RATIONALITY OF REPRESENTATION ZETA FUNCTIONS OF COMPACT p-ADIC ANALYTIC GROUPS

Introduction

Let GG be a topological group. For n € N let
Irr, ()

be the set of characters of n-dimensional irreducible (continuous) complex repre-
sentations of . Set

ro(G) = #Ir,(G)
When G is representation rigid, i.e. r,(G) is finite for all n € N, one studies the
arithmetic and asymptotic properties of the sequence {r,(G)},en by means of the
(representation) zeta function of &, that is

O

Co(s) = r(Gn™*= Y 6(1)* (seC).
n=1 oclr(G)
Properties of the sequence of the r,(G)’s correspond to analytic properties of
Ca(s). For example, the abscissa of convergence of this Dirichlet series gives the
degree of polynomial growth of the sequence of the r,(G)’s and in some cases a
linear recurrence relation for the r,,(G)’s may be detected from ((s).

Linear recurrence relations and rationality

Fix a prime number p. If G is a pro-p group and its open subgroups have finite
abelianisation (FAb for short), then G is representation rigid and (s(s) is a power
series in p~°.

Proposition 1 ([4, Theorem 4.1.1]) Let S(t) = > .yant" be a power series int
with complex coefficients. Then a,, satisfies a linear recurrence relation if and only
if S(t) is the power series of a rational function in C(t).

Jaikin-Zapirain showed that rationality of the zeta function holds for a large class
of groups.

Theorem 2 ([3, Theorem 1.1]) Let G be a FAb compact p-adic analytic group

G with p # 2. Then there are natural numbers n,...,n; and functions
filp™®), ..., fr(p™®) rational in p~* such that
k
Cals) =D " filp™). (1)
1=1

When G is pro-p, the same result shows that representation zeta function is ra-
tional. This, by Proposition 1, implies that in this case the r,(G)’s satisfy a finite
linear recurrence relation.

Surprisingly the previous theorem has the consequence that the zeta function of
those groups vanish at —2. Namely the following corollary has been proved by
Gonzalez-Sanchez, Jaikin-Zapirain, and Klopsch.

Corollary 3 ([1, Theorem 1]) Let G be an infinite FAb compact p-adic analytic
group G withp # 2. Then (o(—2) = 0.

Definition 4 When the zeta function has the form (1) we say that it is virtually
rational.
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Main Theorem

In [5] we give a new proof of Jaikin-Zapirain’s [3, Theorem 1.1] that holds also for
p = 2.

Theorem 5 Let G be a FAb compact p-adic analytic group. Then (s (s)(s) is vir-
tually rational in p=°. If in addition G is pro-p, then (z(s)(s) is rational in p~*.

Step 1: Splitting the zeta function

Every Fab compact p-adic analytic group GG contains a uniformly powerful open
normal subgroup /N. We use this fact to split the zeta function.

Let 6 be an irreducible character of N and let K = Stabg (). Then it is known that
induction of characters is one-to-one from K to G if one restricts to irreducibles
lying above 6.

G IndS A, ..., Ind%),
K = Stabg(ﬁ) )\1, C e )\g
N 6
Moreover the irreducible characters A;, ..., A\, are controlled by the cohomology

class C(K, N, #) (roughly speaking the factor set of a projective representation of
K extending 6).

This way, for each ¢ € H*(K/N,C*) and each N < K < @G, we find a finite
Dirichlet series fi.(s) such that

Cals)(s)= Y G K[> )

N<K<G c€ H(K/N,C)
where Zy | Is the zeta function of N where the summation extends only to the

irreducible characters 6 with stabiliser K and cohomology C(K, N,6) = c. The
problem is now reduced to showing that Z ;. is a rational function in p~~.

f;((S)Z]CV,K )

Step 2: Linearising the problem

The next step is to linearise the problem using the fact that every irreducible
character of /V is induced from a finite index subgroup. We developed the follow-
Ing characterisation to make sure that we are able to recognise the cohomology
class at the level of the inducing subgroup.

Proposition 6 Let P be a pro-p group and N a normal subgroup of P. Let
(P, N,0) be a character triple and ¢ € H*(P/N,C*). Then C(P,N,0) = c if
and only if there exists a subgroup H < P and a character triple (H, N N H, )
where x Is linear character such that
) P=NH
i) 0 = Indyx
i) C(H NNH,y)=c.
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Step 3: Model Theory

With the linearisation above, the problem of counting characters of N with a
given cohomology class is translated to an enumeration of equivalence classes.
Indeed, we consider the set H of pairs (H, x) where H < N has finite index and
X is a linear character of H that induces irreducibly to N. For each 6 € Irr(/V)
we have several choices for H and y

0

TN

(Hi,x1) -+ (Hexe)
We therefore introduce an equivalence relation

(Hi,x1) ~ (Ho, x2) <= Ind%xl — IDdZ2X2.
Now

1. The set H is defined by first order sentences in the language £ of compact
p-adic analytic groups.

2. The equivalence relation is defined by first order sentences in L.
3. The cohomology group is defined by first order sentences in L.

4. For a pair (H, ), the property that C(K, N, Ind;yy) = c is defined by first order
sentences in L.

We finish the proof using a result by Cluckers saying that in this case the Dirichlet
series Is rational.

Theorem 7 ([2, Theorem A.2]) Letd € N. Let E be a (first-order) definable family
of equivalence relations in L on a definable family X C Qg x Ny. Suppose that
for eachn € Ny the quotient X,/ E,, is finite, say, of size a,,. Then the series

Z a,t"

neNy
Is a rational power series int over Q whose denominator is a product of factors
of the form (1 — p't’) for some integers i, j with 7 > 0.

References

References

[1] J. Gonzalez-Sanchez, A. Jaikin-Zapirain, and B. Klopsch, The representation zeta function
of a FAb compact p-adic Lie group vanishes at —2, Bull. Lond. Math. Soc. 46 (2014), no. 2,
239-244. MR3194743

[2] E. Hrushovski, B. Martin, and S. Rideau, Definable equivalence relations and zeta functions
of groups (with an appendix by Raf Cluckers), J. Eur. Math. Soc. (JEMS) 20 (2018), no. 10,
2467-2537. MR3852185

[3] A. Jaikin-Zapirain, Zeta function of representations of compact p-adic analytic groups, J.
Amer. Math. Soc. 19 (2006), no. 1, 91-118 (electronic). MR2169043 (2006f:20029)

[4] R. P. Stanley, Enumerative combinatorics. Volume 1, Second, Cambridge Studies in Ad-
vanced Mathematics, vol. 49, Cambridge University Press, Cambridge, 2012. MR2868112

[5] A. Stasinski and M. Zordan, Rationality of representation zeta functions of compact p-adic
analytic groups, arXiv:2007.10694 (July 2020).



