An approach to skew left braces via triply factorised groups
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Skew left braces

Bijective derivations and trifactorised

groups

Definition. A skew left brace is a triple Concept Skew brace language Trifactorised group language
B, +,-) with left ideal Aa(1) C 1 for all B L,C]CL
( ) Notation. e G = [K]C = K x C, with operation (ky, c1)(ka, c2) = eit idea ( ) S [L.c] <
5 d4(B e (K b o e K c (equivalently, B x| C )
* (B.+) and (B, ) groups, (1 +Aalle) ac). ki ke €K, a, @ € C. strong left  A,(/)C /forallac Band /<K [L G]CL(L<G)
a-(b+c)=(a-b)—a+(a-c)fora, b, e According to our interest, we consider the elements of B as in K or C. ideal
ccB. ideal a+l=1+a al=laforallae B LEKG
e We pass from C to K or vice versa by means of the derivation 4. quotient by A/l KC/LE = [K/L](C/E)
If, in addition, (B,+) is abelian, we obtain an ideal
Rump’s braces (skew braces of abelian type). Lemma. Let D = {(6(c),c) | c € C}. Then D < G, G = KD = DC, and left LO(X W) = V7, [[...[H, E] ...], E]
e vee ab for = b 1 the. ueusl Frerarch Ao =o€ =G L)} vpotency  Ly(X, ¥) = X Lma(X, V)
e use ab for a- b and the usual hierarchy for - _ v _ '« RBn
_ anélj N e Y Lemma. Suppose that G = [K]C = KD = DC and KND = DN C = SEres (for X = Y = B, Rump’s B") _
{(0,1)}. Then there exists a bijective derivation 6: C — K associated Ieft_ L(B, Br) = 0 for some n ¢ 7r—n||_potent
with the action of C on K such that D = {(6(c),c) | c € C}. r}n'LPOtent (€ p-nilpotent for all p € )
eft brace
Lemma. Let G =[K|C =KD =DC with KND=Dn C = {(0,1)}. Soc ={acB|ab=a+ b, 3
Skew left braces and (K] to.1)3 (B)=1 ’b+a_a+b Cc(K) N6 H(Z(K))
. . 1. If LC K, then 6~ %(L) = (—L)D . N =
derivations < 5o tn () = (PN E socle for all b e B) Cc(K)NZ(K)D
2. IfEC C, then 5(E) = DE-' N K. — KerANZ(B, +) st
Notation. & K'=(B.+). C=(5.) right Ro(X, Y) = X, 57Y([- - [07X((E, H]), H], .., H])
 X: € Au(6) A(B) = —a+ abis ooty RV =BG ) ey
: . series or X =Y = B, Rump's B("
tion. '
group action Relevant commutator relations right B (5L ) = O oy o o 5[ - [-([Ey, K1), K], ., K]) =
e The identity map 0: C — K is a de- S _ _ m-nilpotent 1
rivation or 1-cocycle with respect to A We use now multiplicative notation for G. Let G = [K]C = KD = DC with I brmaa

(0(ce)
Lemma. Let \: (B,:) — Aut(A,+) be a

=d(c) + Ac(d(e)) for ¢, e € C).

group action and 0: (B,-) — (A, +) a biject-
ive derivation with respect to \. Then we
can define an addition on B via b+ ¢ =
7 1(d(b) +(c)) and (B, +, ) becomes a skew

D<G KND=DnNC ={1} and let 6: C — K be the corresponding
derivation.
Lemma. Let k, | € K andc, e € C. Then

[ke, le] = [k, e]°[k, 1][c, l]ﬁi]

eK eC

Factorisations: a Fitting-like ideal

Theorem. Suppose that a skew left brace of abelian type B can be descomposed as the
sum of two ideals that are left nilpotent as left braces. Then B is left nilpotent.

Theorem. Let B be a skew left brace of abelian type that can be factorised as the product
of an ideal I, that is trivial as a left brace and a strong left ideal I, that is right nilpotent
as a left brace. Then B is right nilpotent.

left brace.

Ifk = d(c), | = b(e), then|d([c, €]) = [k, ][k, 1€[c, | | In particular,
ifH < K, C < Ng(H), and three of the elements [k, €], [k, 1], [c, ], §([c, €])
belong to H, then so does the other one.

Lemma. Suppose that 6: C — K is a deriv-
ation associated to an action \ of C on K and
that L is a C-invariant subgroup of K (for in-

stance, this happens when L is a characteristic
subgroup of K). Then 57}(L) < C.
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