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Skew braces

Definition ([Guarnieri and Vendramin, 2017])
A skew brace is a triple (G , ·, ◦), where (G , ·) and (G , ◦) are groups
such that

g ◦ (h · k) = (g ◦ h) · g−1 · (g ◦ k).

Here g−1 denotes the inverse of g in (G , ·).

Example

• For all groups (G , ·), (G , ·, ·) is a skew brace.
• For all a, b ∈ Z, define a ◦ b = a+ (−1)ab. Then (Z,+, ◦) is a

skew brace.
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Motivations

Skew braces...
• generalise radical rings;
• yield solutions of the set-theoretic Yang–Baxter equation;
• provide regular subgroups of holomorphs of groups;
• are connected with Hopf–Galois structures.
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Rota–Baxter operators on groups

Let (G , ·) be a group.

Definition ([Guo et al., 2021])
A Rota–Baxter operator on (G , ·) is a map B : G → G such that

B(g · B(g) · h · B(g)−1) = B(g) · B(h).

Proposition ([Bardakov and Gubarev, 2022])
Let B be a Rota–Baxter operator on (G , ·), and write

g ◦ h = g · B(g) · h · B(g)−1.

Then (G , ·, ◦) is a skew brace.
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Gamma functions

Let (G , ·, ◦) be a skew brace. For all g ∈ G , we define

γ(g) : G → G , h → g−1 · (g ◦ h).

The function γ, called gamma function, is a group homomorphism

γ : (G , ◦) → Aut(G , ·).

Example
Suppose that

g ◦ h = g · B(g) · h · B(g)−1,

where B is a Rota–Baxter operator on (G , ·). Then γ(g) is
conjugation by B(g). In particular, γ(G ) ⊆ Inn(G , ·).
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A natural question

Definition
A skew brace (G , ·, ◦) comes from a Rota–Baxter operator if there
exists a Rota–Baxter operator B on (G , ·) such that

g ◦ h = g · B(g) · h · B(g)−1.

Question
Do all the skew braces (G , ·, ◦) with γ(G ) ⊆ Inn(G , ·) come from
Rota–Baxter operators?

6 / 10



The approach

Let (G , ·, ◦) be a skew brace with γ(G ) ⊆ Inn(G , ·). Since
g ◦ h = g · γ(g)h, there exists C : G → G such that

g ◦ h = g · C (g) · h · C (g)−1.

As γ : (G , ◦) → Aut(G , ·) is a group homomorphism, we find that

C (g ◦ h) ≡ C (g) · C (h) (mod Z (G , ·)).

In particular, there exists κ : G × G → Z (G , ·) such that

κ(g , h) · C (g ◦ h) = C (g) · C (h).
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The main theorem

Recall:
g ◦ h = g · C (g) · h · C (g)−1,

and there exists κ : G × G → Z (G , ·) such that

κ(g , h) · C (g ◦ h) = C (g) · C (h).

Theorem ([Caranti and LS, 2022])

• κ is a 2-cocycle for the trivial (G , ◦)-module Z (G , ·), whose
cohomology class in H2((G , ◦),Z (G , ·)) does not depend on
the choice of C .

• (G , ·, ◦) comes from a Rota–Baxter operator if and only if the
cohomology class of κ is trivial.
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An example

Let p be an odd prime, and let

(G , ·) = 〈u, v , k | up, vp, kp, [u, v ] = k , [u, k], [v , k]〉.

For all α ∈ {0, . . . , p − 1}, consider

g ◦α h = g · gα · h · g−α.

Then (G , ·, ◦α) is a skew brace.

Proposition ([Caranti and LS, 2022])

• If α ∕= (p − 2)−1, then (G , ·, ◦α) comes from a Rota–Baxter
operator, which can be computed explicitly.

• If α = (p − 2)−1, then (G , ·, ◦α) does not come from a
Rota–Baxter operator.
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