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Abstract

We study finite groups G having a normal subgroup H and D ⊂
G \ H,D ∩ D−1 = ∅, such that the multiset {xy−1 : x, y ∈ D} has
every non-identity element occur the same number of times (such a
D is called a DRAD difference set). We show that there are no such
groups of order 4p2, where p is an odd prime.

Definitions and background

For a groupG we will identify a finite subsetX ⊆ G with the element∑
x∈X x ∈ QG of the group algebra. We also let X−1 = {x−1 : x ∈

X}. Write Cn for the cyclic group of order n.
A (v, k, λ) difference set is a subsetD ⊂ G, |D| = k, such that every
element 1 6= g ∈ G occurs λ times in the multiset {xy−1 : x, y ∈ D}.
Here |G| = v.
Then [1, 4] a (v, k, λ) difference set is a (v, k, λ) DRAD difference
set (with subgroup H and difference set D) if it also satisfies the
conditions: there is a subgroup 1 6= H / G such that
(1) D ∩D−1 = ∅;
(2) G \ (D ∪D−1) = H.
A group G will be called a DRAD difference set group if there is a
DRAD difference set over G. DRAD difference sets are examples of
Hadamard (or Menon) difference sets Let

h = |H|, u = |G : H|.

Prior result

Previous Theorem [2] Let G be a (v, k, λ) DRAD difference set
group with subgroup H and difference set D. Then
(i) u = h ≥ 4 is even, v = |G| = h2, and

λ =
1

4
h(h− 2), k =

1

2
h(h− 1);

(ii) each non-trivial coset Hg 6= H meets D in h/2 points;
(iii) H contains the subgroup generated by all the involutions in G;
(iv) any abelian (v, k, λ) DRAD difference set group is a 2-group.

Main Result

Main Theorem There are no (v, k, λ) DRAD difference set groups of order
4p2, for an odd prime p.

Method of proof

There are at most 16 isomorphism classes of groups of order 4p2.
For the the proof of the Main Theorem we make use of a result of Iiams [3],
who showed that any group of order 4p2 (where p > 3 is a prime) that has
Cp×C22 as a factor group, does not have a (4p2, 2p2−p, p2−p) difference set.
This leaves six groups.
We then consider each group individually, showing that none of these six
groups can be a DRAD group.
The techniques used are:
1. Find restrictions on the subgroupH. For example, since all involutions are
in H, we check to see if the subgroup generated by the involutions has size
greater than h = 2p. For example in some of the six groups the subgroup
generated by the involutions has size 2p2 > h.
2. Once we have found normal subgroups H we eliminate some groups
using the following result which is easy to check:
Lemma Suppose that G has a non-principal linear character χ.
If χ(H) = 0 and χ takes values in a field K where i =

√
−1 /∈ K, then G is

not a DRAD group with subgroup H.
3. For the remaining three groups we do the following:
Let D =

∑
g∈G εgg where ε ∈ {0, 1}. Then we know:

ε2g = εg, εg + εg−1 = 1, for g /∈ H, εg = 0 for g ∈ H. (1)

Let Z[εg]g∈G be the polynomial ring.
Let I denote the ideal of Z[εg]g∈G generated by the relations in (1) and 2Z.
Let

E = DD−1 − (λ(G− 1) + k) ∈ Z[εg]g∈G
and for k ∈ G let Ek denote the coefficient of k in E. Then for k ∈ G, k 6= 1,
we have Ek ∈ Z[εg]g∈G.

Proof ctd

We define:

Zk =

p−1∑
i=0

Eyik =

p−1∑
i=0

∑
h∈G

εyikhεh ∈ Z[εg].

The result then follows from showing that

Z[εg]g∈G/〈I, {Zk : k ∈ G \H}〉
is the trivial ring.
More specifically: we show that there are a, b, c ∈ G \H such that

Za + Zb + Zc ≡ 1 mod I.

What is a DRAD?

DRAD stands for: Doubly regular asymmetric digraph: D=(V,E):
1. D (or E) is symmetric.
2. D is regular of valency k.
3. D is doubly regular of valency λ (for distinct v1, v2 ∈ V there are
λ vertices v3 ∈ V such that (vi, v3) ∈ E, i = 1, 2).
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