7va — th, * thrUQ "'thv,mv
form for’ every 1<ov<z;

in the canonical

® hy_1m, ; < hy1, fOr every 2 <o < z;
® hy 1mv1§Z] 1ih < hyy;
@ T =T T Tz,

Then:

(my =3 f0r)
v=1

£(7T) —1 r = Z;nzv]_ ih,u’j
¢(m)+ 1 otherwise.



The exchange laws for the canonical form

of S,

For transforming the element tgq : t;p (p < q)

onto the canonical form
t2-t3---tn, one need to use the following ex-

change laws:

p

.
tgt) = 4

Tq T'p T'q

brgtry tptrg ta 1= Tq P

p+7“ —q TqtT

t ! trq—|—7"p tq P ’r'péq—?“qu

trq—l-’rp—q tp Tp trq—l-frp P g —rq Srp

X p-l—?“q—q



From the described exchange laws for S, we
conclude the following: The canonical form of
both elements t,7-t,7, where p < ¢, is a product
of non-zero powers of at most three different
canonical generators, where:

The canonical form of t,7 - t,7 (p < q) is a
product of non-zero powers of two different
canonical generators if and only if g—rq = p or
q —rq = rp, and then the following holds:

( gt Tp

lq qQ—Tqg=Dp

Tq

th+7’p

tgl - tyh = ¢

.
trqp tqp q—1rq=r"p

The canonical form of the element t,7 - t,” for
q > p is either tla. tb tle, or tla. tb fora <b<ec,
where ¢ = q and aII of the numbers: a, b, iq, tp,
and 1., are linear combination of three numbers
from {p,q,rp,rq} With co-efficients 1 or —1
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Example
T =1t 15 t4-tg = (1,3,5).

The permutation x can be written as © = xq -
x> - x3, Where:

r1 =ty = 81, x2=t§'t4=S3, and
x3=t§=34-53-32-81.

The reduced form of = in Coxeter generators

is just multiplying the reduced forms of x1, of
x> and of x3.

T = 8183 84 8382871,

((z)=2-1+3-24+4.-14+5-4—
— 424+ (1 +2)2+1%) =6



y=to-t3 -t -t2 = (2,4,5,3).

The permutation y can be written as y = y1-y»o,
where:

y1 =t -t3 = s and ygzti-t%284-83.

The reduced form of y in Coxeter generators
is just multiplying the reduced forms of y; and
of y».

Y = 5284 " 53,

(y) =2-1+3-14+4-245.2—
—((2+2)2+(1+1)%) =3.
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Now, we find x -y, where we use the described
exchange laws.

zoy=tp-t5-ta- (L5 t2) t3-13 15
=tp-t3-17- (t2-13) - 17 - t5
=1p-t3-17-t3-t7- (t2-13) - 13
=t2-t§-t§-t3-(tﬁ-ts)-tﬁ-tﬁ
=tp-t5-15- (t3-12) t3-ta-tg
=1ty 1515 ta- (t5-13) ta-ts
=to-t5- (t7 t2) - ta -tz
=ty (t3-t3) - (7 - ta) - ts
=15 - t3 - ta.
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The hyperoctahedral group Bj,

The hyperoctahedral group By iS an n gener-
ated finite Coxeter group which presentation
IS:

(so,sl,...,sn_1|sz-2 =1,
(s0-s1)*=1
(si-8i+1)°> =1 for i>1,
(si-s))° =1 for |i—j|>2).

12



Each element in the group B,;, can be con-
sidered as a signed permutation on the set
[£n] = {£i]1 < i < n}, s.t., 7(—i) = —7(4)
for every i € [£n];

s; for ¢+ > 1 is the signed permutation which
exchanges the element ¢ with the element
i+ 1 (and exchanges the element —i with
the element —(i+1) ), and sg is the signed
permutation which exchanges 1 with —1;

() = inv(m)—>""_1 |m(neg(m))|, where inv(r)
is the number of inversions of 7, and neg(x)

is the set of elements 1 < <n, s.t.

w(i) < O;

The parabolic subgroup of Bj,, which is
generated by s1,so,...sn (the set elements
in Bp, which do not contain sg in their re-
duced form of the presentation in Coxeter
generators) is isomorphic to the symmetric
group Sp.
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A canonical form of B,

t1 = Spo
t2 = 80 - 81
th =80 -81"""Sp—1-

Every element of S;, has a unique presentation
in the following canonical form:

k1 ko kn—1 L,k
t]. t2 “‘tn_l tnn

where, 0 < kj < 27.

Since, tJQ.J — 1, we may consider unique presen-
tation

where, —j < k; < j.
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The elements of S,, iIn B,

The elements of S, in the canonical form have
the form

t, Lot 2 -t]f%m, where:
1 12 tm
—1i; < k <ij— 1, for every 1 < j5 < m,

k.

iy <0,

ki, <> 5=1k;; <0for2<r<m-—1, and

J
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Example

T=t3% 1% 12 te
—2 —4 4 ~1
(t3%-17) - (t3% - t5) - (t5 " - t6)

§3 8284838281 " S5.

T hus,

l(r)=3-(—2)+4-(—2)+5-3+6-1=T7.
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Let m € B, then m has a unique presentation
in the following form: wq - vy - up - vo---uy for
some r, s. t. the following holds:

® u; € Sp, for every 1 <j <r;

° -—tij where for 71 > 9o, 25, > 1..;
vj I 2]7 ]1 .]27 7’]1 2]27

e For every 1 <j <r, either u; =1 or
w; =t; 'L ---t. "7 in the canonical form.
Y51 Yz
71 > 7 —1, for every 2 <45 <, and
J2; < 7 for every 1 <453 <r—1.

Example

to-t3-t3-18 = t1-(t] " t2)-15-(t5 % t3-ta) 13- (t5 °15).

vy =11, v 2:t2, ’U3Zt4

up = 1, uo = tll to, uz = t;z-t3-t4, and

ug = t;° - t2.
17



Consider the presentation of m € By, in the form
ui - v1 - uo - vo---upr for some r, Then,
C(vi—1 - u;) = £(v;—1) + £(u;), and

O(v—1 - ui-v;) = £(v;) — £(u;) — €(v;—1).

E(ﬂ-) —Ur _|_ Vp—1 — Up—1 — Up_1 + Uyp_—2 —|— Up_D — + -

o (=) g

18



Example

™=ty t3-t3 - t2
=t1-(t71 t2) 15 (t5° - t3-ta) - tg - (t7° - 3).

Then,

0(m) = (t3 2 12) + £(t) — £(t5° - t3 - ta)
—0(t3) + L(ty T - ) + £(t1)
=4.(-2)+5-24+4-4—-2.(—2)—-3-4
—2.241-(-1)4+24+1
= 13.

Indeed, the presentation of « in Coxeter gen-
erators is:

T =80°581:82°83:54°82:81:80"51:82°83"81"50-
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The exchange laws for the canonical form

of B,

. T T
For transforming the element ¢, - t,’ (p < q)
onto the canonical form
t@n, one need to use the following ex-

11 412
ty “tg -
change laws:

The case rp < p:

tg! -

P =

t

q 4Tq Tp T'q
brq - trq—l—rp tp—l—frq ‘g

t?“ 7“q +p—q t t”’“q"‘?“p

rq—l—'r'p

rq+Tp—q ¢ rq+p—Tp tq—l-rq—l-rp D
p—I-Tq—q Tq
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The case rp > p:

(

+4 , trq‘““p . 4d
7“q+7“p—p p+7"q q
PLE Iy - tp+7“q—q . tp-l-rq—q 447D . tq—p-|—rq+rp
9 "P 7 ) 'pHrq—q Tq rq+rp—p 4
t2rq—|—rp—2q . t2p—rp . trq—l—rp—Qp
L p+rq—q Tq q

‘The case rp = p:

rq ,p+Tq T

t?"g tp_|_,r‘z tqq q - rq Z p
Tq Tp __

PTTq—q ,Tq ,q97TTq
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