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Introduction

In these notes we aim to present Kontsevich’s formality theorem, which implies both the existence and
the classification of star products on Poisson manifolds. This theorem represents a very important
breakthrough in the theory of deformation quantization and it has many ramifications.

The philosophy of deformation was proposed by M. Flato [I8] in the seventies and since then,
many developments occurred. Deformation quantization is based on such a philosophy in order to
provide a mathematical procedure to pass from classical mechanics to quantum mechanics. Quan-
tum mechanics deals with phenomena at nanoscopic scales; these phenomena contradict the laws of
classical mechanics and a new fundamental constant enters in the formalism, the Planck constant A.
The new structures deform, in some sense, the initial ones; in other words, when the new parameter
h goes to zero, quantum mechanics coincides with classical mechanics.

The main problem in comparing the classical theory of mechanics and the theory of quantum
mechanics is the difference in their mathematical formulation. Indeed, in classical mechanics the
observables are functions over the phase space (the flat space R?" or, more generally, a symplectic
or Poisson manifold) while in quantum mechanics the observables are operators in Hilbert spaces
of wave functions. This difficulty has been overcome by looking for deformations of algebras of
functions over Poisson manifolds: quantum mechanics is then realized in the deformed algebra. The
existence of such deformations was proved by Vey [32] in 1975 and few years later the seminal papers
7], [8], [19] in deformation quantization appeared, where the quantization was performed, using
the Gerstenhaber’s approach [20], by deforming the associative and commutative algebra of classical
observables. More precisely, let M be a smooth manifold endowed with a Poisson bracket {-,-}. A
star product on M is a “deformation” of the associative algebra of functions A = ¢°°(M) of the
form x = Y >° t"P,, where the P,’s are bi-differential operators (locally of finite order) such that
Py(f,9) = f-9g, Pi(f,9) — Pi(g,f) = 2{f,g9}, f,g € A. The parameter t is taken to be t = % to
recover physical results. A star quantization is defined to be a star product on M invariant under
some Lie algebra gg of “preferred observables”. The invariance property ensures that the classical and
quantum evolutions of observables under a Hamiltonian H € g¢ coincide [7].

It is worth mentioning that also a spectral theory can be done in this formalism and many results
of quantum mechanics can be formulated and solved in this context, for example the spectrum of
harmonic oscillators, the hydrogen atom and the angular momentum.

The star product is given by a formal power series and the convergence was studied only in specific
examples. There are many interesting mathematical developments, related to the star products. The
star representation theory is an important example; the most notable results can be found in [1], [2],
[3] (nilpotent and solvable Lie groups), [4], [5], [27] (semi-simple Lie groups). Another fundamental
application of the star products concerns the theory of quantum groups. This theory is essentially due
to Drinfel’d [14], who realized that Lie groups and Lie algebras can be deformed by considering their
correspondent Hopf algebras. Quantum groups have been largely studied and they have numerous
applications in physics (the reader is referred to [15], [25] and [29]). Finally, the index theorem [6]
has been generalized to deformation quantum algebras [17].

The existence and classification of star products on Poisson manifolds have been major open
problems for many years. The regular case was approached with the method of Fedosov [16] and
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the existence of tangential star-products was established by Masmoudi [26] in 1992. Some concrete

examples of star products on non-regular Poisson manifolds appeared already in [7]. The star product

on a Lie algebra can be defined starting from the star product on the cotangent bundle of a Lie group

(Gutt [21]) and the quantization for some quadratic Poisson structures has been constructed by Omori,

Maeda and Yoshika in [28]. Eventually, the existence of star products on any finite-dimensional

Poisson manifold was proved by M. Kontsevich as a consequence of his formality theorem [23].
Kontsevich constructed explicitly the map

*x: €°(R)? x €°(RY) = €°RYH[t] : (f.9) = f*g (0.0.1)

and proved that it defines a star product on the Poisson manifold (]Rd, 7). Furthermore, he proved
that there is a one-to-one correspondence between equivalence classes of star products and equivalence
classes of formal Poisson bracket m; := )  t"m,. This result is a particular consequence of the so-
called formality theorem. In order to roughly describe Kontsevich’s formality theorem, let M be a
smooth manifold and consider the Hochschild complex C*(A) on the associative algebra A = (M)
(with pointwise product p) and its cohomology HH®(A). They are both differential graded Lie
algebras and the formality theorem states that these differential graded Lie algebras are in some sense
equivalent. More in detail, denote by D1y (M) the graded vector space of multi-differential operators
Dypoly (M) = D21 D}y, (M), where Dy (M) = Ck*t1(A). This graded space can be endowed with
a DGLA structure. Similarly, the graded space of multi-vector fields on M can be endowed with a
DGLA structure. Denote by Tpery (M) = @p2; Tiy (M), where T, (M) = D(AMHITM) ie. the
space of k4 1-multi-vector fields on M. The two DGLAs T},q1y (M) and D1y (M) are quasi-isomorphic
complexes [22], which means that the cohomology HH?®(A) of the complex Dpoly (M) coincides with
the cohomology of Ty,o1y (M) on M. This quasi-isomorphism, unfortunately, does not preserve the Lie
bracket, thus it is not a DGLA homomorphism. Kontsevich interpreted the DGLAs Tyl (M) and
Dpoiy(M) in terms of a very general category of objects, called L>°-algebras. This allowed him to
prove, in the formality theorem, the correspondence of such DGLAs.

The main part of the proof provided by Kontsevich consists in the explicit construction of such
a correspondence for the local case M = R? (the so-called Kontsevich’s formula). The physical
interpretation of this formula, already suggested by Kontsevich in [23], has been studied by Cattaneo
and Felder in [9]. They constructed a topological field theory on a disc and Kontsevich’s formula
appears as the perturbation series of such a theory, after a suitable renormalization. The method
used by Cattaneo and Felder also provides a very nice proof of the existence of Kontsevich’s star
product [10], which is similar, in the spirit, to Fedosov’s construction. More recently, another proof
of the global formality was provided by Dolgushev [11].

The formality theorem has ramifications and developments in many directions. First, it is impor-
tant to mention the operadic approach introduced by Tamarkin [30] in 1998. He observed that for any
algebra A its Hochschild complex C*(A) and its Hochschild cohomology HH*®(A) are algebras over
the same operad. This approach will be not treated in these notes (a nice introduction on operads
and some important results related to the Tamarkin’s approach can be found in [12]) but we want to
remark that, using this approach, a new derivation of the formality theorem was found (see [31] for
further developments). Kontsevich studied and generalized the Tamarkin’s approach in [24], which
also contains a systematic study about the generalization of deformation quantization to the case of
algebraic varieties. Further developments in the algebro-geometric setting can be found, e.g., in [13].

This book is organized as follows:

Chapter [1] contains a short discussion on the Hamiltonian formulation of classical mechanics. We
introduce the description of a classical mechanical system in terms of Poisson manifolds and we define
the notion of formal Poisson structures.

Chapter [2| is devoted to the theory of (formal) deformation quantization. We discuss the notion
of star product, starting from physical motivations and heading towards its formulation in terms of



BIBLIOGRAPHY 3

DGLA. We give a basic introduction of the general theory of deformations via DGLA’s, focusing in
particular on the examples of multi-vector fields and multi-differential operators. We introduce Kont-
sevich’s formality theorem, presented as an extension of the Hochschild-Kostant-Rosenberg theorem,
and we present some basic tools (e.g. L>°-algebras, L°°-morphisms).

In Chapter [3| we aim to give a sketchy exposition of the Kontsevich’s formula on R?. Here we only
discuss the globalization approaches of Cattaneo-Felder-Tomassini and Dolgushev, as the Kontsevich
proof is extremely technical. Finally we present some open problems related to formal deformation
quantization.

A short survey of the notions used throughout this book is given in Appendix [A} in particular,
we recall the concepts of vector bundles, tensors and connections and we introduce the notions of
complexes and cohomologies.
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Chapter 1

Classical mechanics and Poisson
structures

In this Chapter, we will briefly recall the Hamiltonian formulation of classical mechanics, focusing
in particular on its algebraic aspects. In this framework, a classical system will be described by a
commutative algebra of functions (classical observables) with the Poisson bracket as a Lie bracket.

We will discuss in detail the properties of the Poisson bracket and introduce the tensor formula-
tion of Poisson structures on manifolds, as the Poisson bracket plays a fundamental role in classical
mechanics and in deformation quantization. We will mainly focus on the algebraic rather than geo-
metrical properties of Poisson manifolds, the latter being less important for the theory of deformation
quantization. Furthermore, we will introduce the reader to the basic notions needed for the formu-
lation of the formality theory, i.e. formal power series, formal Poisson structures and equivalence
classes of formal Poisson structures.

1.1 Hamiltonian Mechanics and Poisson brackets

This section aims to give a brief introduction to classical mechanics, starting with Newton’s laws and
heading towards the Hamiltonian approach, with a particular attention to the role of the Poisson
bracket. The interested reader is referred to the classical literature on the subject, as e.g. [2], [1] and
[8] for an exhaustive treatment.

We start by discussing the motion of a point particle of mass m in the Euclidean space R™.
The position of the particle is described by the vector ¢ := (¢%,...,q") € R"™, which is generally
parametrized by the variable ¢ € R. We say that ¢(¢) is the position of the particle at time ¢. The
velocity v(t) of the particle at time ¢ is defined as

_dg

o(t) = a(t) = 4, (11.1)

where we used Newton’s notation ¢(¢) to denote the total derivative w.r.t. the time. Similarly, the
acceleration is defined as

a(t) == q(t) = jig(t) (1.1.2)

The evolution in time of the particle position is described by the n functions ¢*(t), i = 1,...,n, which
are solutions of the set of Newton’s equations

mq(t) = F(q',...q"), (1.1.3)

where F':= (F},..., F,) denotes the force acting on the particle, together with the initial conditions

q(0) = qo, v(0) = vp. (1.1.4)
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From here on, we assume that the force is conservative, i.e. it can be written in terms of the gradient
of a some function V : R™ — R

The function V is generally called potential.

As will be seen in the following, in the Hamiltonian formalism, the system of second order differen-
tial equations (1.1.3)), in the n variables (¢!, ..., q"), becomes a first order system in the 2n variables
(¢,p) == (¢',...,¢",p1,...,pn). The variables p;, are called conjugated momenta and they are defined

as '
pi =mg". (1.1.6)

Indeed, using this definition, Newton’s equations (1.1.3) can be rewritten as

i =20 0 =-S5, (117)

and the initial conditions (|1.1.4)) read

p(0) = po. (1.1.8)

Introducing the Hamiltonian function H : R® x R®* — R"

H(gp):=) 2
=1

2
[

o+ V() (1.1.9)

which represents the energy of the system as a function of the position ¢ and the momentum p, the
set of equations (1.1.7]) can be rewritten as the well-known Hamilton’s equations:

OH OH

q'(t) = 87%((1,19), pi(t) = —(Tqi(q,p). (1.1.10)

The 2n-dimensional space of all the possible positions ¢ and momentum p of a single particle is called
phase space and coincides with R™ x R™ =2 R?". A real-valued smooth function f on the phase space,
ie. f:R*™ — R, is called classical observable.

Given a generic observable f, it is natural to ask how it evolves in time. Denoting by

fila,p) = f(q(t),p(t)), (1.1.11)

the value of the observable at the generic time ¢, where ¢(t) and p(t) are solutions of Egs. ([1.1.10))
with initial values ¢(0) = qo, p(0) = pg, we have that

d . 8ftdqi aftdpi
_0fi0H 0f;0H
- 9¢' 9p;  Op;i g

Thus,
dfi _0ftOH 0fi0OH

dt (a,p) = ¢ Op;  Op; O¢°
In the above expression, we used the Einstein notation on the sum over repeated indices. We will use
this convention throughout these notes. The expression obtained above in Eq. (1.1.12]) can be written

(1.1.12)
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in a more convenient manner, by introducing the canonical Poisson bracket. This is defined, for two
arbitrary functions f and g on the phase space R?", as

_0f 9g  Of Og

{f79} = a*qzafpz— 87%8(1’”

In this notation, Hamilton’s equations read

dfy

& = (H. ) (1.1.14)
A given observable f, constant along all solutions (¢(t), p(t)) of Hamilton’s equations (L.1.10)), i.e.
flq(t),p(t)) = f(qo,po) for any ¢t € R, where ¢o = ¢(0) and pg = p(0), is called (mostly in physics)
a constant of motion. It is clear from Eq that the Hamiltonian H is always a constant of
motion (conservation of the energy of the system).

The above discussion can be generalized to the case in which the phase space is a generic smooth
manifold. As will be seen, a classical physical system can be described by the algebra of functions on
a given phase space endowed with a Poisson bracket. Because of their importance in the formulation
of both quantum and classical mechanics, the Poisson structures will be the main topic in the rest of
this chapter.

(1.1.13)

1.2 Poisson manifolds

Let M be a smooth manifold. The set €°°(M) of real-valued smooth functions on M describes the
set of observables. It is a commutative algebra with addition, scalar multiplication and pointwise
multiplication given by

(af)(z) = af(x),
(f+9)(x) = f(z) + g(x),
(f - 9)(x) = f(z)g(), (1.2.1)

for any f,g € €°°(M), « € R and € M. A Poisson bracket can be defined on ¥°°(M) as follows

Definition 1.2.1 (Poisson bracket) The bracket operation denoted by
{}: (M) xE°(M) — € (M) (1.2.2)

1s called Poisson bracket if it satisfies the following properties

i.) {f,g} is bilinear with respect to f and g
i.) {f, 9} = —{g, f} skew-symmetry
iii.) {h, fg} = f{h,9} + {h, f}g Leibniz rule

w.) {f,{g,h}}+ {9, {h, f}} +{h,{f,9}} = 0 Jacobi identity
for any f,g,h € €< (M).

The Poisson bracket makes ¢°°(M) into a Lie algebra, as it satisfies bilinearity, skew-symmetry and
the Jacobi identity. It follows that the algebra of observables °°(M) is a commutative algebra with
Poisson bracket as Lie bracket. In other words, it is a Poisson algebra, as defined below.

Definition 1.2.2 (Poisson algebra) A Poisson algebra is a commutative algebra with a bracket
{-,-} making it into a Lie algebra such that it satisfies the Leibniz rule.

Starting from this definition we can introduce the concept of Poisson manifolds in a very natural way
as follows
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Definition 1.2.3 (Poisson manifold) A Poisson manifold is a smooth manifold M equipped with
a bracket {-,-} on its function space €>°(M), such that the pair (€°°(M),{-,-}) is a Poisson algebra.

The reader can find a more detailed discussion on Poisson manifolds and their geometrical properties
e.g. in [10], [3], [6], [7] and [11].

A Poisson manifold can be redefined, in a more modern way, in terms of bivector fields. This
formulation is necessary for the description of Kontsevich’s theory of deformation quantization of
Poisson manifolds. In order to rewrite the definition of Poisson manifolds we need to take a step
back. Let us consider a generic bracket {-,-} on ¢°°(M) satisfying the conditions [§ ){id }{iid ) of
Definition [1.2.1] i.e. bilinearity, skew-symmetry and Leibniz rule. The Leibniz rule implies that, for
a given function f on €*°(M), the map g — {f, g} is a derivation. Thus, there is a unique vector
field Xt on M, called Hamiltonian vector field, such that for any g € €°°(M) we have

Xy(g) ={f.9} (1.2.3)

Here
Xys(g) = (dg, Xy), (1.2.4)

where dg is the differential of the function g € €°°(M) and (-,-) is the pairing between one-forms
and vector fields.

In the following, we will express Poisson structures in terms of bivector fields satisfying certain
conditions. Recall that A2T'M is the space of bivector of M: it is a vector bundle over M. A (smooth)
bivector field 7 on M is, by definition, a smooth section of A2T'M, i.e. a map 7 : M — A?TM, which
associates to each point m € M a bivector w(m) € A?T,,,M. We denote by I'(A2T'M) the space of
sections on A?TM. Given a bivector field 7, one can define a bracket {-,-} on €°°(M) as

{f,9} :==m(df.dg) = (df ® dg,7), (1.2.5)

which satisfies the conditions -— of Definition It is important to remark that, at this
stage, this is not a Poisson bracket, because the Jacobi rule is not a priori satisfied. We sketch the
conditions which guarantee this bracket to be a Poisson bracket. A bivector field 7 such that the
bracket defined in Eq. satisfies the Jacobi identity is called Poisson tensor or Poisson bivector
field.

In a local system of coordinates (z1,...,x,), Eq. can be expressed as

i Of Oy
— g2 I 1.2.6
{f? g} ™ 8$Z ax] ’ ( )
where 7% are smooth functions on the local chart and are defined by
7 = {227} = —nIt. (1.2.7)
This implies that the bivector field 7 is locally given by
1 ..0 0
= 77— A —; 1.2.
T g " OxI’ (128)

using the local expression ((1.2.6) for the Poisson bracket, we can easily compute the terms of the
Jacobi identity:

9 of 99\ oh
— 1] kKl YJ Yd ) YIY
(Uhghmy = 7 (e 00 20 ) O
i h of dg of 0g \ Oh
oxixk 9zt Oxk Oxixl ) Oxd
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O™ Of dg oh

dxt dxk Ozl Oz’
Similarly we get {{g,h}, f} and {{h, f},g}. From the skew-symmetry, Eq. (1.2.7]), follows that the
expressions without derivatives of 7%/ are invariant under switching {ij} <> {kl}, thus the sum of
those three terms yields zero. For this reason, the Jacobi identity reads

hi 0

) 0 L. o ..
Ik g ghd gkl g phk i = 0 1.2.9
™ 8xh7r +m a$hﬂ +7 axhw ( )

—+

In other words,

Proposition 1.2.4 The bivector field m € A>T M defines a Poisson bracket in the local coordinates
{zi}1_y if and only if it satisfies the condition (1.2.9).

This condition can be rephrased in an invariant formalism, by introducing the Schouten-Nijenhuis
bracket of w. We briefly recall the notion of Schouten-Nijenhuis bracket for a generic multivector
field and we prove that 7 is a Poisson tensor if and only if the Schouten-Nijenhuis bracket [, 7] is
vanishing.

The definition of bivector field can be immediately generalized as follows. A k-multivector field
X on a smooth manifold M is a section of the k-th exterior power A*T'M of the tangent bundle T'M.
In local coordinates {z;}"_,, the multivector field X € T'(A*T'M) can be written as

- . 0 0
X = Xtk AR . 1.2.1
11.2,5:1 (a:) 3$i1 : 8$ik ( 0)

where the coefficients X% (z) are smooth functions on M. We denote by X¥(M) the space of
sections I'(AFT'M); notice that X°(M) = €>°(M). It is well-known that, for any vector field X €
XY(M), there is a well defined Lie bracket on vector fields given in terms of Lie derivative .#x:

[(X,Y]:=%xY VY ex'(M). (1.2.11)

This definition can be also applied to the case in which the second argument is a function:
X fl=%xf=) X'=—*. 1.2.12
(X, f] x f ;:1 oz, ( )

We can extend this bracket to an operation
[ ] XF (M) @ 2H(M) — 2FH=1 () (1.2.13)
defined by

[[Xl/\-”/\Xk,Yl/\”-/\YZH =

k l
S D)X IAXI A AX A AXg AYIA - AY A AY, (1.2.14)
i=1 j=1

where the hat denotes the absence of the corresponding term.

Proposition 1.2.5 The operation [-,-] defined in Eq. (1.2.14)) is the unique well-defined R-bilinear
local type extension of the Lie derivative Lx and satisfies

i) [X, Y] = (-1)H]Y, X]
i.) [X,YANZ] = [X, Y] A Z+ (=1)+Dy A [X, 7]
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Z”) (_1)k(m71) [[Xv [[Y? Z]]]] + (_1)l(k71)[[[[ya Z]]vX]] + (_1)m(lil) [[Za [[X? Y]]]] =0
for three multivectors XY and Z of degree resp. k, | and m.

This operation is called Schouten-Nijenhuis bracket. Notice that, in particular, for any f € €°°(M)
and X € XF(M),

k

[X, f] = —(df. X) = > (=1)" Lx,(HX1 A AX Ao A X (1.2.15)
i=1
In local coordinates, if
X — Xll’”.ﬂn /\ . /\
al’il axin
Y — Yiteim A A , (1.2.16)
6le 8l’jm
the Schouten-Nijenhuis bracket is given by a n +m — 1 contravariant tensor field [X, Y]
[X, 1] = Xlteiiitpaeiy V000 00 00
oz Oz, Oxi,_, 0wy,
0 0 . L ) 8Xi1,...,in o
A Avee A — ()Y WLsdi— i1 dm 222 A
81‘j1 &ijm( ) 81‘[ Bxil
VAN A\ 9 i A 9 VAN 9 VAN A\ 9
Oz;, Oz, Oxj_,  Owj., 0zj,,’
or more succinctly
AN,
[[X, Yﬂkg...kn+m _ gicjziz-fm]le(lgzn)@Yﬁjm
(e, Y ) S X (1.2.17)
Here o
gt (1.2.18)

jl---jn+m

is the Kronecker symbol: it is zero if (i1 ...%¢n4m) # (J1---Jn+m), and is 1 (resp., -1) if (j1 ... Jntm)
is an even (resp., odd) permutation of (i ...%n4m).

Remark 1.2.6 The Schouten-Nijenhuis bracket is naturally preserved by any diffeomorphism ¢ :
M — N. Indeed, we recall that

0 [X, Y] = [0 X, 0,Y]  X,Y € XY(N) (1.2.19)

where ¢, is the pushforward of a diffeomorphism ¢ : M — N. It is easy to check, using the definition
of the Schouten-Nijenhuis bracket, that this can be extended to

G« [ X, Y] = [¢. X, 6:Y], (1.2.20)
for any X, Y € X¥(M) and any diffeomorphism ¢.

The Schouten-Nijenhuis bracket allows us to characterize a Poisson manifold in a very convenient way.
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Theorem 1.2.7 A bivector field w is a Poisson tensor if and only if the Schouten-Nijenhuis bracket
of m with itself vanishes, 1i.e.
[r, 7] = 0. (1.2.21)

It is easy to check, from Eq. (1.2.17)), that in local coordinates we get

- 0 4. 0 ..\ 0 0 0
_(hi 9 ik w9 ki e O i AN 1.2.22
[7, 7] (7T 8mh7T + 8xh7T +m Bachﬂ >8xi A oz, A By ( )

Then Eq. ([1.2.21)) is equivalent to the Jacobi rule (|1.2.9).

Example 1.2.8 A canonical example is given by M = R?", with coordinates (¢*,p;), i = 1,--- ,n.
The canonical Poisson bracket of functions on the phase space is defined in Eq. (1.1.13)) and the
corresponding Poisson bivector field is

0 0

= A\ -
Oop;  Oq'

It is easy to check that the bivector 7 defined above satisfies Eq. (1.2.21)).

™

(1.2.23)

Using this characterization of Poisson manifolds and recalling Remark we can say that the set
of Poisson structures is acted upon by the group of diffeomorphisms on M, that is

T i= PuT, (1.2.24)
where ¢, is the pushforward of ¢ : M — M. Indeed, by Eq. (1.2.20) we have

[7g, mg] = [PuT, Pu7] = Pi [, 7] = 0. (1.2.25)

This implies that the set of diffeomorphisms ¢ : M — M defines a gauge group on the set of Poisson
structures.

1.3 Formal Poisson structures

We introduced the Poisson structure on a smooth manifold as a skew-symmetric contravariant bi-
tensor which satisfies the Jacobi identity. This structure and its gauge group can be easily extended
to formal power series. For this purpose, we briefly recall basic notions and properties of the theory
of formal power series.

1.3.1 Formal power series

Formal power series are a generalization of power series as formal objects, performed by substituting
variables with formal indeterminates. Formal essentially means that there is not necessarily a notion of
convergence; formal power series are purely algebraic objects and we essentially use them to represent
the whole collection of their coefficients. A detailed discussion on formal power series can be found
in [12], [9].

Given a sequence {ay, }nen, of elements on a commutative ring k, a formal power series a is defined
by

[o.¢]
a=>) t'ay (1.3.1)
n=0

where t is a formal indeterminate. Two formal power series are equal if and only if their coefficients
sequences are the same.
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The set of formal power series in ¢t with coefficient in a commutative ring k has also a structure of
ring, denoted by k[t]. Indeed, given two formal power series a,b € k[t], one defines addition of such
sequences by

oo
a+b= Zt”(an—i—bn), an € k, (1.3.2)
n=0
and multiplication by
[e.e] n
ab = Zt"cn, Cp = Zakbn—k7 Qn, by € K. (1.3.3)
n=0 k=0
With these two operations, the set k[t] becomes a commutative ring with 0 element (0,0, ... ), multi-
plicative identity (1,0,0,...) and the invertible elements are the series with non-vanishing constant
term.

Given a vector space V over the ring k , we denote by V[t] the space of formal power series with
coefficients in V,

o0
v = Zt"vn, v, € V. (1.3.4)
n=0

Elements in V[t] can also be summed term by term and
o0 n
av = Zt”cn, cn = Zakvn,k, a € k[t], v e V[t]. (1.3.5)
n=0 k=0

In other words, V[t] becomes a k[t]-module. The order of a formal power series is defined by the
minimum of the set of all non-negative integers n such that a, # 0 and is denoted by o(v). If v =0
the order is defined to be 4+o00. Furthermore, V[t] can be endowed with a metric defined by

g—olv=w) = if y £ w

1.3.6
0, if v=uw. ( )

d:V[t] xV[t] = R : (v,w) — d(v,w) := {

It induces a Hausdorff topology, called the t-adic topology on V[t].

Lemma 1.3.1 Let Vi and Vi be two k-modules and ® : V1[t] — Va[t] be a k[t]-linear map. Then,
for any non-negative integer r there is a unique linear map ®,. : V1 — Vo such that

) =D 1Y Dy(vrs) (1.3.7)
r=0 s=0

for allv =732 t"v, € V1[t].
If k is a commutative ring, this Lemma can be generalized to the case of k-multilinear maps. It is

important to remark that if A is an algebra over the commutative ring k, the set of formal power
series A[t] with coefficients in A

(o]
a=)Y t'an, an €A (1.3.8)
n=0

forms an algebra over the ring k[t]. In fact, elements in A[t] can be composed by

ab = Z t"c, Cn = Z arbn—r, an, by, € A, (1.3.9)
n=0 k=0
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as A[t] is a k[t]-module. Notice that A[t] is an algebra of the same type of A; in particular if A is
unital associative, A[t] will be also unital and associative. R

Let U be an open set in R"™ such that 0 € U and let f € €>°(U). We denote by f the formal
power series

f= ZO gf(”)(o) (1.3.10)

where f(™ is the n-th derivative of the function f. A fundamental property of formal power series is
given by the following

Theorem 1.3.2 (Borel Lemma, first version) Given a sequence of real numbers {a,} of non-
negative integers, there exists a smooth function f € €°°(U) such that

1
o ™ (0) = a, € C[1]. (1.3.11)
In other words, the mapping from €°°(U) to the ring of formal power series €°°(R)[t] given by f — f
1s a R-linear surjective algebra homomorphism.

The surjectivity of the map defined by Borel’s lemma is quite hard to prove; on the other hand, the
linearity is evident and we have

(o)™ (©0) =3 () F9(0)g")(0), (1.3.12)

S
s=0

which implies ng = fﬁ An elementary proof of Borel’s lemma can be found in [4] and in [5]. This
lemma implies that we can view the formal power series as the (formal) Taylor expansion of a smooth
function at zero.

1.3.2 Formal Poisson structures

In order to extend Poisson structures to formal power series, we need to figure out what a formal
multivector field is. Using the notion of formal power series with coefficients on a vector space
discussed above, we can introduce the concept of formal vector field as follows.

Definition 1.3.3 (Formal vector field) A formal vector field is a formal power series

X =) Xut" X,eX'(M) (1.3.13)

n=0

The set of formal vector fields is denoted by X'(M)[t]. This definition can be immediately extended
to multivector fields, thus a formal multivector field is an element in X¥(M)[t], i.e. a formal power
series with coefficients in X¥(M). Finally, we can define the extension of Poisson structures to formal
power series as follows:

Definition 1.3.4 (Formal Poisson structure) A formal Poisson structure is a formal power se-
ries

oo
7Tt27r0+t771+t2772+---:Zt”wn6%2(M)[[tﬂ, (1.3.14)
n=0
where the m,’s are skew-symmetric vector fields on M, such that the Schouten-Nijenhuis bracket of m;

with itself vanishes order by order,
[[ﬂ't, TI't]] =0. (1315)
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Given a Poisson manifold (M, 7), the formal Poisson structure can be interpreted as a formal defor-
mation of the structure m by setting my = 7; the requirement (|1.3.15)) gives k equations, i.e.

[r, 7] =0, order 0

[, m] + [m, 7] =0, order 1

and generally, at order k£ > 2
k—1
1
[mm] = =5 ;[[Wlaﬂk—l]]- (1.3.16)

A formal Poisson structure on M induces a Lie bracket on €°°(M)[t] by
{fo9}e:=>_t" > m(dfs,dgr), (1.3.17)

n=0 1,5,k=0
i+j+k=n

where - -
F=Y0f and g=> thg. (1.3.18)
j=0 k=0

We recall that the gauge group on the set of Poisson structures is given by the diffeomorphisms on
M and the action is given by

Ty = PuT. (1.3.19)
To extend this action to the set of formal Poisson structures we consider paths of formal diffeomor-
phisms of M which start at the identity idj; diffeomorphism. More explicitly, consider the one-
parameter group of diffeomorphisms ¢, on M with ¢g = idy;. Given a Poisson structure m on M, ¢
defines a deformed Poisson structure by

T = (¢t)*ﬂ (1320)
Using Eq. we can find the formal version of 7;. Since ¢ is the flow of a vector field X on M,

we have

d (1)«
G _ (60 = (60 2, (13:21)
for any t¢. It follows that
d" d"
— = — = (Lx)"m. 1.3.22
G| = ], G0 = ()" (13.22)
Thus, using Eq. (1.3.10)), the formal power series of m; is given by
o~ d" t2
T = | = T+t Lx T+ 5(.,2”)()2774— - =rexp(t ZLx)7. (1.3.23)
n=0 t=0

In other words, the gauge group is given by the formal diffeomorphism ¢; = exp(t Zx). Notice that
the structure of a group is given by the Baker-Campbell-Hausdorff formula (BCH):

1
exp(tX) - exp(tY) := exp (tX +tY + §t[X’ Y]+... ) (1.3.24)

We can generalize the above discussion to the case in which X is a formal vector field and we can
define the formal diffeomorphism on M as a R[t]-linear map ¢; : X*(M)[t] — X*(M)[t] of the form
¢y = exp(Lx) with X € tX1(M)[t]. Finally we can define the equivalence class of formal Poisson
structures as follows

Definition 1.3.5 (Equivalent formal Poisson structures) Two formal Poisson structures my and
7 are said to be equivalent if there exists a formal diffeomorphism such that

T = exp(tfx)frt (1325)
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Chapter 2

Deformation quantization and formality
theory

This chapter will be devoted to the theory of formal deformation quantization. We will recall the de-
scription of a quantum physical system in terms of a non-commutative algebra of operators (quantum
observables) on a Hilbert space.

The theory of deformation quantization aims to formalize the passage from classical physics to
quantum physics using the Dirac quantization rules as guideline. The first requirement for such a
theory to be consistent is the existence of a classical limit: a quantum system has to reduce to the
corresponding classical system when the limit of A, the Planck constant, approaches zero. Therefore,
the quantization of a classical system should consist of a deformation of the same system in the pa-
rameter h. Moreover, the quantization rules state that to any classical observable there corresponds a
quantum observable and that the Poisson bracket corresponds to the quantum commutator of corre-
sponding observables. These requirements can be implemented by demanding that the quantization
of a classical system shall be given by a star product, an associative non-commutative deformation of
the usual product on the algebra of classical phase space functions, that depends on /& and such that
the associated commutator is a deformation of the Poisson bracket.

We will give a historical overview of the results by Groenewold [28] on the construction of maps
between classical and quantum observables, and of the notion of star product on symplectic manifolds,
the conditions for its existence [3] and the generalizations provided by De Wilde, Lecomte [16] and
Fedosov [20)].

We will then define the star product as a formal deformation of an algebra, show its relation with
the Poisson structure and, after defining the concept of equivalent star products, we will discuss the
problem of classification. The above discussion will make clear that the main mathematical problem
of deformation quantization is the construction of a star product. In his well-known paper [3§],
Kontsevich proved that, as a consequence of the formality theorem, this construction is possible for
any Poisson manifold and he solved the classification problem. This result will need the introduction
of the theory of deformations of associative algebras by Gerstenhaber and the Hochschild-Kostant-
Rosenberg theorem. Eventually, we will state Kontsevich’s formality theorem and we will show that
it implies that every Poisson manifold admits a formal quantization.

2.1 Quantum mechanics: standard picture

In the previous chapter we gave a brief introduction of classical mechanics, focusing in particular
on the Hamiltonian formulation. This picture can not be applied to the description of physical
phenomena at microscopic scales, where the action is of the order of the Planck constant 4. Quantum
mechanics was born at the beginning of the 20th century to describe these phenomena. In this section

17
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we aim to give a brief introduction of the standard formulation of quantum mechanics; we recall the
concepts of states and observables, emphasizing the differences with the classical ones, and we discuss
the time evolution of a quantum observable in the Heisenberg formulation. The reader is referred
to the classical literature on the subject, as e.g. [18], [42]. A nice presentation of the mathematical
foundations of quantum mechanics is given in [§].

In Section [I.I] we showed that, in classical mechanics, we can make simultaneous predictions
of conjugate variables, by solving Newton’s equations . In quantum mechanics this is not
possible and we can only predict the probability of outcomes of concrete experiments; the uncertainty
that we have in these predictions is quantified by the Heisenberg principle. For this reason we say
that quantum mechanics is a probabilistic theory and it deeply changed the philosophical concept
of our knowledge of reality. This forces us to use, in quantum mechanics, a different mathematical
formulation from the classical one discussed in Section [I.1]

First, we recall that in classical mechanics, the state of a physical system is described by a point
in the phase space. In quantum mechanics states are represented by unit vectors in a given (complex
separable) Hilbert space 3. The physical system determines the nature of such a Hilbert space; for
instance, as we will see in the following, the Hilbert space for positions and momentum states is the
space of square-integrable functions. An observable, described in classical mechanics by a function
on the phase space, is represented by a linear self-adjoint operator ]?on the Hilbert space H.

The canonical quantization of a classical system on the phase space R?" can be performed by
means of the correspondence principle; as already stated, the Hilbert space associated to such a
physical system is given by the square-integrable functions L?(IR™) on R™ and we can associate to
the classical observables ¢* and p; the quantum operators g* and p; as follows

g — i=q

pj — i = —ih—.

These operators satisfy the canonical commutation relations
l¢%, ;] = ihds, (2.1.1)

and it is well known that these relations immediately led to the Heisenberg principle. Finally, the
Poisson bracket is mapped into the commutator of operators:

~

{0 > —IF. 91 (2.19)

This rule is not well-defined, as it shows an ambiguity when products of classical observables are
involved; for instance,

(00"} + % ) (%)) = 0

L3 3 L 1o 37 19 3 2
— — | = — = —-3h". 2.1.3
ih[q ,p]+12m ih[zo,q],m[q D] (2.1.3)
The extra term —3h? is not predicted by application of the canonical quantization rule.

In classical mechanics, given a physical observable f, its time evolution is governed by the equation

df
S, 5, (2.1.4)
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where H is the Hamiltonian function associated to the physical system. Applying the correspondence
principle to this equation, i.e. substituting the operator f to the function f and the commutator of
operators to the Poisson bracket we get

i _1ig A (2.1.5)

where H is the Hamiltonian operator, the observable associated to the energy of the physical sys-
tem. The Hamiltonian operator is, as in classical mechanics, a constant of motion. Equation ([2.1.5])
coincides with the Heisenberg formulation for the time evolution of a quantum observable.

This short presentation of the quantum framework allows us to focus on an important difference
between classical and quantum physical systems. Indeed, on the one hand a classical system is
described by the commutative algebra of smooth functions on a manifold; on the other hand a
quantum system is described by a non-commutative algebra of operators. This observation led to
the idea that quantum mechanics can be regarded as a deformation of classical mechanics. In the
following section we discuss the general problem of the quantization and, in particular, the problems
related to a precise mathematical formulation of the correspondence between classical and quantum
systems.

2.2 Quantization: ideas and history

The main goal of this section is to introduce the reader the basic ideas of deformation quantization.
First, we introduce the fundamental problem of quantization and we briefly review the different
approaches that have been developed. Then we describe more carefully the deformation quantization
approach and we present the historical developments. Interesting reviews on the subject can be
found, for instance, in [I0], [14], [36] and [29]. Furthermore, Sternheimer [53] describes the birth of
deformation quantization and its historical evolution.

In the previous section, we discussed what a physical system is in quantum mechanics and we
underlined the differences between the classical and the quantum framework. Quantization is a
procedure to pass from classical to quantum mechanics and it is natural to ask whether there is a
precise mathematical formulation for such a procedure, which solves the ambiguity of the canonical
quantization discussed above. As already pointed out, from Equation we can observe that
the observables in quantum mechanics, unlike those in classical mechanics, do not commute with one
another. For this reason, the first attempt to quantize a classical system could consist in looking
for a correspondence @ : f — Q(f), mapping a function f to a self-adjoint operator Q(f) on a
Hilbert space H, which gives us the non-commutative structure of the algebra of operators from the
commutative one ¢°°(M). The correspondence @ should satisfy the following properties

i.) Q1) =1, Q(g) = § and Q(p) = —ihy.,
i.) f— Q(f) linear,
iii.) [Q(f), Q(9)] = 1hQ({f. g}),
iv.) for any ¢ : R — R, Q(¢ 0 f) = ¢(Q(f))-

The condition is usually known as the von Neumann rule and it essentially ensures that a poly-
nomial of function gets mapped into a polynomial of operators. Unfortunately, there is no such
correspondence, as these properties are mutually inconsistent (the inconsistency appears even if we
require only the conditions (), and (iv]), see e.g [1]. Indeed Groenewold proved in [28] that the
Poisson algebra ¢°°(M) can not be quantized in such a way that the Poisson bracket of two classical
observables is mapped into the Lie bracket of the correspondent operators.
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There are different mathematical approaches to this quantization problem. A first approach
was given by geometric quantization, which aims to find a relation between the phase space and the
corresponding Hilbert space. It accepts the conditions —— but restricts the space of quantizable
observables to exclude problematic terms (as the ones showed in Equation [2.1.3). This approach is
due to Souriau [52], Konstant [39] and Segal [51]. The quantization of a particular class of Kéhler
manifolds was studied in Berezin’s quantization [4], [5]. Finally, the approach we are most interested
in, the so-called deformation quantization, is a quantization procedure which satisfies properties
and the condition [iiil only asymptotically in the limit 7 — 0. This theory was introduced in [23],
[22] and developed in [3], where the authors suggest to deform the pointwise product of functions to
get a non-commutative one. This implies that quantization is “a deformation of the structure of the
algebra of classical observables rather than a radical change in the nature of the observables”. In the
following, the non-commutative product (called star product) is given by a formal deformation of the
algebraic structure of ¥>°(M). The concept of formal deformation will be clarified in next sections,
but here we want to remark that it refers to the fact that the star product is given as a formal power
series (defined in Section . A non-formal approach to the problem of quantization, called strict
deformation quantization, produces quantum algebras of observables not just in the space of formal
power series but in terms of C*-algebras, as suggested by Rieffel in [50]. The relation between formal
deformation quantization and strict deformation quantization has been subject of several studies. The
basic idea is that, given a formal deformation quantization, the subalgebra of converging power series
should give somehow a strict deformation quantization, but the only example where this relation is
clear is given by the standard Poisson structure on R?”. Convergence of formal power series in formal
deformation quantization has been studied by several authors, e.g. [II], [46]. In the present notes
we focus our attention on the formal deformation quantization, referring the reader to [48], [49] for a
precise presentation of strict deformation quantization.

The origins of the (formal) deformation quantization can be found in Weyl’s quantization proce-
dure [57]; given a classical observable u(p, q) on the phase space R", Weyl found an explicit formula
to associate to u an operator (the quantum observable) (u) in the Hilbert space L?(R?"):

u > Q(u) ;:/ (€, n)er PERTN qne qny) (2.2.1)
R2n

where @ is the inverse Fourier transform of u and p; and ¢; are operators satisfying the canonical
commutation relation ; here the integral is taken in the weak operator topology. Subsequently,
Wigner [58] found an inverse formula, which maps an operator into its symbol and Moyal [43] found
an explicit formula for the symbol of a quantum commutator (which is now called Moyal bracket):

sin > 2k
M(u,0) = ht(tp) — Plu,0)+Y :(2]:_“)'P2k+1(u,v) (2.2.2)
k=1 '

where ¢ = % and P is the k-th power of the Poisson bracket (??) on R?". The classical symbol of
a product Q(u)Q2(v) had already been found by Groenewold [28] and can be interpreted as the first
appearance of the Moyal product (denoted by ,s); indeed we can rewrite the above bracket as
M(u,v) = %(U*MU—U*M u). (2.2.3)
The interpretation of this product as a non-commutative deformation of the pointwise product on
the algebra of classical observables is due to Flato et al. and can be found in their seminal paper
[3]. They used Gerstenhaber’s deformation theory to describe quantum mechanics as a deformation
of classical mechanics and found several applications. In particular, they proved the existence of a
star product on a generic symplectic manifold (a symplectic manifold is a pair (M,w), where M is a
smooth manifold and w is a closed, non-degenerate 2-form on M) admitting a flat connection.
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The problem of existence of deformation quantization on a generic symplectic manifold had been
further developed (some interesting discussions on the topic can be found already in [54] and in [44])
and was solved by de Wilde and Lecomte in [16], using cohomological arguments. Independently, the
existence of star products was proved by Omori, Maeda and Yoshika [47] and a few years earlier by
Fedosov [20] (we invite the reader to refer to Fedosov’s book [21]).

In subsequent works, the problem of the classification of equivalent star products was also settled
by several authors. The equivalence of deformations had already been studied by Gerstenhaber [25]
and Flato et al. claimed in [2] that the equivalence is linked with the second de Rham cohomology
of any symplectic manifold. This result has been proved with different approaches, first by Nest and
Tsygan [45], then Deligne [17] and Bertelson-Cahen-Gutt [7].

The existence and classification of star products for any finite dimensional Poisson manifold has
been first conjectured [37] and then proved [38] by M. Kontsevich. Afterwards, parametrizations
of equivalence classes of special star products have been obtained, e.g. star products with separa-
tion of variables [35], invariant star products on a symplectic manifold with an invariant symplectic
connection [6] and algebraic star products [I5].

In the following sections we introduce Kontsevich’s theory and in the next chapter we briefly
discuss Kontsevich’s formula of a star product on R™ and further developments of this theory.

2.3 Star products and classification

We introduced the main idea of deformation quantization, the deformation of the classical algebra of
functions to get a non-commutative one (the so-called star product), which would give a description of
the quantum algebra of observables. In this section we start discussing some more technical aspects;
in particular, we define a formal deformation of a generic algebra and we discuss the star product as
a particular case of formal deformation. These definitions allow us to understand how crucial the role
of the Poisson bracket is in deformation quantization; we introduce the notion of equivalence of star
products and formulate the problem of their classification. Furthermore, we state the main result
obtained by M. Kontsevich [38], which solves the classification problem of star products.

Let k be a commutative ring and A an algebra over k. Let us consider the ring k[t] of formal
power series in ¢ and the algebra A[t] of formal power series over k[t] with coefficients in A.

Definition 2.3.1 A formal deformation of the multiplication of A is a k[t]-bilinear map
*: Aft] x Aft] — A[t] (2.3.1)
such that, for any u,v € A[t]

U*V = UV mod ¢ (2.3.2)
where uv is the multiplication of formal power series defined in Eq. .

The star product is first defined on A: the product of two elements a,b € A is given by
axb=a-b+ Pi(a,b)t + Po(a,b)t* +--- 4 P,(a,b)t" + ... (2.3.3)

where P;’s are k-bilinear maps on A and we denote by - the multiplication of A. Putting Py(a,b) = a-b
we can write

axb= ZPn(a,b)t”. (2.3.4)
n=0

The extension to formal power series by k[t]-bilinearity is given by

(Z fktk) * <Zgltl> = Z( > Pm(fk,gz)>t" (2.3.5)
k=0 =0

n=0 \k+Il+m=n
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for fix, g1 € A. The x-product is associative if, for any n > 0

Y Pi(Pi(a,b),c)= > Pia,Pi(b,c)) abcEA (2.3.6)
i+j=n i+j=n

Again, the associativity can be extended to A[t] by k[t]-bilinearity. It is evident that a necessary
condition for the associativity of % is that the multiplication a - b is associative. We also remark that
the star product is a continuous operation with respect to the t-adic topology introduced in Section
Assume that A is associative and commutative, with a unit element 1. An associative formal
deformation of A is given by a formal power series , where { P, }nen, is a sequence of k-bilinear
maps such that the product * is associative. It can be proved that an associative formal deformation
of A admits a unit element.
Furthermore, defining

{a,b} := Py(a,b) — Py(b,a) a,be A, (2.3.7)

we can easily prove that the operation {-,-} is a Poisson bracket on A, as it satisfies the requirements
of Def. 7?7. First, we observe that the bracket

[a, b, = %(a *xb—bxa) (2.3.8)

is a Lie bracket. Indeed, it is skew-symmetric and bilinear by definition and the Jacobi identity follows
from the associativity of the x product. The bracket {-, -} equals the reduction modulo ¢ of [-, |,; thus
it is still a Lie bracket. Finally, the Leibniz identity of [-, -]« is also a consequence of the associativity
of %, thus we can conclude that the operation {-,-} is a Poisson bracket on A.

An example of particular interest is given by the algebra @>°(M) of real-valued smooth functions
on a smooth manifold M introduced in Section [I.2] where the product is given by

f-g(x):= f(x)g(x) Ve e M (pointwise product) (2.3.9)
and is clearly associative and commutative. Recall that an application P : €°(M) X --- X €*°(M) —
¢>°(M) is a multidifferential operator if in each local coordinates (z1,...,z,) on M we have

9fi 9 fn
P(fts- s fm) = Qo g G (2.3.10)

where k; are multi-indices and oy, .k, are smooth functions locally defined.

Definition 2.3.2 A star product on M is an associative formal deformation of €°°(M)

*: CC(M)[t] x € (M)[t] — € (M)][t] (2.3.11)

given by N
frg=Ff-g+) Pulf,9)t" (2.3.12)

n=1

where the R-bilinear maps P, : €°°(M) x € (M) — €°°(M) are bi-differential operators.

As pointed out in [I4], the P;’s could in principle be just bilinear maps; bidifferential operators are
defined only locally, so this requirement encodes the locality of quantum physics. More precisely, one
requires that, in local coordinates,

of dg
Pi(f.9) =) oit 5ot (2.3.13)
K,L
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where K = (k1,...,kn) and L = (I1,...,1,). The afL’s are smooth functions, which are non-zero
only for finitely many choices of K and L. Furthermore, we require that the unit element of € (M)
is preserved by the star product, i.e.

fx1l=1xf=f (2.3.14)
using the expression (2.3.12)) we have

P.(f,1)=P,(1,f) =0 VYn>1. (2.3.15)

This means that the P,’s are bi-differential operators with no term of order 0.
As discussed above, the operation { f, g} := P1(f,g9)—Pi(g, f) is a Poisson bracket for any elements
fyg € €°(M). This implies that M is a Poisson manifold with Poisson structure given by

{f,g}y =n(df,dg), e X*(M). (2.3.16)

Example 2.3.3 (Moyal Product) The simplest example of a deformed product on €*°(RR?") is
the Moyal product. Let us consider the manifold M = R?" with the 2n-variables

(q7p> = (qla" . 7Q’n7p17"'7pn)

We can give an explicit formula for the product of two elements f,g € €>°(R?")

e e
fxg(a,p) = f(q,p) e p<1h<§q§p gp;q))g(q,p), (2.3.17)

— - ;
where the O0’s operate on f and the 0’s on g and the parameter ¢ has been replaced by %’, in
accordance with the physical literature. More generally, we can define a star product on R"™ by

-Jf Og ih w 0 O0f 0 Og
* — 7 — i 2.3.18
fxg fg+2 o aﬂ+<2>” B2; 0zy Oz; 0z; (23.18)
where {7} is a constant skew-symmetric tensor on R™ with 4, = 1,...,n. This expression gives us

the sequence of R[t]-bilinear bi-differential operators P, as follows:

~ [~ (H 89‘ >f<H 8‘9. )Q (2.3.19)
k=1 k1 9Vin jm1 OV

A more elegant expression than ([2.3.18) is given by:

frg=(df @dg,e>™) (2.3.20)
or, equivalently
ih .0 0
= J— v -
frg(@) exp(2 ™ S 3yj>f(x)g(y)’yx (2.3.21)

This operation defines an associative formal deformation of R"™. Indeed we have:

(g enw) = e 0 L L) (7200

Z=T

= - — kl
exp< 5 (8:131' + 3yi)8zj> exp< 5 ™ ok By )f(x)g(y)h(z)
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= (G Lt DO 0 paatopnea

2 ozt 823 oyk Ax™ Gy w=y=2
ih 8 d ih a 0
— W ij 9 9 n g 0 0
eXp( 2 " Ox aya t o ) ( 2 " Byt aw)f @gwh)| __.
= (fx(gxh))(z). (2.3.22)
It is evident that P;(f,1) = P;(1, f) = 0 for any ¢ > 1, thus the condition f*x1 = 1% f = f is satisfied.
Putting {f,g} = P1(f,9) — Pi(g, f) we get the local expression of the Poisson bracket (see Eq. (77?))

ij Of 99

{fgt=m Ds O (2.3.23)

In particular, for M = R?", using the Moyal product ([2.3.17)) we get the canonical Poisson bracket

of 0g  9f 9dg

{f.g}= 94 3p:  Op; g (2.3.24)

introduced in Section [[.11

From the above discussion turns out that an associative (non commutative) formal deformation
* of an associative commutative algebra A defines a Poisson bracket on A. We can prove that this
Poisson bracket only depends on the equivalence class of x, where the concept of equivalence is
introduced in terms of automorphisms of A[t] as follows. Consider a generic algebra A[t] of formal
power series over k[t] and two formal deformations x and *'. Let J be the group of automorphisms
T of A[t] such that

T(u)=u  mod tA[t]. (2.3.25)
for any u € A[t].

Definition 2.3.4 Given two star products « and ', they are considered equivalent if there exists an
element T' € J such that for any u,v € A[t]

T(uxv)=T(u)* T(v). (2.3.26)

The automorphism 7" is determined by its restriction to A
[e.e]
=) Tu(a)t" acA, (2.3.27)

where T; : A — A are k-linear maps with Tp(a) = a. Thus, the relation ([2.3.26) is equivalent to the

set of relations
> Ti(Pi(a,b) = > P(Ti(a),T;(b)) abeA (2.3.28)
i+j=n i+jt+l=n
In the particular case in which the algebra A is the algebra of smooth functions on M, the T;’s have
to be differential operators which vanish on constants, as was proved in [30]. We denote by [*] the
equivalence class of star products relative to the previous definition of equivalence. We can prove
that different star products belonging to the same equivalence class induce the same Poisson bracket,

simply by setting (2.3.7). More precisely,
Lemma 2.3.5 Let x be a star product on €°°(M). The Poisson bracket

depends only on the equivalence class [*].
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PRrRoOOF: Consider two equivalent star products x and +/, i.e.
T(axb) =T(a)+ T(b) (2.3.30)
Expanding the formal power series of T, x and «/, the term in ¢ of this equation reads

Pi(f,9) +Ti(fg) = Pi(f,9) + Ta(f)g + fTi(g)- (2.3.31)

This implies that Pi(f,g) — P{(f,g) is symmetric in f, g, hence it does not contribute to {f,g}. O

This means that given an equivalence class of star products on €°°(M), it induces a Poisson
structure m on the manifold M. At this stage it is not clear whether, given a Poisson manifold,
there exists a star product with the first term equal to the given Poisson structure and whether there
exists a preferred choice of an equivalence class of star products. This problem has been solved by
Kontsevich in [38], where he proved that there is a canonical construction of an equivalence class of
star products for any Poisson manifold. More precisely, recalling the notion of equivalence classes of
formal Poisson structures discussed in Sect. we have the following

Theorem 2.3.6 (Kontsevich, [38]) The set of equivalence classes of star products on a smooth
manifold M can be naturally identified with the set of equivalence classes of formal Poisson structures

T=m=tm +tPmg+ - € X2(M)[t] |7, 75 =0 (2.3.32)

modulo the action of the group of formal paths in the diffeomorphisms group of M , starting at the
identity diffeomorphism.

Any given Poisson structure 7w gives a path m; := wt and, by the above theorem, a canonical
equivalence class of star products. This implies that any Poisson manifold admits a canonical formal
deformation (also said canonical deformation quantization). This implication will be discussed in
detail in Section

The simplest example of a star product is the Moyal product for the Poisson structure on R™ with
constant coefficients

) 9 5 )
— i A LY aE—— 2.3.33
T=m 92" oz, T ™ ( )

for i =1,...,n, as discussed in Example [2.3.3]

2.4 Deformations and Differential graded Lie Algebras

As mentioned above, the classification problem was solved by proving the existence of a bijection
between the equivalence class of star products and the equivalence class of Poisson structures. Kontse-
vich proved the existence of such a bijection using the ideas of deformation theory, where deformation
problems are governed by differential graded Lie algebras (DGLA). In this section we introduce the
basic notion of DGLA and we discuss, roughly, how a deformation problem is attached to a DGLA.
Given a DGLA L, we can define the deformations of L as the set of solutions of the Maurer-Cartan
equation modulo gauge action (as it will be defined in Section .

An exhaustive review of deformation theory can be found in [40], where the deformation problem
is treated by using category language. In these notes we aim to discuss the specific examples of
deformation problems which are useful to prove Theorem [2.3.6] In particular, considering the DGLA
of multivector fields, we can rephrase the equivalence class of Poisson structures in terms of Maurer-
Cartan elements of this DGLA modulo gauge action (see Sect. . On the other hand, the
equivalence class of star products can be rewritten in deformation theory by means of the DGLA of
multidifferential operators.
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2.4.1 Lie algebras

The notion of Lie algebra has been already used in the previous chapter; nevertheless, as it is crucial
in this section, we recall it briefly and we discuss some properties which will be useful in the discussion
of differential graded Lie algebras and in particular in the definition of a gauge group. An exhaustive
treatment of this subject can be found in the literature, as e.g. [12], [31].

Definition 2.4.1 A Lie algebra is a vector space L over a field k together with an operation [-,-] :
L x L — L which satisfies the following properties:

i.) The bracket operation is bilinear
ii.) [z,y] = =y, z] (skew-symmetry)
iii.) [2 [y, 21] + s 2, 2]] + [z, [2,4]] = O (Jacobi identity)

If Ly, Lo are Lie algebras, then a linear map ¢ : L1 — Lo is a Lie algebra homomorphism if
o([z,y]) = [¢(x), ¢(y)] for any x,y € L. If ¢ is one-to-one and onto we say that ¢ is an isomorphism
of Lie algebras. A Lie algebra isomorphism of L onto itself is called Lie algebra automorphism.

A linear subspace K C L is called a Lie subalgebra if [z,y] € K for any z,y € K.

Example 2.4.2 The space End(V) of all linear endomorphisms of a vector space V' is a Lie algebra
with bracket [f,g] = fg — ¢gf. If V is finite dimensional then the subspace si(V) C End(V) of
endomorphisms with trace equal to zero is a Lie subalgebra.

For any associative algebra A we can associate a Lie algebra Ay, with bracket equal to the commu-
tator [a,b] = ab—ba. It is important to remark that not every Lie algebra operation is the commutator
of an associative product.

Example 2.4.3 Let A be an associative algebra over k. The vector space of derivations of A
Der(A, A) :== {d € End(A) : d(ab) = (da)b+ adb} (2.4.1)
is a Lie subalgebra of End(A).

Example 2.4.4 Let L be a Lie algebra over k and A a commutative and k-associative algebra. Then
the tensor product L ®; A can be made into a Lie algebra with bracket given by the bilinear extension:

[u®a,v® bl = [u,v] ® ab. (2.4.2)

A representation of a Lie algebra L on a vector space V is a Lie algebra homomorphism ¢ : L —
End(V'). One of the most important examples of Lie algebra representations is given by the adjoint
action of a Lie algebra L, defined by the homomorphism

ad(a) = [a,-]: L — End(L) : ad(z)(y) := [z, y]. (2.4.3)

A crucial notion in this context, needed to define the equivalence classes of deformations, is the
exponential map. In order to introduce it and discuss its properties, we need the notion of nilpotency
(the interested reader can find a more detailed discussion, with proofs and examples in [41]). First,
we need the following

Definition 2.4.5 Let L be a Lie algebra. Using the notation
[U,V] =span{[u,v] :u € Uyv € V}
the descending central series L™ of L is defined as

W=r r®=[r 1, LM™=[L LM
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Lemma 2.4.6 In the above notation we have:
i.) L) € L) for any n > 0
i.) [LW, LW] ¢ LO+9) for any i, 5.
Definition 2.4.7 A Lie algebra L is called nilpotent if L™ = 0 for some n>> 0.

If L is nilpotent, then ad(z) € End(L) is nilpotent for any x € L. The converse is true when L is
finite dimensional.

We remark that in general a Lie algebra is not associated to an associative product. For any
nilpotent Lie algebra there exists an associative product, called Baker-Campbell-Hausdorff product,
which allows us to define the group

expL={e":a€ L} (2.4.4)
of formal exponentials of elements of L. More precisely,

Theorem 2.4.8 For every nilpotent Lie algebra L there is an associative product e : L x L — L such
that

i.) If f : L — L' is a morphism of nilpotent Lie algebras then
flaeb) = f(a)e f(b) (2.4.5)

ii.) If I € A is a nilpotent ideal of the associative algebra A and for a € I we define

oo an
=) —EA (2.4.6)
n=0
then
el — . el (2.4.7)

where - denotes the usual product in A.

The associative product e is defined by the Baker-Campbell-Hausdorff formula:

aob=a+b+ glab]+ o o] + ol o]+ (2.4.8)

Notice that, if L is a Lie subalgebra of a nilpotent ideal of a unitary associative algebra A then ([2.4.8))
holds and the BCH product on L is also associative.

Proposition 2.4.9 In the above notation

i.) for every a,b € A andmn >0

n n

fa, " =3 (1) (:L) a"bal =Y (?) a"ib(—a)'. (2.4.9)

=0 i=0

ii.) If a is nilpotent in A then also ad(a) is nilpotent in End(A) and therefore it yields a well-defined
invertible operator

eltrl =% lo. )" o End(A). (2.4.10)

n!
n>0
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For every nilpotent Lie algebra L there exists a natural bijection e : L — exp L satisfying the
following properties:

i.) Let V be a vector space and f : L — End(V) a Lie algebra homomorphism. If the image of L
is contained in a nilpotent ideal, then the map

exp(f) : exp(L) — Aut(V), exp(f)(e®) = e/ @), (2.4.11)
is a homomorphism of groups (here ef(@) denotes the usual exponential of endomorphisms).

ii.) If f: L — End(V) = P is a representation of L as above and [f, -] : L — End(P) is the adjoint
representation, then for every a € L, g € End(V)

e[ff}(ea)g — ef(a) geif(a) (2412)

2.4.2 Differential Graded Lie Algebras

In this section we aim to introduce the basic tools of differential graded Lie algebras and to give
some basic examples, which are useful for the goals of this chapter. A more extensive introduction of
differential graded algebras in the context of deformation theory can be found in the lecture notes by
M. Manetti, [40] and [41].

Let Z be the set of integers. A Z-graded vector space, often called simply a graded vector space,
is a vector space V' which decomposes into a direct sum of the form V' = @, ., Vi, where each V;, is
a vector space. Elements of any factor V;, of the decomposition are called homogeneous elements of
degree n; if v € V,,, we denote v = deg(v).

Definition 2.4.10 A differential graded vector space is a graded vector space V = @, o, Vi together
with a linear map d : V — V| called differential, such that d(V™) C V"*L for any n and d> = dod = 0.

Every complex of vector spaces (V",d)
sy Syt Ay (2.4.13)

can be considered as a DG vector space.

Definition 2.4.11 A DG (commutative) algebra is a differential graded vector space A together with
a product
ARA—A:a®bw— ab, (2.4.14)

which satisfies, for any a € A", b e A™,
i.) associativity, (ab)c = a(bc)
ii.) graded commutativity, ab = (—1)%ba
iii.) graded Leibniz rule, d(ab) = d(a)b + (—1)%ad(b)

Definition 2.4.12 A differential graded Lie algebra (DGLA) is a DG vector space (L,d) endowed
with a bilinear operation
[ ]:LeL—L, (2.4.15)

homogeneous of degree 0, i.e. [L, L] C L', satisfying the following conditions, for any a € A",
be A™:

i.) graded skew-symmetry, [a,b] = —(—1)%[b, a]
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ii.) graded Jacobi identity, [a,[b,c]] = [[a,b],d] + (=1)%[b, [a, c]]
iii.) graded Leibniz rule, d([a,b]) = [d(a),b] + (—1)%[a, d(b)].

Given a DGLA L, we define ' ' ,
Z(L) :=ker(d: L' — L'*1)

and ) ) )
BY(L) :=Tm(d: L'""" — LY.

The cohomology group associated to a DGLA L is given by

HY(L) := 28

The set H := @; H'(L) has a natural structure of graded Lie algebra. Indeed, it inherits the GLA
structure defined on equivalence classes |al|, |b| € H by

llal, 1b]] 4 = |[a, b]]. (2.4.17)
Finally, H is a DGLA by setting d = 0.

(2.4.16)

Example 2.4.13 Every Lie algebra is a DGLA concentrated in degree 0.
Example 2.4.14 Consider a DG vector space (V,d) and denote

Hom*(V, V) = @ Hom®(V, V)
1EZ
where Hom*(V, V) = {f : V. — V linear |f(V") C f(V"*), Vn}. The bracket [f,g] = fg — (—1)fgf
and the differential 6f = [d, f] = df — (—1)f f d makes Hom*(V, V) a DGLA.

Example 2.4.15 Given a DGLA L and a graded commutative k-associative algebra m, then L ® m
has a natural structure of DGLA by setting

(Lom)" = @;(L'@m""),
dz®a) = dr®a,
[T®@a,yb = (=1)P[z,y]®@ab (2.4.18)

forany a e mP, bem, z € L and y € L". Notice that, if m is nilpotent, the DGLA L ® m is also
nilpotent.

Example 2.4.16 Let M be a differentiable manifold and L¥ := X*+1(M). It is easy to check that
the space L := @y, LF has a DGLA structure given by the Schouten-Nijenhuis bracket (??) and
d=0.

Example 2.4.17 Let A be an associative algebra over K with multiplication m : A® A — A. Denote
by Lt = Hom(A®l+1,A) for any 7 > —1. Define

o:L'x L] — LI (2.4.19)
by
$pov(an, ... air;) =Y (=) d(ao, ... as-1,9(as, ..., asts), - - Qit;)- (2.4.20)
It is a DGLA, called Hochschild ];GLA7 by setting
(6, ¥]a = g0t — (-1)"yog (2.4.21)
and

d¢ = [m, ¢]g. (2.4.22)
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The last two examples are crucial in the discussion of Kontsevich’s result and will be treated more
extensively in the following sections.

Definition 2.4.18 A morphism of DGLA is a linear homogeneous map f : L1 — Lo of degree zero,
such that
fod=dof (2.4.23)

and

f(la,yl) = [f (), £ ()] (2.4.24)

It is important to remark that a morphism f : Ly — Ly of DGLA’s induces a morphism H(f) :
H, — Hs in cohomology; more precisely, it induces a sequence of homomorphisms H"(f) : H"(L1) —
H™(Lo).

Definition 2.4.19 A quasi-isomorphism is a morphism of DGLA’s inducing isomorphisms in coho-
mology.

We observed that the cohomology (2.4.16]) of a DGLA L is itself a differential graded Lie algebra with
the induced bracket (2.4.17)) and zero differential. Furthermore, we have

Definition 2.4.20 A differential graded Lie algebra L is formal if it is quasi-isomorphic to its coho-
mology, regarded as a DGLA with zero differential and the induced bracket.

This definition is crucial for stating the formality theorem; it means that the DGLA structure of a
complex and a cohomology complex are preserved and the induced cohomology groups are isomorphic.

2.4.3 Maurer-Cartan equation and gauge action

Eventually, we can discuss how the concept of deformation is attached to a differential graded Lie
algebra via the solutions to the Maurer Cartan equation modulo the action of a gauge group. First,
we introduce the Maurer-Cartan equation of a DGLA and the gauge group and we extend them to
the formal counterpart of a DGLA. As already announced, here we do not discuss the deformation
theory in detail but we simply give the necessary notions to discuss concrete examples of deformation.

Definition 2.4.21 Given a DGLA L, the Maurer-Cartan equation of L is
1 1
da + i[a,a] =0 ac L, (2.4.25)

We denote by MC(L) C L' the set of solutions of the Maurer-Cartan equation. It is evident that the
Maurer Cartan equation is preserved under morphisms of differential graded Lie algebras.

One of the main goals of this section is the construction of a group which preserves the set
of solutions of the Maurer-Cartan equation. This allows us to discuss the idea of how to attach
deformations to DGLAs. As discussed in Section for every Lie algebra L the set defined as
exp L := {e% a € L} can be endowed with the structure of a group via the BCH formula (2.4.8)); it
is well-defined in the case in which L is nilpotent as the infinite sum reduces to a finite one. Let us
consider, in particular, the DGLA L ® m discussed in Example with m nilpotent and under
the assumption that L ® m is nilpotent (in the conventional approach m is a maximal ideal in a
finite-dimensional Artin ring: we do not discuss it here, but a review of functors of Artin rings can
be found in [40]). Under these assumptions we can define a group G° simply by exponentiating the
nilpotent algebra L° @ m. Indeed, for every a € L% ® m, the corresponding adjoint operator

ad(a) =[a,-]: L - L, la,-](b) =[a,b] (2.4.26)
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is a nilpotent derivation of degree 0 and then its exponential

a,] . a,- > [(l, }n
el L L el =" b (2.4.27)
n=0

is an automorphism of the DGLA L ® m. In other words,
GOL) =exp(L°@m)={®: Lom—> Lom|® =] acL'@m} (2.4.28)

is a subgroup of the automorphisms of L of degree 0. As discussed above, the group structure is given
by the BCH formula (2.4.8). In order to define the gauge action of G® on L' ® m, or more precisely
on MC(L ® m) C L' x m, we need some more properties of DGLAs.

Lemma 2.4.22 If W is a linear subspace of L and [L°, L}] C W, then

e[a,-] (U + w) — v+ Z %[a’ ']n—l([% U]) + Z ww (2.4.29)
' n=0 ’

n=1

cw

for any a € L°, v € L' and w € W.

Notice also that, given a DGLA L ® m, the set Z = {x € L' ® m|[x,z] = 0} is stable under the
adjoint action of GY,
evl(zyc z. (2.4.30)

The set Z can be related to the set of solutions of the Maurer-Cartan equation as follows. Given a
DGLA (L, [, -],d) we can construct another DGLA L’ by setting

(LY=L VYi#1 and (I))'=L'@®kd (2.4.31)
with bracket [-,-]" defined by
[a+vd,b+wd] = [a,b] +vdb+ (—1)*wda (2.4.32)

and differential d’
d(a+vd) =[d,a+vd] =da. (2.4.33)
The natural inclusion L C L’ is a morphism of DGLA. Consider the affine embedding ¢ : L' — (L')! :

¢(a) = a + d; it allows us to characterize the Maurer-Cartan equation as follows

da + %[a, o] = 0 & [6(a), dla)] = 0. (2.4.34)

In other words, given a DGLA L, the set of solutions of the Maurer-Cartan equations of L coincides
with the set Z of L'. Furthermore, [L°, (L’)}] C L! and, in particular, if L is nilpotent then also L’
is nilpotent. This implies that we can apply Lemma to L' and we can define the gauge action
of GY(L) on L. More precisely, in the case of L ® m with m nilpotent, we have

Definition 2.4.23 The gauge action of G° on L' @ m is defined by
el = g7l lp(d)) = el (b + d) — db (2.4.35)

for any a € L° @ m. Ezxplicitly we have
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o0 a. -1 e q. -1
n=0 n=1
_ G [a7.]n
= b+;:0(n+1)!([a,b] — da). (2.4.36)

We can finally say that two elements z,y € L ® m are gauge equivalent if there exists a € L ® m
such that

]n

1) ([a, z] — da). (2.4.37)

[e.@]
y = el -x:x+z o,
n=0
Since Z = {x € (I')! @ m|[z,z] = 0} is stable under the adjoint action of G and using the charac-
terization of the Maurer-Cartan equation in terms of ¢, it follows that the set of solutions of
the Maurer-Cartan equation is stable under the gauge action. Now we can introduce the concept of
deformation via DGLA. Usually the deformation is defined by using the notion of functor; here we
try to reduce the involved notions at minimum and we say that, the deformation associated to the
DGLA L ® m is defined by

~ MC(L ®m)

Defun(L) = g5 D (2.4.38)

The meaning of this definition will become clear when we discuss two concrete examples of deformation,
which will be given in the next sections. Now it is important to stress that the above discussion can
be immediately extended to the formal counterpart of a DGLA, generalizing in some sense what we
discussed in Section . Given a DGLA L over k we can define a formal counterpart L[t] over the
ring k[t] of formal power series in ¢t by

L[] == L ® k[t]. (2.4.39)

It has a natural structure of DGLA and the degree zero part L°[t] is a Lie algebra. Even though it
is not nilpotent we can define the gauge group formally as the set GY := exp(tL"[t]), as discussed in
Section . The action of G = exp(tL°[t]) can be defined by generalizing ([2.4.35]). More precisely,

Proposition 2.4.24 Let L be a DGLA over k and let L[t] be the corresponding DGLA over kt].
Then
GUL[t]) = {®: L[] — L[t] | ® = €'l*) a0 e LO]} (2.4.40)

is the subgroup of all k[t]-linear automorphisms on L[t] of degree 0 which in the zero-th order of t
start with id.

Also in this case, the group structure is given by the BCH formula. In this setting we define the
formal Maurer-Cartan elements as follows

Definition 2.4.25 Let L be a DGLA over k. An element a € tL[t] is said to be a formal Maurer-
Cartan element if it satisfies the Maurer-Cartan equation

1
da + 5[@, a) = 0. (2.4.41)
The set of formal Maurer-Cartan elements is denoted by:

MC(L[t]) = {a € tL'[t]| da + %[a, a] = 0}. (2.4.42)
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As already stated, the action of G? defined in (2.4.40) on the set of formal Maurer-Cartan elements
MC(L[t]) is a direct generalization of the above discussion. Given a € tL[t] and g € L°[t] the gauge
action is given by

expitlg)a = Y 0 - 3 )

= a+t[g,a] — tdg + o(t?) (2.4.43)

for any g € LY[t] and a € L'[t]. Also in this case, the gauge action preserves the subset MC(L[t]) C
tL'[t] of solutions of Maurer-Cartan equations.

This allows us to define the equivalence class in the formal Maurer-Cartan set as in . One
can extend the deformations to algebras with linear topology which are projective limits of nilpotent
algebras. Here we only remark that in the following we use m = tR[¢].

In the next sections we discuss two concrete examples of DGLAs and their attached deformation
problems.

2.4.4 Formal Poisson structures

The first example we aim to discuss is the DGLA of multivector fields on a smooth manifold M,
already introduced in Example We recall that, in Section [1.3] we introduced the concept of
deformed Poisson structures and of equivalence classes of such deformations. Here we rewrite these
notions by using the DGLA’s approach discussed above.

Let X*(M)[t] be the set of formal k-multivector fields on M. A formal Poisson structure m; is a
deformation of a given Poisson structure = on M which satisfies the condition

[, me]s =0, (2.4.44)

where [-,-]g is the Schouten-Nijenhuis bracket defined in Eq. (??). The equivalence class of formal
Poisson structures has been introduced in Definition[I.3.5] by saying that two formal Poisson structures
7; and 7y are equivalent if there exists a formal diffeomorphism ¢; = exp Ly with X € tX'(M)[t]
such that

—— (2.4.45)

Let us consider the graded vector space (we use the notation introduced by Kontsevich)

o0

Tpoly(M) = @ %n+1(M)[[t]], (2446)

n=-—1

where X0(M)[t] = €°>°(M)[t] (we shift the degree by 1 in order to recover the sign used in Definition
2.4.12)). The space Tpoly(M) can be endowed with a structure of DGLA, just considering the trivial
differential d = 0 and the Schouten-Nijenhuis bracket [-, -]s.

Now we are ready to discuss how to interpret the quotient Defy (L) defined in for this
specific DGLA. First, we observe that the set MC(Tp01,(M)) of solutions of formal Maurer-Cartan
equation coincides with the set of formal Poisson tensors on M. Indeed, a solution of the formal
Maurer-Cartan equation is an element X of T [}oly(M ), a formal bi-vector field, which satisfies the
following equation

1
dX + §[X, X]s =0. (2.4.47)
Since d is identically zero, the Equation (2.4.47)) is equivalent to

(X, X]s =0 (2.4.48)
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which, by Definition (1.3.4)), is equivalent to say that X is a formal Poisson structure. Furthermore,
we observe that the gauge group G%(Tpo1y(M)) coincides with the group of formal diffeomorphism
¢r = exp(t Lx) = exp(t[X,-]) introduced in Section [1.3.2] These observations allow us to claim that

the quotient
MC(Tpoty (M)
Dl (Toory (M) = Go( T, (30)

coincides with the equivalence class of deformations of a given Poisson structure 7 on M.

(2.4.49)

2.5 Deformation of associative algebras

In this section we aim to discuss the deformation of associative algebras via DGLA, using the notions
introduced in Sections [2.4.2] and [2.4.3] The theory of deformation of associative algebras is due to
Gerstenhaber [24], [25] (see also [26] and [9]). In order to give a short review of this theory we first
need to introduce the DGLA structure associated to an associative algebra, the so-called Hochschild
DGLA; we give an interpretation of the associated set of solutions of the Maurer-Cartan equation and
its gauge equivalence and we show how the quotient is related to the equivalence classes of
formal deformations of the associative algebra that we considered. Finally, we apply this discussion
to the specific case of the associative algebra of smooth functions on a manifold; in this case the
equivalence class of formal deformations coincides with the equivalence class of star products defined

in Section ([2.3]).

Let A be an associative algebra over a commutative ring k, with multiplication

o : AXA—A:a®b upla,b) =a-b. (2.5.1)
We recall that the algebra A is associative when the product g satisfies

po(po(a, b), ¢) = po(a, po(b, c)). (2.5.2)

As discussed in Section deforming an associative algebra essentially means constructing a new
associative product g which depends on a parameter ¢ such that, in the limit ¢ — 0, u reduces to the
original product pg. In other words, we require that p has the following form

= o+t +t2us . .. (2.5.3)

where p1, are homomorphisms from A® A to A and the associativity condition ([2.5.2)) is satisfied term
by term. This has been introduced in Definitions —, where we defined a new product,
called star product, by setting

a*b=p(a,b) (2.5.4)

on the algebra of formal power series A[t] over A. In order to discuss the theory of deformations
of associative algebras in terms of DGLA it is useful to rewrite, using Gerstenhaber’s notation, the
definitions of deformation and equivalence of deformations for a generic associative algebra. This
definition will generalize the notion of star product given in (2.3.2) and the associated concept of
equivalence.

Definition 2.5.1 Let A be an associative algebra over k with multiplication pg: A® A — A.

i.) A formal associative deformation of the multiplication py of A is a k[t]-bilinear associative
multiplication

s AJt] x A[H] — AL (2.5.5)

such that
p(a,b) = po(a,b) Va,b € Aft] (2.5.6)

at order zero in t.
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ii.) Two formal deformations p and p' of po are said to be equivalent if there exists a k[t]-linear

isomorphism
T (A1) — (AL ) s T((a,b)) = 1 (T(a), T(5)) (2.5.7)
of the form
T=id+) t"T,. (2.5.8)
n=1

The equivalence relation s given order by order, explicitly by the set of relations

> Ti(psla.b)) = > py(Ti(a), T(b)). (2.5.9)
i+j=n i+j+1

It is important to remark that a deformation of an associative algebra with unit (often said unital)
is again unital, and equivalent to a deformation with the same unit (a proof can be found in [26]).
Using the tools introduced in Section [2.4] the notions defined above can be associated to a DGLA,
as the associativity can be rewritten in terms of a Maurer-Cartan equation and the equivalence in
terms of a gauge group. In the following we discuss the DGLA structure that we can associate to an
associative algebra and some of its basic properties, necessary for the objectives of this Chapter.

2.5.1 Hochschild complex
Let A be an associative and unital algebra. Define

C*(A) = é C"(A)  C™(A) :=Hom(A®" 1 A) (2.5.10)

n=-—1

where Hom(A®", A) denotes the space of homomorphisms from A ® --- ® A (n-times) to A over the
ring k and we have C~1(A) = A (to be precise we should have used the notation C*(A4)[1], as in the
standard definition C"™(A) = Hom(A®", A) and here we shifted each component by 1; nevertheless, in
the following we do not mention the shift in order to simplify the notation). In other words, we have

peC"(A),degdp =n <= dim¢p =n+ 1. (2.5.11)
The differential d : C"(A) — C"*1(A) is defined by

(=1)™(df)(ag,...,an) = aof(a,...,an) —

I
—

(=1 f(ao, . .-, aiait1, - - an) + (=1)" " f(ao, . . ., an—1)an (2.5.12)

<.
Il
=)

Definition 2.5.2 The Hochschild complex is the positive cochain complex (C(A),d)

The graded vector space C*(A) can be endowed with a DGLA structure. First, we introduce a product
operation on this complex. Consider ¢ € C" 1(A4) and ¢ € C™ (A). The Gerstenhaber product is
defined by

doi(ag, ... ,antm) = &(ao, .-, ai—1,0(Aiy- -y Qitm)s Gitmtds -« -5 Antm) (2.5.13)

with i =0,...,deg ¢ and ag...an1m € A. Thus, we get an element ¢ o; 1p € C™t™(A). Notice that
we have

deg (¢ o; 1) = deg ¢ + deg (2.5.14)
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for any i = 0,...,deg ¢. The (vector) space C'(A) can be endowed with the product

deg ¢

potp = (—1)'9€¥V¢ o, ). (2.5.15)
i=0

In general this product is not associative but it allows us to introduce a Lie bracket, called Gersten-
haber bracket, defined by
(9, ]G = pop — (—1)deBPdERYy 6 ), (2.5.16)

Proposition 2.5.3 The graded vector space C*(A) with differential and with the Gersten-
haber bracket is a DGLA, called Hochschild DGLA.
The proof of this Proposition can be found in [14].

Remark 2.5.4 It is important to remark that the Hochschild complex (C(A)®,d) endowed with the
Gerstenhaber bracket is not an associative algebra. For this reason, it is necessary to introduce the
notion of the cup product:

Definition 2.5.5 Let (A, ) an associative algebra and ¢ € C™(A), v € C™(A). Then the cup
product ¢ — 1 € C"T™(A) of ¢ and ¢ is defined by

G — (a1, ...,antm) = (a1, .., an)0(Ant1y .-, Gptm) (2.5.17)
where ai,...,ap+m € A.

The cup product makes C*(A) into a graded associative algebra. Notice that the Hochschild differ-
ential d is a (graded) derivation of degree +1, i.e.

Ao — ) = db — 6+ (—1)"p — d. (25.18)
Finally, for ¢ € C"(A) and ¢ € C™(A) we have
pody —d(¢ov)+ (1) Fdpoyp = (=1)" ¢ — ¢ — (=1)""d — ¥) (2.5.19)

It is important to observe that the associativity of the multiplication can be rewritten by using the
Gerstenhaber bracket. More precisely, given an algebra A over k and p € C'(A) a bilinear map
uw:A®A— A, it is an associative multiplication if and only if

[, 1la = 0. (2.5.20)

Indeed, using the definition of Gerstenhaber bracket (2.5.16)) we have
1

s wla(frg,h) = > (1) (os w)(f,9,h) —

=0
1
— (=)' (=D (uoi p)(fr9,h) =
=0
= 2(u(p(f,9),h) — p(f, u(g, h))) = 0. (2.5.21)

It is evident that condition ([2.5.20)) is equivalent to the associativity condition (2.5.2). Finally, we
notice that the Hochschild differential can also be expressed in terms of the Gerstenhaber bracket
and the multiplication : A® A — A of A as

d=[u,-]g:C"(A) = C"(A). (2.5.22)
Definition 2.5.6 Let (A, u) be an associative algebra over k and (C*(A),d, [, ]a) the associated
Hochschild complex. The cohomology HH®(A) = % is called Hochschild cohomology of (A, ).

The interested reader is referred to [56], [33] and [27].
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2.5.2 Maurer-Cartan equation and gauge action

In this section we discuss the deformation of an associative algebra A in terms of the associated
Hochschild DGLA (C*(A),d, [, -]¢); we show that, also in this case, the formal deformations can be
described by the set of Maurer-Cartan elements of a DGLA modulo a gauge equivalence. For this
reason, we first need to reinterpret a formal deformation in terms of a Maurer-Cartan equation. More
precisely, from Definition (2.5.1) we know that a formal deformation y is an element of C1(A[t]) =
Hom(A[t] ® A[t], A[t]), which coincides with C'(A)[t], that it is k[t]-bilinear, associative and that
can be written in terms of formal power series as:

o
p=po+ > t"un=po+ M (2.5.23)
n=1

where M is an element of tC1(A)[t]. As discussed above, the associativity condition, in the context
of the Hochschild DGLA, is equivalent to the condition (2.5.20)), i.e. to the set of conditions

(110, po)c = 0, (2.5.24)

which is automatically true as A is associative,

ko, ]G + [p1, polc = 0 (2.5.25)

and
k

> lw pr-ila =0 k. (2.5.26)

1=0
In other terms, we have

l,ple = [po+ M, po + Mle
= [wo, kolG + [1o, Ml + [M, pole + [M, M]g = 0. (2.5.27)

Using the expression (2.5.22)) for the Hochschild differential, we have dM = [ug, M|]; moreover, from
the graded skew-symmetry of the Gerstenhaber bracket we have [ug, Mg = [M, pola, thus

[,u,,u]G =2dM + [M, M]G. (2.5.28)

We can conclude that a deformed multiplication y is associative if and only if M € tC1(A)[t] satisfies
the (formal) Maurer-Cartan equation:

dM + =[M, M]g = 0. (2.5.29)

1
2
Finally, we show that the equivalence classes of formal deformations can be described in terms of the
gauge equivalence introduced in Prop. More precisely, recall that two formal deformations p
and y' are equivalent if there exists an isomorphism T € C*(A)[t] such that

T(u(a,b)) = i/ (T(a), T(b)). (2.5.30)
The isomorphism is determined by
T=id+» t"T,. (2.5.31)
n=0

Let T =id+3.°° , t"S,, =: e’ € C1(A)[t] be the exponential function defined with respect to the
Gerstenhaber product o. Then, it can be proved that, for  and y in C*(A)[t], the condition (2.5.30)
is equivalent to

S () = 4. (2.5.32)
The details of this proof can be found in [55]. Thus, we can state the following
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Proposition 2.5.7 The equivalence class of formal deformations of an associative algebra A can be
rewritten as the quotient Defy(A) of the set of solutions of the Maurer-Cartan equation

MC(A4) = (M & 10" (A)[1] : dM + S[M, M]g = 0) (2.5.33)

modulo the gauge group

GYA) :={o: C(A[t] = C(A[] : ¢ = 9] 5 e CO(A)[1]}. (2.5.34)

2.5.3 Star product

In particular, we are interested to deform the algebra ¥°°(M) of smooth functions on a manifold M.
The formal deformations of the algebra € (M) have been introduced in Section by setting

frg=f-g+> t"P, (2.5.35)
n=1

where f - ¢ is the ordinary pointwise product of functions and the P,’s are bi-differential operators.
The star product can be extended to elements of ¢°°(M)[t] by using the linearity over k[t] and
the t-adic continuity, thus P,’s become bi-differential operators over €*°(M)[t]. In other words,
the P,’s are elements of Hom (%> (M)[t] @ €>°(M)[t], €>(M)[t]) = C*(€>°(M))[t] which are bi-
differential. Moreover, since we required P,(f,1) = P,(1,f) = 0, we need to further restrict our
choice by considering only differential operators which vanish on constant functions. For this reason
we consider a DGL subalgebra of the Hochschild DGLA associated to €°° (M), which we denote by
Dyoty (M) defined by

Dyary (M) = @ D), (M) (2.5.36)
n=1
where Dggy(M ) = Hom(€>°(M)[t]®""", %> (M)[t]) are multidifferential operators over € (M)]t].

It can be proven that Dyl (M) is a DGL subalgebra of the Hochschild DGLA as it is closed under
[,]¢ and under the action of d. The general discussion of the previous section, which explained
how we can describe formal deformations in terms of Hochschild DGLA, can be immediately applied
to the subalgebra Dyqy(M). Thus, we can conclude that the equivalence class of star products
defined in Section [2.3| can be described by the set of solutions of the formal Maurer-Cartan equation
MC(Dpoly (M )) modulo the gauge equivalence.

In the next section we establish a correspondence between these DGLA’s which describe the equiv-
alence classes of formal Poisson structures and star products and we introduce the Hochschild-Kostant-
Rosenberg theorem, which specifies the nature of such a correspondence. This is a fundamental step
to prove Theorem , as we discuss in the last section of this chapter.

2.6 Hochschild-Kostant-Rosenberg Theorem

In the previous sections we introduced two specific DGLA’s and we discussed their role in the study
of deformations. The DGLA Tpo1y (M) of multivector fields has been associated to the deformations
of a given Poisson structure 7 on M and, with similar argumentation, the DGLA Dya, (M) of
multidifferential operators on M has been associated to the deformations of the associative algebra
structure of smooth functions on M. In this section we introduce a result by Hochschild, Kostant
and Rosenberg which proves the existence of an isomorphism between the Hochschild cohomology
group of Dyely (M) and the space of multivector fields Tp,o1y(M). This is crucial in the classification
of quantization because it essentially means that the Poisson structure m on M is contained in a
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cohomology group HH®(¢*°(M)) (to be precise, the cohomology group is HH34 . . (€°°(M)), as we
consider the sub algebra of differential operators which vanish on constant functions).
First, we observe that we can define a map

U1 : Tp01y<M) — Dpoly(M) (261)
by setting
(Un(Xo A== ANXp)) (fos oo s fn) = CES] > €0)Xo(0)(f0) - Koy (fa) (2.6.2)
’ oESh+1

for any homogeneous element Xg A --- A X, of Tp,o1, (M) (for any X; we use the identification with
differential operators) and any functions fo, ..., f, on M. Here o denotes a permutation in S, 1, the
set of all permutations on n elements and €(o) denotes the sign of this permutation. The map U;
extends the usual identification between vector fields and differential operators and we can observe
that it reduces to the identity map when applied to zero-th order vector fields.

Theorem 2.6.1 (Hochschild-Kostant-Rosenberg) The map
Ui : Tpoly(M) — Dpoly(M) (263)

defined in s a quasi-isomorphism of complezes.

Remark 2.6.2 The original result due by Hochschild, Kostant and Rosenberg has been proved in
the case of smooth algebraic varieties; here we introduced the version which has been extended to the
case of smooth manifolds. The reader interested in the proof of the Hochschild-Kostant-Rosenberg
theorem for smooth manifolds can refer to [I3]; the original proof can be found in [34].

Recalling Definition (2.4.19)), we can claim that U; induces an isomorphism of the associated
cohomologies HH®*(¢*°(M)) and H(Tpory(M)) which, in turn, coincides with Tpo1y (M) itself. The
Hochschild cohomology HH®(%°°(M)) carries a structure of DGLA, as remarked in Section
where the differential is identically zero and the bracket [-,-]g is the Gerstenhaber bracket (2.5.16))
up to cohomology. It is important to notice that the Schouten-Nijenhuis bracket [-,-]s on Tpely (M) is
mapped into the bracket [-, -]z on the Hochschild cohomology and not into the Gerstenhaber bracket.
In other words, the map Uj is a chain map, i.e. it preserves the complex structures, but it fails to be
a Lie algebra homomorphism. Indeed, we can easily check that already at order 2 we have

Ur([X1 A X2, Y1 A Ya]s) # [UL(X1 A X2), Ur(Y1 AY2)]q (2.6.4)
Using the definition of Schouten-Nijenhuis bracket (??) we have

[Xl ANXo, Y1 A }/2]5 = [Xl,Yl] ANXoANYy— [Xl,YQ] ANXaANY7
— [XQ,Yl] ANXiANYy + [XQ,YQ] ANX1AY] (265)

Applying this three-vector field to a triple of functions and using the map U; as defined in we
get

NLXinXe,iAhs) = (Xah(f)Xa(9)Y: (h)—Yle(f)X2(g)Y2(h)
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+ perm. (2.6.6)
On the other hand, using the definition of Gerstenhaber bracket we have

U1(X1 A X2),U2(Y1 AY2)lg = [5(X1Xo — X2X), %(Yﬂﬁ - YoY1)]la(f®g®h)

N

— AP Xalh) .. (267)

For this reason the map Uj is not sufficient to build up a bijection between the equivalence classes
of Poisson structures and of star products and we need to introduce a new type of morphism, whose
first order approximation is the Hochschild-Kostant-Rosenberg isomorphism of complexes.

2.7 Formality Theory

Finally, we state Kontsevich’s formality theorem and we discuss how this theorem is related to the
quantization problem. Kontsevich’s theorem extends the Hochschild-Kostant-Rosenberg map U; to a
new kind of morphism, called L°°-morphism, that we introduce in the following section.

2.7.1 L°°-morphisms of DGLA

Here we give a short review of L*°-algebras, starting with very basic definitions, L°°-morphisms and
L*°-quasi-isomorphisms; we introduce the L°°-quasi-isomorphism theorem, which will be crucial for
the interpretation of the formality theorem. Useful reviews on L*°-algebras can be found in [I9] and
in [32], where they are called strong homotopy Lie algebras.

Definition 2.7.1 A graded coalgebra over k is a graded vector space L = @, Li endowed with a
coproduct, i.e. a graded linear map

A:L—->L®L (2.7.1)
such that
ALy c P Lj® Ly (2.7.2)
k=i
and
(A ®id)A(z) = (id ®A)A(x) coassociativity (2.7.3)

for every x € L. A counit (if it exists) is a morphism

e: L =k, (2.7.4)
such that e(L; = 0) for any i # 0 and
(e®id)A = ([d®e)A =id. (2.7.5)
The coalgebra is cocommutative if
ToA=A, (2.7.6)

where T : L® L — L ® L is the twisting map
T(z®y)=(-1)"yo (2.7.7)

for x, y homogeneous elements of degree respectively T and y.
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Given a graded vector space L = @, Li over k, we can define the tensor algebra

o0

T(L) = ren (2.7.8)

n=0

with L®? = k., and two quotients: the symmetric algebra
S(L)=T(L)/(z @y — (-1)"y @) (2.7.9)

and the exterior algebra
ML) =T(L)/(z @y + (-1)"y @ x); (2.7.10)

these spaces are naturally graded (associative) algebras. They can be endowed with a coproduct which
gives them the structure of coalgebras. In particular on 7'(L) the coproduct is given on homogeneous
elements v € L by

Av:=v®1+1®0, (2.7.11)

and extended as an algebra homomorphism w.r.t. the tensor product. Similarly, we can define the
reduced tensor algebra

T(L) = é Lem, (2.7.12)
n=1

The projection p : T(L) — T(L) and the inclusion i : T(L) < T(L) induce a coproduct also on
the reduced algebra, thus T'(L) has a coalgebra structure. The reduced versions S(L) and A(L) are

defined by replacing T'(L) by the reduced algebra T(L). Notice that also the reduced version S(L)
can be endowed with the comultiplication defined above.

A differential graded coalgebra is given by a graded coalgebra endowed with the analog of a
differential, called coderivation, defined in the following

Definition 2.7.2 A coderivation of degree n on a graded coalgebra V' is a graded linear map § : V; —
Viik which satisfies the (co)-Leibniz identity

Ad(v) = (6 ®id)A(v) + (DM id @) A(v) Vo € V. (2.7.13)
A differential Q on a coalgebra is a coderivation of degree one that squares to zero.

Now we can define the L°° structures as follows.

Definition 2.7.3 An L*°-algebra is a graded vector space L over k endowed with a degree 1 coalgebra
differential Q on the reduced symmetric space S(L[1]).

Here we use the notation L[1] = @D,, L"[1] with L™[1] :== L™, as already mentioned in Section

251

Definition 2.7.4 A L -morphism between two L>®-algebras, F : (V,Q) — (V',Q’), is a morphism
of graded coalgebras
F:C(V[1]) = C(V'[1]) (2.7.14)

such that Fo@Q = Q' o F.

It is important to remark that L°°-algebras are in some sense a generalization of DGLA’s. Indeed,
we have the following
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Proposition 2.7.5 A L*>-algebra is a graded vector space L endowed with a sequence of maps

ln:AN"L — L (2.7.15)
of degree 2 —n, n > 0, such that for every sequence of homogeneous vectors x1,...,x, € L we have
SDEDE ST D 1 e (@a1)s - - Ta()s Ta(er)s - - > Tain)) = 0. (2.7.16)

k=1 oeS(k,n—k)

Here S(k,n — k) is the set of unshuffles, i.e. a permutation o such that o(i) < o(i + 1) for every

It can be checked that the sequence of maps ([2.7.15)) satisfying condition ([2.7.16]) uniquely determines a
coderivation @ of degree 1. As already announced, this definition shows us that any DGLA (L, d, [, ])
is a L>°-algebra, by setting I} = d, lo = [-,+] and [,, = 0 for n > 2.

The notion of a L°-morphism can also be rewritten in terms of DGLA as follows. Roughly, given
two DGLA’s (L1,ds, [+, -]1) and (Lg,da, [+, *]2), a L®-morphism f : L1 — Lo is given by a sequence of
linear maps

fo t NPLY" = Lo, n> 1, (2.7.17)

homogeneous of degree 1 — n, which is compatible with the L°°-algebra structure given by the maps
(2.7.15)). In particular, fi is a morphism of complexes, i.e. fi ody = do o f7.

Definition 2.7.6 An L*-quasi isomorphism is an L°°-morphism whose first component is a quasi-
isomorphism.

Given a L™>-algebra we can define a generalized Maurer-Cartan equation as
1
Z—'ln(x,...,x) =0 (2.7.18)
=i

for € L'. Tt is evident that, when L is a DGLA, this equation reduces to the standard Maurer-
Cartan equation. The importance of this notion and of the notion of L*°-quasi-isomorphism becomes
evident from the following

Theorem 2.7.7 Let f: Ly — Lo be a L°°-quasi isomorphism of DGLA’s. Then the map

1
z Y (..., ) (2.7.19)
n>1
iduces the following bijection
Def(L1) ~ Def(Ls) (2.7.20)

2.7.2 Formality Theorem

In this section we state the main result by Kontsevich, the so-called formality theorem, and we explain
how this general result solves the classification problem introduced in Section [2.3

Let us recall, briefly, the objects that are involved in this discussion. On one hand, classical
mechanics is described by a Poisson structure 7 on a smooth manifold M, as discussed in Chapter
It can be always associated to a formal deformation and equivalence classes [r] of its formal
deformations coincide with the deformation Def(T,01,(M)) associated to the DGLA Tyo1y. On the
other hand, we introduced the concept of star product in order to quantize classical systems and
we could describe the equivalence class [*] of star products on €°°(M) also in terms of the quotient
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Def(Dpory(M)). Kontsevich’s formality theorem relates the complexes Dyory (M) and Tpory (M); these
DGLA’s are related by the map U defined in the Hochschild-Kostant-Rosenberg theorem
but, as already pointed out, this map does not commute with the Lie bracket and for this
reason it is not enough to prove the correspondence between Poisson structures and deformation
quantization stated in Theorem . Kontsevich, in his famous paper [38], claimed that this defect
of the U; map can be cured and proved that there exists a morphism between such DGLA’s which
preserves the Lie structure. This result is stated in the so-called formality theorem:

Theorem 2.7.8 (Kontsevich [38]) There exists natural L>°-quasi isomorphism
U : Thory (M) — Dpory (M) (2.7.21)

such that the component Uy of U coincides with the quasi-isomorphism defined in the Hochschild-
Kostant-Rosenberg Theorem .

This theorem is called formality theorem, since it proves that the Hochschild DGLA Dy, (M) and
its cohomology (regarded as a DGLA) are quasi-isomorphic. In other words, it proves that the DGLA
Dpoty (M) is formal (see Definition .

Kontsevich proved this theorem in [38] first considering a local version (more precisely, he studied
the case for M = R? and he constructed explicitly the map U) and then extending it to generic
Poisson manifolds. He showed also that the L°-quasi isomorphism U is not unique. Notice that,
unlike the map Uy, the L°°-quasi isomorphism U preserves the DGLA structures, by definition of a
L*°-quasi isomorphism.

Finally, Kontsevich could solve the existence and classification of quantization as a corollary of
his formality theorem. More precisely, he proved Theorem that we restate here as follows,

Theorem 2.7.9 Let M be a smooth manifold and €°°(M) its algebra of smooth functions. There
is a natural one-to-one correspondence between star products on M modulo gauge equivalence [*] and
equivalence classes of deformations [rt] of the Poisson structure on M.

This theorem is an immediate corollary of the formality theorem; indeed, we recall from Theorem
that a L°°-quasi isomorphism of DGLA’s induces a bijection of the associated equivalence classes
of deformations. Thus, the L°°-quasi isomorphism

U : Thory (M) — Dpory (M) (2.7.22)

induces a bijection
Def(Tholy (M)) =~ Def(Dpory (M)). (2.7.23)

As recalled at the beginning of this section, the sets Def(T}01y(M)) and Def(Dpor, (M) coincide with
the equivalence classes [r] of Poisson structures and [x] of star products, respectively. This proves
the one-to-one correspondence between equivalence classes of star products and equivalence classes
of deformations of Poisson structures.

As discussed in Section [1.3.2], any Poisson structure 7 can be associated to a formal deformation
just choosing the path m; = tw. By Theorem its equivalence class [7] is in one-to-one correspon-
dence with the equivalence class [x]. Let us consider an element x of such an equivalence class, we
e Fgle S /

. ) Gl . *g—gx*
Thus, the correspondence between a Poisson bracket and a commutator (with respect to the star
product) is satisfied in the classical limit ¢ — 0, as announced in Section Conversely, a class of
star products corresponds to a class of deformations of the Poisson structure. The term in ¢ of the
star product = in such a class coincides with the term m; of m = tm + t2m2 +.... We can conclude
that every classical Poisson manifold and, as a consequence every classical system, admits a canonical
quantization, which is unique up to formal equivalence.
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Chapter 3

Kontsevich’s Formula and Globalization

In this chapter, we give a sketchy exposition of the Kontsevich formula, which allows us to define locally
a star product for any Poisson manifold and we introduce some further developments of the Kontsevich
theory; in particular, we introduce briefly the globalization of star products by Cattaneo-Felder-
Tomassini and Dolgushev. There are many interesting problems that come up after Kontsevich’s
theory: in the last section of this chapter we aim to introduce some of these questions.

3.1 Kontsevich’s formula

The formality theorem was proved by Kontsevich by generalizing the explicit construction of a star
product on R? to any (finite-dimensional) Poisson manifold. In the following we discuss the construc-
tion of such a deformed product, the so-called Kontsevich formula, and a physical interpretation of
this formula in terms of quantum field theory.

3.1.1 Kontsevich formula on R?

Let M be an open domain of R¢, with d > 1 and let 7 = ﬂija%i A a%j be a Poisson structure in a
local system of coordinates (x1,...,z4), where 7% are local functions on C°°(M). In this situation,
we can write an explicit formula for the star product (modulo O(#3)), which reads,

O0f Oy t° ij w0 Of 0 dg

— Lt T -4~ L
fxg fg+tm Ox; Ox; * 2" 7 Ox; Oxy, Oz Oz
2/ onf 9 af 9g Of O g
— |7 — — — 3. 1.1
+ 3 <7T 8.1‘j (8.2?@ a$k aZL'l altk 6301 8%[)) + O(t ) (3 )

This formula reduces to the Moyal product when the Poisson structure has constant coeffi-
cients. Here we aim to give an explicit formula for the star product for an arbitrary Poisson structure
7 in an open domain of R%. In other words, we give an explicit formula for the Lo-quasi-isomorphism
U introduced in the formality theorem , which induces the bijection between Poisson structures
and star products on R?. In order to write such an expression we need to find an algorithm which
allows us to interpret a multi-vector field as a multi-differential operator. More precisely, Kontsevich
formula relies on the idea of introducing a set of graphs and associating a multi-differential operator
Pr and a weight wp to each graph. The class of graphs introduced by Kontsevich is the class of
oriented labeled graphs G,,, defined as follows.

Definition 3.1.1 An oriented graph I is a pair (Vr, Er) of two finite sets such that Er is a subset
of Vr x Vr. FElements of Vi are vertices of I' and elements of Er are edges of I'. We denote by
e = (v1,v2) the edge that starts at vi and ends at ve. A labeled graph T' (sometimes called admissible
graph) belongs to G, if it satisfies the following properties:

47
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i.) I' has n + 2 vertices and 2n edges

ii.) the set of vertices is decomposed in two ordered subsets, {1,...,n} and {L, R} (where L and R
are just symbols denoting left and right)

i11.) edges of I' are labeled by symbols e%, e%, e%, e%, coele?

w.) for any k € {1,...,n} edges labeled by e}, and €2 start at the vertex k

v.) for any v € Vi the ordered pair (v,v) is not an edge of I'.

For example, the following graphs are labeled oriented graphs:

= 4
=
-
=

while

> p
[\

~
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is not, because it does not satisfy condition To each admissible graph I' € G,, we associate a
bi-differential operator
Pr:AxA— A, A=C>(M) (3.1.2)

which depends on a generic bivector field 7 € I'(A2T'M). The procedure to write an explicit formula
for Pr ; is the following:

i.) we place a function f at the vertex L and a function g at R

ii.) we define a map I : Ep — {1,...,d} : (e}, e?,el,e3,... el e2) > (i1,...iq) so that the edges

'y “nr tn
are labeled by independent indices %;
i11.) for any vertex k € {1,...,n} with 2 outgoing arrows we associate the tensor rl(e) ()

iv.) for any [-th arrow 7; in the set of edges ending at the vertex k we associate a partial derivative
with respect to 4; acting on the function or the tensor appearing at its endpoint

v.) we multiply such elements in the order prescribed by the labeling of the graph.
Following this prescription, the general formula for the operator Pr . reads,

n

Pao= > (IIL IT One |m/ ]

I:Er—{1,....d} [ k=1 \e€Er,e=(-,k)

H e | f H e |9 (3.1.3)

e€Er,e=(-,L) e€Er,e=(,R)

Notice that permuting the order in which we consider the edges, we get the same bidifferential operator.
As an example, we compute the bi-differential operator Pr . associated to the first graph of Figure

(3.1a)) and we have
(Fog) e S a2as 0, (1519)0, Ois (£)ia0ha 0 0. (3.1.4)
11504516
Let us define
U .= Z prer = Z ’wpUp(ﬂ'), (315)
reGn, TeGn
where wr are certain constants in R, called weights, that we are going to define. Kontsevich
proved that there exists a choice of weights wr such that U : Ty (RY) — Dpoy(RY) : U =
> reqg, wrUr(m) is a Leo-quasi-isomorphism. The construction of the weights is quite hard, here we
only aim to give a sketchy exposition but the interested reader can refer to [I3] for a more detailed
one, or [9] where the Kontsevich formula has been derived from a path integral approach.
Let 3 be the upper half complex plane (Im(z) > 0) and we endow it with the hyperbolic metric

2 _ da? +dy?

ds ,
Y2

(3.1.6)
whose geodesics are the vertical halflines and the half circles with center on R. Let p,q € H, with
p # q and we consider the two lines I(q,p) and [(p, 00), where [(q,p) is the geodesic passing from p
and ¢ and [(p, c0) is the vertical line from p to infinity. The angle from [(p, 00) and (g, p) is denoted
by ¢"(p,q) (h is for harmonic).

As we can see from the figure below, we have

ey o) = arg( L°PY = Lo @—P)@—p)
o0 =ws(3=3) = (i) 10
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Thus, the map (g,p) — #"(p, q) is analytic and it admits a continuous extension to the set of pairs
(g, p) such that Im(q) > 0 and p # ¢q. Denote by H,, the set of n-tuples (p1,...,p,) of distinct points
of H,, also called space of conﬁgurationsﬂ Given a graph I' € G, and (p1,...,pn) € H,, we can
represent I' on R? 2 C by associating p; to the vertices {1,...,n} of ' and 0 and 1 to L and R. Each
arrow is represented by a geodesic segment, from its startlng to its ending point, as we can see for

the graph (3.1c]) in the following figure:
2 1
b A/—Jp

ANEIAY

(a)

Each edge e of I' defines an ordered pair (g, p), thus an angle ¢ := ¢ (g, p). We define the weight
of I' by

. h h
wr = e s -’an/\l doly Ndel). (3.1.8)

Lemma 3.1.2 [28] The integral in the definition of wr converges absolutely.

Theorem 3.1.3 28] Let 7 be a Poisson bivector field in an open domain of RY. The formula

Frg=>> t"Un(m)(fr9) =D _t" > wrPrx(f,9) (3.1.9)
n=0

n=0 TeGn

defines an associative formal deformation (star product) of the given Poisson structure. Its equivalence
class is independent of the choice of coordinates in M.

Proving that U defines an L,-quasi-isomorphism is far beyond this introduction; the original proof
can be found in [28] and for a nice review we refer the reader to [I3]. In [47], [46] Tamarkin gave a
different proof of Kontsevich theorem for the case M = R%. Given a field k and a finite-dimensional

13(,, is a non-compact smooth 2n-dimensional manifold and we introduce an orientation on H, using its complex
structure
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vector field, Tamarkin proved that the shifted Hochshild complex C'(SV)[1] of the symmetric algebra
SV, endowed with the Gerstenhaber bracket, is formal. Furthermore, it can be seen that C(SV)[1]
is related to Dpoly (M) by a chain of quasi-isomorphisms. Thus, Tamarkin theorem is equivalent to
the formality theorem. A review of the Tamarkin approach can also be found in [25], [24]. It is also
worth to mention that Polyak [39] computed a large class of graphs, by using an interpretation of
weights in terms of degree of maps; Kontsevich’s star product has been studied also on the dual of a
Lie algebra [45].

3.1.2 Moyal product

In this section we aim to show that, applying formula (3.1.9) to the case of constant functions 7,

we recover the Moyal product (2.3.18)).
First, we can explicitly see that if n = 1 we have only two possible graphs I'; and I'}, which differ

in switching the two edges. The weight of I'; is simply

1

wr, = 2 /ﬂfn do(u,0) A dp(u,1). (3.1.10)

Using ¢o = ¢(u,0) and ¢1 = ¢(u, 1) and integrating over R = {0 < ¢(u,0) < ¢(u,1) < 1}, we get

L
(2m)?

Since I'y and I'} differ in switching the two edges, this only implies a change of the orientation of the
forms in Eq. 1} thus wr, = —wp;. The contribution to the star product at order ¢ is

/qubod¢>1 = @ = (3.1.11)

wr, =

8$i al‘j 81‘]’ 8.%1

twij<af 99 _ OF ag> _ i 21 99 (3.1.12)
2 8561 aﬂij
as expected.

Furthermore, we observe that a graph with an edge ending in a vertex other than L or R gives
zero contribution, as it includes a term of the form % that vanishes. At order n, we only need
to consider graphs where every vertex has two edges ending in L and R. There are 2" such graphs,
differing in the order of the pair of edges starting at each vertex. As we discussed at order 1, they all
have the same contribution since 7% are skew-symmetric. We have a graph of order n where every

vertex has the first edge to L and the second to R. Thus,
Po(f,9) = 2"wrPr+(f,g) = 2"wp (7 . 7mIn)(0y, ... 0;, £)(0j, - - - Djng)- (3.1.13)

In this particular case, we have wr = %(wrl)”, ie.

Po(f,9) zznmn,(ﬂjl I (8, L 05, ), - D),9)- (3.1.14)
We can conclude that
S .
frg= Z{)mw“ﬂ.--ww"xai 00, )0, - 0j,9). (3.1.15)

which coincides with Moyal product (2.3.18)) for t = %
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3.1.3 Physical Interpretation: path integral

The Kontsevich formula of a star product on R? introduced above has been interpreted in terms of
path integrals by Cattaneo and Felder in [9]. This approach involves advanced techniques of quantum
field theory that we are not going to discuss here. We simply aim to explain the idea of such approach,
in order to show another relation between Kontsevich’s theory, purely mathematical, and physics. A
complete introduction to quantum field theory can be found in classical books as [38] and [43] (the
reader can also refer to the online notes by P. Etingof [I8]). Let us recall that a field theory is a
physical theory that describes the interaction of physical fields with matter. A field is a physical
quantity defined at every point of the space-time; the velocity of a fluid and the electromagnetism
are famous examples of classical fields. From the mathematical point of view, classical fields are
described by sections of a bundle E over D, where D is a manifold representing the space-time. An
observable, in this setting, can be described by a formal polynomial in the fields and their derivatives.
The dynamics of the physical system is essentially encoded by the Lagrangian or, more precisely, by
the integral of the Lagrangian over D; this quantity, .S, is defined to be the action of the system. The
principle of least action states that when a system evolves from one configuration to another, it does
so along the path for which S is minimum. From this condition we get the Euler-Lagrange equations
of motion for a field. The value of an observable in the system is given by its value in the solutions
of Euler-Lagrange equations (also called classical solutions). It is important to remark that classical
fields can not describe quantum mechanical aspects of physical phenomena: for instance, it is known
that electromagnetism has also a quantum nature, since certain aspects of the behavior of the light
involve discrete particles rather than fields. This clarifies the necessity of a quantum field theory;
the quantization of a field theory can be performed by two different approaches, called canonical
quantization and path integral formulation. The path integral has been introduced in the study of a
quantum particle motion to evaluate the correlation functions, which are given by integrals that can
not be handled rigorously. For this reason, they have been defined in perturbation theory, as formal
series in h. In other words, the path integral formulation replace the notion of a single trajectory
with an integral over an infinite number of possible trajectories. This formulation is very useful for
the development of quantum field theory; the expected value of an observable is given, in this setting,
by the integral over all possible classical field configurations with a phase given by the classical action
evaluated in that field configuration.

The Kontsevich formula has been interpreted in terms of a particular field theory: the authors in
[9] describe the quantization of such a field theory explicitly and they show that Kontsevich’s formula
is given by the perturbative expansion of the path integral. Roughly, they consider two bosonic fields
on a dics D, X and n. X is a map from D to a Poisson manifold M and 7 is a differential one-form
on D. The star product of two functions f and g on M, at x € M, is given by the semiclassical
expansion of the path integral:

frgo) = [ T XX )iy (3.1.16)

where 0,1, oo are three points on the unit circle and S[X, 7] is the action. The path integral is over
all X and 7 and its semiclassical expansion is an expansion around the classical solution X (u) = =z,
n(u) =0 for u € D. The evaluation of such path integral is quite complicated, due to the presence of
a particular gauge symmetry. The gauge transformation, in this case, forms a Lie algebra only when
acting on classical solutions and this makes the evaluation of the path integral much harder, since the
usual method (the so-called BRST method) does not work. The generalization that works in this case
is the Batalin-Vilkovisky method (see [I], [2] for details on the theory), which yields to a gauge fixed
action. Using such an action, Cattaneo and Felder computed the Feynman perturbation expansion in
power of A around the classical solutions and they could show that it reproduces Kontsevich’s formula.
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3.2 Globalization

The formality theorem, discussed in the previous chapter, has been proved first by Kontsevich in [28] by
extending the quantization obtained in the case M = R to a general Poisson manifold. Kontsevich’s
proof is very complicated and we do not discuss it here. The globalization of the quantization has
been proved with different approaches by Cattaneo, Felder, Tomassini in [10], [I2] and, more recently,
by Dolgushev [17], [16]. In the following we briefly introduce both theories, minimizing the technical
aspects.

3.2.1 The approach of Cattaneo-Felder-Tomassini

In this section we give a short review of the works of Cattaneo, Felder and Tomassini [10] (see also [13],
[12], [11]), where the authors give an explicit construction of a star product on any Poisson manifold.
This construction is similar, in the spirit, to Fedosov deformation quantization of symplectic manifolds
[19]. For this reason, it is useful to recall the guidelines of Fedosov construction; the main idea of
Fedosov was to construct a star product on a symplectic manifold by identifying the space C*°(M)[t]
with the algebra of flat sections of the so-called Weyl bundle endowed with a flat connection. The
first step consists in the construction of a vector bundle W associated to a symplectic manifold.
More precisely, given a symplectic manifold (M,w), w defines a symplectic structure on each tangent
space T, M and this allows us to construct a corresponding associative algebra W, (called formal
Weyl algebra), where the elements are formal power series and the product is given by the Weyl
rule . Taking the union of such algebras W,, x € M we obtain a bundle W of formal Weyl
algebras. As a second step, Fedosov defined a general connection D on W and its curvature 2 and
he proved some important properties for D and Q (they are generally called Fedosov connection and
Weyl curvature, resp.). Finally, Fedosov defined a new connection D obtained by deforming D and he
proved that D satisfies the same properties of D and it is flat. This implies that there is a bijection
between C°°(M)[t] and the space W5 of flat sections on W w.r.t. D and the Weyl product on W
can be transported to C°°(M)[t] yielding a star product.

The globalization introduced by Cattaneo, Felder and Tomassini in the Poisson case is quite
similar but the techniques involved to construct a vector bundle associated to a Poisson manifold are
quite hard; here we only aim to give an outline, addressing the reader to the original paper [10] for
a complete exposition. The main idea in this paper is to realize the deformed algebra C*°(M)[t] as
the algebra of horizontal sections of a bundle of algebras. Thus, the first step is the construction
of such a bundle on the Poisson manifold (M, 7). First, we define the classical bundle Ey — M
which is a Poisson algebra bundle, i.e. a vector bundle whose fibers are Poisson algebras. The vector
bundle Ey can be endowed with a canonical flat connection Dg and we denote by H 0(EO7 Dy) the
space of Dg-horizontal sections of Ej (sections which are constant along smooth paths in M). Notice
that the canonical map C*(M) — Ep is a Poisson algebra isomorphism onto HY(Ey, Dy), thus
C>®(M) = H°(Ey, Dy). The second bundle is somehow the quantum version of Ey. Its construction
is very technical and it needs some basis of formal geometry, that we are not going to discuss here.
We just remark that formal geometry studies infinite-dimensional manifolds of jet spaces and it is
useful for the globalization of the Kontsevich formula as it allows us to describe the global behavior
of objects defined locally in terms of coordinates. We introduce the second bundle E roughly, as a
bundle of associative algebras over R[¢], which can be obtained by quantizing the fibers of Ey. Its
construction depends on the choice of the coordinate system ¢,, x € M. The fibers of E are endowed
with an associative product, defined by applying Kontsevich’s formula for R? w.r.t. the coordinate
system ¢,. The details of this construction are discussed in [10], where the authors also give a short
review of formal geometry as it was introduced by Gelfand and Kazhdan in [20]. A nice introduction
to the language of jets can be found in [27] (also useful to study basic differential geometry) and
a review of bundles of infinite jets can be found in [44]. Furthermore, formal geometry has been
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exhaustively treated in [§].

As in the Fedosov construction, now we need to define a connection on £ and we can see that
the Kontsevich’s formula for R? provides the ingredients to construct such a connection. Recall that,
given a Poisson structure 7, the Kontsevich star product is given by

frg="rfg+ > t"Us(m)(f.9) (3.2.1)
k=1
More generally, considering Uy (71, ..., 7;) defined as a multi-linear graded symmetric function of j

multi-vector fields with values in multi-differential operators on C*°(IR%), the formality theorem can
be rewritten as follows:

Theorem 3.2.1 Letm; € T(A™TRY), j = 1,...,n be multi-vector fields. Let e;; = (—1)(mit-mi—)mit(mit..mi—
Then, for any functions fo,..., fm,

n m m—k

Z Z Z )R+ Z () U(Tg(1),...imy ) (fo @ - @ fim

=0 k=-—1 =0 O’GSl’n,l

QOUn—t(To(141),...7 (1)) (fi @+ @ fitk) @ fiht1 @+ @ fn)

ZeijUnfl([ﬂ'i,ﬂ'j]g, Tlyenny iy ,7'(:]‘, - ,Wn)(fo ® fm) (322)
1<J

Here we denoted by S;,—; the subset of the group S, of permutations of n letters consisting of
permutations such that o(1) <--- < o(l) and o(l+1) < --- < o(n). For 0 € S} ,,_; let

€(0) = (—=1)Zrm1 Mot (I me= Szt moe), (3.2.3)

Consider some special case of this theorem, namely the cases involving a Poisson bi-vector field 7
and two vector fields X and Y. Let us introduce:

P(r) = HUkW)
k=0
AX,m) = ZHU,,CH(X,W)
k=0
F(X,Y,m) = HU,CJFQ(X,YJT) (3.2.4)
k=0

It is evident that, the coefficients of P are bi-differential operators (as in the usual formulation of for-
mality for R?), while the coefficients of A and F are differential operators and functions, respectively.
They satisfy the relations of Theorem (3.2.1)). In other words, P, A, and F' are elements of degree 0, 1
and 2 resp., of the Lie algebra cohomology complexﬂ of (formal) vector fields with values in the space
of multi-differential operators depending polynomially on 7 (the so-called local polynomial maps). We
denote by 4 the space of these local polynomial maps and since the Lie algebra W of vector fields on
R¢ acts on 4 we can form a Lie algebra cohomology complex C*(W, ) = Homg (A*W, ). An element
S of CF(W,4l) is a map which sends X; A --- A X} to a multi-differential operator S(X1, ..., Xg, ).
The differential on this complex is defined by

k+1
. d N
6S(X17-'-;Xk+177r) = § (_l)l& S(Xla"'vX Xk+17(q)X)*7T>+
i=1 t=0

2the definition of Lie algebra cohomology is recalled in Appendix
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+ ZS([XivXjLXI;---7Xi7~--7Xj7$7~--vXk+1a7r)7 (325)
1<j

where <I>'fX denotes the flow of the vector field X. From the formality theorem, using the definitions
, we get relations for P, A and F'; in particular, the relations obtained for P are the defining
conditions of a star product and the ones involving A are used to construct a connection D on E. It
can be seen that the space I'(F) of sections of E can be endowed with a deformed product on * which,
as the Weyl product in the Fedosov construction, will give us the deformed product on C*°(M). More
precisely, we identify E with the trivial bundle with fiber Ry, ...,y%,t] (this is crucial; in this way
E realizes the desired quantization since we can assume it is isomorphic to the bundle Ey[t], whose
elements are formal power series with infinite jets as coefficients). A section f E I'(E) is given by a
local map z + f, where for any y, f,(y) is a formal power series in R[y",...,y% t] and the product
of two sections f and g is given by (f xg)s = P(7z)(fs, gz ); here 7, is the pushforward by ¢, ! of the
Poisson structure 7 on R% and we get

(Fx 9aly) = Fuly _+t§: aﬁ ggﬂyy+.. (3.2.6)
,j=1

Now we can define the connection D on I'(E) by setting
(Df)e = dof + AN f (3.2.7)

where d,. f is the de Rham differential of f, viewed as a function of x € M with values in R[y', ..., y%,1]
and for X € T, M
AM(X) = A%, m2) (3.2.38)

where A is the operator defined in Eq. evaluated on the multi-vector fields X and 7 expressed
in the local coordinate system ¢,.

It has been proven in [10] that D induces a global connection on E because, from the properties
of A, we can see that D is independent of the choice of the local coordinates. The connection D
is defined on the space of formal one differential forms Q'(E) = Q'(M) @ceo(ary T(E) and can be
extended to the whole complex €2°; using the properties of A and F' we have the following

Lemma 3.2.2 [10] Let FM ¢ Q%*(E) be the E-valued two form x +— FM with FM(X,Y) =
F(X,.,Y,, 7)), with X, Y € T,M. Then for any f and g in I'(E)

i.) D(fxg)=Dfxg+ fxDg
ii.) D°f = FM x f — fx FM = [FM f],
iii.) DFM =0

A connection D satisfying these identities on a bundle E of associative algebras is called Fedosov
connection and its curvature F is called Weyl curvature. Notice that, from identity , the space of
horizontal sections ker D forms an algebra but D is not flat. Thus, also in this setting, we need to
deform D in such a way we get a flat connection still preserving ({if). This allows us to deform the
algebra of horizontal sections of E with respect to the deformed connection.

First, we can see that given a Fedosov connection D we can deform it and get another Fedosov
connection D; more precisely,

Proposition 3.2.3 [10] If D is a Fedosov connection and v € QY (E), then D = D + [v,]x is a
Fedosov connection with curvature F = F + D~y + v % 7.
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Recall that a Fedosov connection is flat if D? = 0; in this case, we can define the cohomology groups
ker(D : QY(E) — QY(E))

Im(D : Q-1(E) = Q(FE))
Given the vector bundle Ey, let Ey[t] be the formal counterpart. Sections of Ey[t] are formal power

series in t with coefficients in I'(Ep). Assume that F = Ey[t] and that D is a Fedosov connection on
FE with Weyl curvature F'. They can be expanded as formal power series

D=Dy+1tD +... (3.2.10)

H'(E,D) = (3.2.9)

and
F=F+tF +... (3.2.11)

where Dy is a Fedosov connection on the bundle of algebras Ey with Weyl curvature Fj.

Lemma 3.2.4 If Fy = 0 and H?*(Ey, Do) = 0 there exists a v € tQY(E) such that D = D + [, ], is
flat. As we consider the classical bundle Ey with canonical flat connection Dy, this implies that the

deformed connection D (which is Fedosov by Prop. ) is flat.

Thus, H°(E,D) = ker D is an algebra over R[t] and there is an isomorphism p : H°(E, D) —
H°(Ey, Dy). Since H°(Ey, Dy) =2 C*°(M) we can map the star product on C*°(M) by means
of the isomorphism p; the authors in [I0] proved that the product obtained is a well defined star
product which deforms the Poisson structure 7 on M.

3.2.2 Dolgushev’s construction

Another interesting, and more general, approach to prove the formality theorem in its global version
is due to Dolgushev [I7], [I6]; his approach is more general as he proved the formality theorem
for a generic manifold (Kontsevich in [28] already gave a sketchy proof of formality for arbitrary
manifolds). The basic idea is to construct Fedosov resolutions of the algebras of multi-vector fields
and multi-differential operators which allow us to extend formality theorem for R? fiberwise.

The first step of this construction consists in defining a new bundle 8 M which is a natural analogue
of the Weyl algebra bundle used by Fedosov. The bundle 8M is defined as the (formally completed)
symmetric algebra of the cotangent bundle T M ; more precisely,

Definition 3.2.5 The bundle SM is a bundle over the manifold M whose sections are in the form
a=a(zr,y) Zah ap ()Y Ly (3.2.12)

where a;, i, (x) are symmetric covariant tensors in the local coordinates 2 and y* are variables which
transform as contravariant vectors (for this reason they can be interpreted as formal coordinates on
the fibers of TM ). The indices i1, ..., i, Tun from 1 to d.

The space I'(SM) of sections on SM is a commutative algebra with a unit, as we can endow it with
the product induced by a fiberwise multiplication of formal power series in y*. Now we can introduce
(formal fiberwise) multi-vector fields and multi-differential operators on SM.

Definition 3.2.6 A bundle ‘J"Soly of formal fiberwise multi-vector fields of degree k is a bundle over
M whose sections v : NFHIT(8M) — T'(SM) are linear operators on C>°(M) of the form

0 0
Jo-- ]k ? . —_—
v= g vll 1p ...ypayjo AR Dy (3.2.13)

Jo---Jk

where the infinite sum in y’s is formal and v;
1..%p

metric in jo, ..., Jjk-

(x) are tensors symmetric in iy,...,i, and antisym-
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Then, the total bundle T}y is given by

Jpoly = @ poly> 7;01y SM (3.2.14)
k=—1

Similarly, we define the bundle of multi-differential operators

Definition 3.2.7 A bundle D’;Oly of formal fiberwise multi-differential operators of degree k is a

bundle over M whose sections are C™(M)-multilinear maps B : @* T (SM) — T'(SM) of the form

P ;0 0
Z ZBMO zpk '”ypayao ®...®7ayak, (3.2.15)

ag...a p=0
where a’s are multi-indices o = j1 ..., and

o 0 )

= — ... —: 3.2.16
oy« oyt ayﬂ’ ( )
the infinite sum in y’s is formal, and the sum in the orders of derivatives 8% 1s finite.
The total bundle Dy is given by
Dpoly = @ Diorys Doy = SM (3.2.17)

k=-1

Finally, we need to consider the graded-commutative algebra Q(M,SM) of exterior forms on M with
values in SM,

Q(M,8M) ={a(z,y,dx) = Z Qiyiijrga (@)Y YAt L da?e ), (3.2.18)

P,920
where a;y i, ...j, (x) are contravariant tensors symmetric in the indices i1, . .. ,ip and anti-symmetric
in ji,...,Jq- Similarly, we can define the vector spaces Q(M, Tpory ) and Q(M, Do) of smooth exterior

forms on M with values in Tpo1y and Dyl respectively. They are DGLA’s and we denote by d and
[-,-]¢ the differential and the Lie bracket in (M, Dyory) and by [-,-]s the Lie bracket on Q(M, Tper,)
(recall that the differential on Ty, is identically zero). Notice that the fibers of Tp01y and Dy, form
a DGLA, Tyory(R?) and Dol (R?) respectively (more precisely, on the formal completion of R?), so
the formality for R? implies that we have a fiberwise Lo, quasi-isomorphism

Uf : (Q(Mv (‘Tpoly)v 0, ['a ]S) - (Q(Ma Dpoly)a d, [" ]G) (3'2'19)

Using the same technique as Fedosov, Dolgushev deformed the above DGLA’s and proved that
there exists Loo-quasi-isomorphism from Tpe1y and the deformed complex associated to (M, Tpery)
(similarly, from Dy, to the deformed complex associated to Q(AM, Dy )). This allows us to prove
that there exists a Loo-quasi-isomorphism from Tj,q1y to Dpoly for any smooth manifold M. Let us
define a differential operator on the algebra Q(M,8M) by

5= dxiaai QUM 8M) — QI (M, SM), 5% =0. (3.2.20)
Y

This differential extends to differentials on Q(M, Tper,) and Q(M, D,y ) as follows

5= {daz : ] P QUM Tpoty) = QITHM, Tpoy),  0°=0 (3.2.21)
S

oyt’
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and

5= [dxi a(?/i” } :QUM, Dpory) — QITHM, Dpory), 62 =0. (3.2.22)
G

It is easy to check that ¢ is compatible with the DGLA structures on (M, Tpor,) and Q(M, Dpeyy ).
The zero cohomologies of the complexes (2(M,8M),d), (UM, Tpory),9) and (2(M, Dpery), 0) can
be computed easily and it turns out that

HO(Q(M,8M),8) = C=(M) (3.2.23)

and
H(Q(M, Tpoty),8) = F0Tp0ry  HY (UM, Dpory), 6) = F'Dpoly (3.2.24)

where ?O‘J'poly is just the vector space of all fiberwise multi-vector fields and S"ODpoly is the
vector space of all fiberwise multi-differential operators . Now we need to deform the above
complexes in such a way we can identify S"OU'poly with T},01y and ?ODpoly with Dpery. Let us introduce
an affine torsion free connection V; on M and associate to it the following derivation of Q(M,SM)

V= dxi% +T:QI(M,8M) — QI (M,8M), (3.2.25)

where

9
oyk’

with Ff](x) being the Christoffel symbols of V;. The derivation V extends to derivations of the
DGLA’s Q(M, Tpory) and Q(M, Dyeryy) as follows

I'= —da'T};(z)y’ (3.2.26)

0

V=drigs+ [T, s : QUM, Tpoly) — QI (M, Tpory) (3.2.27)
and 9
V=drigs+ T, ]G : QUM, Dpory) — QI (M, Dyory). (3.2.28)

In general V is not flat but Dolgushev proved that it can be used to deform the differential § in
such a way we get a flat derivation D. In particular,

D = V—30+A:Q1(MSM)— QI(M,8M)
D = V—0+][A]s: QUM, Tpory) — QUM Tpory)
D = V-30+][A g : QUM, Dpory) — QI (M, Dpory)- (3.2.29)

It has been proven that there exists a suitable A, which makes the derivation D flat; for this
reason D is called Fedosov differential. The new complexes (Q2(M,8M), D), (M, Tpor), D) and
(Q(M, Dpory), D) have cohomologies concentrated in zero and

HY(Q(M,8M),D) = C*°(M) (3.2.30)
H(Q(M, Tpory), D) =2 F'Tp01y (3.2.31)
HY(Q(M, Dpory), D) = FDpoly- (3.2.32)

Dolgushev constructed an isomorphism p between EFO‘J'poly and Ty ("J"ODpoly and Dpely) and used
such a isomorphism to prove that Q(M, Tpa) is a resolution of Ty, (and similarly, Q(M, Dy, )
is a resolution of Dpgly), i.e. the DGLA structure induced on the cohomologies of the complexes
(UM, Tpoty)s D) (UM, Dpory), D)) coincides with the DGLA structure induced from Tpery via gt
For this reason we refer to (Q2(M, Tpory), D) and (Q(M, Dpeyy), D) as the Fedosov resolutions of Ty,
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and D,,1y. These resolutions allow to prove the formality theorem for any smooth manifold. Morally,
deforming the quasi-isomorphism (3.2.19)) we get the quasi-isomorphism

U: (Q(Ma (Ipoly)a D, ['7 ]S) - (Q(Ma Dpoly)a d+ D, ['7 ]G) (3'2'33)

This, since (M, Tpory ), D) and (M, Dpery ), D) are the Fedosov resolutions of Tpo1y, and Dpoly, gives
us the desired quasi-isomorphism

U : Thorg (M) — Dpory (M) (3.2.34)

3.3 Open problems

The existence of a star product has been proven by Kontsevich in the case of finite-dimensional
manifolds. A natural (but very hard) question involves the case of infinite dimension. This problem
has a strong physical motivation, since there are many physical situations where we deal with infinite-
dimensional Poisson manifolds. Recently, a discussion on the obstructions for a formality theory in
infinite dimension appears in [15] and [53].

Another interesting question concerns the quantization of Poisson morphisms; let (M, 71) and
(M3, m3) be two Poisson manifolds and ¢ : M; — My a Poisson morphism. The quantization of ¢
should provide a morphism of the associated deformed algebras which gives ¢ in the classical limit.
This problem has been approached by M. Bordemann [6], who related it to symplectic restrictions
of star products. However, there is no general solution to this problem yet; the obstructions to the
quantization of Poisson morphisms have been showed by T. Willwacher in [52], where the author gives
an explicit counterexample of non quantizable Poisson morphism.

Many questions are related to the different approaches to quantization. Geometric quantization,
for instance, is a quantization procedure which focuses on the space of states rather than observables
and tries to associate a Hilbert space to a symplectic or Poisson manifold via a complex line bundle.
Basically, given a classical phase space M we can define a line bundle L on M. The Hilbert space
of square-integrable sections of L is called prequantum Hilbert space Hy. The quantum phase space
is a subspace of Hy and is constructed using global sections of the line bundle which are flat along a
polarisation. The reader can find many interesting references in geometric quantization; in particular,
besides the historical papers [29], [30] and [26], a comprehensive textbook is the one by Woodhouse
[54]. Some introductory treatment can also be found in [42], [32], [3] and [36]. The relation between
geometric and deformation quantization has been investigated in some specific cases (see for example
[21], |22]) but there are still many open questions. So far, the comparison in the case of real polar-
ization, i.e. when there are no global sections which are flat along the polarization, has never been
approached.

As already pointed out in Section [2.2] a non-formal approach to quantization is given by strict
deformation quantization, where the quantum algebra of observables is a C*-algebra (see [40] and
[41]). Under some conditions, one can reproduce formal deformation quantization from a C*-algebraic
deformation quantization (an interesting example can be found in [4]). Convergence of formal power
series in formal deformation quantization is discussed for instance in [7] and [37]. The inverse problem
is still open: given a formal deformation quantization we could expect that the subalgebra of the
converging power series leads to a strict deformation quantization. However, the only case where this
relation is understood is the case of R?", with the star product introduced in Example m

A possible future direction of research is the deformation quantization of symplectic groupoids.
Symplectic groupoids have been defined to study the quantization of Poisson manifolds (in [4§],
[49], [50] and [5I]). A symplectic groupoid is a manifold I' with a multiplication which is only
partially defined and compatible with the symplectic structure. The identity elements in I' form a
Poisson manifold M: this correspondence generalizes the one between Lie groups and Lie algebras



60 BIBLIOGRAPHY

(this formalism has been largely developed in the last few years; basic introductions can be find in
[35], [34] and [33]). Furthermore, symplectic groupoids could be useful in the study of non-linear
commutation relations. The quantization of symplectic groupoids has been studied in the setting
of geometric quantization. In particular, the prequantization is discussed in [14], [3I] and [5]; a
notion of polarization of symplectic groupoids, which yields to a strict deformation quantization
of the underlying Poisson manifold, has been introduced in [23]. The deformation quantization of
symplectic groupoids is an open problem, which could be approached with different techniques, from
Fedosov’s construction to formality theorem. In this approach, the structures on the symplectic
groupoids, a Fedosov connection or a deformed product respectively, can be related with the relative
structures on the associated Poisson manifolds.
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Appendix A

Appendix

This Appendix aims to be a short survey of some basic notions used in this book; in particular, com-
plexes and cohomologies, vector bundles and connections on vector bundles. The reader is assumed
to be familiar with basic notions of differential geometry such as smooth manifolds, vector fields and
differential forms (see e.g., [1], [4], [3]).

A.1 Vector bundles

Definition A.1.1 A vector bundle of rank m consists of a pair of manifolds E and M, with a
(smooth) surjective map © : E — M such that, for any x € M, the subset E, = n~1(z) C E is a
vector space isomorphic to k”"ﬂ and there exists an open neighborhood U of x in M and a so-called
local trivialization

O N (U) = U x k™. (A.1.1)

® is a diffeomorphism which restricts to a linear isomorphism Ey — {y} x k™ for anyy € U. We call
E the total space of the bundle m : E — M and M the base. For anyx € M, the set E, = '(2) C E
1s called the fiber over x.

Given a vector bundle 7 : E — M, we denote E|y = 7~ 1(U) for any subset U C M. We say that the
bundle is trivializable over the subset U if there exists a trivialization ® : E|y — U x k™. The bundle
is said to be globally trivializable (or trivial) if there exists a trivialization over the entire manifold
M. Every vector bundle admits a system of local trivializations, i.e. a covering of M by open sets U;
and diffeomorphisms ®; : E|y, — U; x k™. Such a system defines a set of continuous transition maps

fij U; N Uj — GL(m, k) (A.1.2)

so that the diffeomorphism ®; o(I);1 (UinU;j) x k™ — (U;NU;j) x k™ has a form ®; 0(1)]?1 Dz, u) —

Definition A.1.2 A section of the bundle 7 : E — M is a map u: M — E such that (mou)(z) = x
for every x € M.

The space of (smooth) sections on a vector bundle 7 : E — M is denoted by

INE)={u:M — Elrou= Idy} (A.1.3)

 here k can be either R or C

65
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Example A.1.3 Given a n-dimensional smooth manifold M, its tangent bundle TM = (J, 5 To M
associates to each x € M the n-dimensional vector space T, M. In this case, M is the base of
the bundle, the 2n-dimensional manifold TM is the total space. There a natural projection map
m:TM — M which, for any x € M, maps every vector X € T, M to x. The fibers are given by the
preimages 71 (z) = T, M.

Example A.1.4 The dual version of the tangent bundle is called cotangent bundle and is denoted
by T*M — M. Its fibers are the vector spaces T M of linear maps T, M — R, called dual vectors.
The sections of T* M are the differential 1-forms on M.

A.1.1 Tensors

Consider the set L*(Vq, ..., Vi; W) of k-multilinear maps of Vi x ...V}, to W. The special case L(V,R)
is denoted V*, the dual space of V. If V is finite dimensional and {ei,...e,} is a basis of V, there
is a unique basis of V*, the dual basis {f!,... f*}, such that (f% e;) = 5; Here (-,-) denotes the
pairing between V and V*.

For a vector space V' we put

Tr(V) =Lt (V*,...,V*V,....,V;R) (A.1.4)

s

(r copies of V* and s copies of V'). Elements of T. (V') are called tensors on V, contravariant of order
r and covariant of order s.

Given t € T'(V) and s € T(V), the tensor product of ¢ and s is the tensor t ® s € T;jg(V)
defined by

(t®8) (617-"/37"71)"-77q7f17--'f87gla'-'7gp)
= B .. B f, e f)s(Y Y g, Gp) (A.1.5)

where 7,79 € V* and fir9; €V.
The tensor product is associative, bilinear and continuous; it is not commutative. Notice that

To(V)=V, TY(V)=V* (A.1.6)

Let M be a manifold and 7 : TM — M its tangent bundle. We call T (M) = T] (T M) the vector
bundle of tensors contravariant of order r and covariant of order s. We identify T,} (M) with TM and
call T)(M) the cotangent bundle of M also denoted by 75, : T*M — M. The zero section of T (M)
is identified with M.

A section of T (M) takes an element m € M and associates a vector in the fiber, called tensor.

A tensor field of type (7, s) on a manifold M is a smooth section of 77 (M). We denote by T% (M)
the set I'(T7(M)) together with its infinite dimensional real vector space structure. A covector field
or differential one-form is an element of T9(M).

A.1.2 Connections

Let us consider an rank n vector bundle E over a m-dimensional manifold M and the cotangent bundle
T*M. The tensor product E® T*M is obviously a vector bundle over M, with fibers (E®QT*M ), =
E,®T;M.

Definition A.1.5 A connection D in a vector bundle E is a first-order differential operator D :
['(E) - T(E®T*M) satisfying the Leibniz rule

D(fu) = (d f)u+ fDu (A.1.7)

for any section u € I'(E) and any function f € C°(M); here d f is the differential of f.
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The section Du € T'(E ® T*M) is called covariant differential of u. Let ey = (el,...,e")y be local
coordinates of E/, where U is an open set U C M; the definition of connection is local, thus we only
need to define the operator D using the local frame er;. In particular, we can write De; = I‘?ek, with

some one-forms F;‘? defined on U. The matrix I'y = (I‘;‘?)U is called local connection one-form.

Proposition A.1.6 There exists a connection for any vector bundle.

In the following, we denote by QP the p-th exterior power of T*M and Q) = EBZLO QOP; consider the
square of the operator D
D?=DoD:T(E)—I'(E®Q%. (A.1.8)

Then D? is a tensor and we set, for any section u € I'(E),
D?u = Fu; (A.1.9)
F is called curvature of the connection D.

Definition A.1.7 A connection D is said to be flat if F = 0.

Consider a smooth manifold M with local coordinates (x!,... 2") and its tangent bundle TM.
The vector fields %, ey % and the differentials d ', ..., d 2" form a local system of coordinates of

TM and T* M respectively, called natural. Like any other bundle, the tangent bundle can be endowed
by a connection, called affine connection.

Definition A.1.8 A fundamental one-form 6 on M is a section of Q@ TM such that the i(X)0 = X
for any X, where i(X) is the contraction of the vector field X with differential forms. If D is an
affine connection, the torsion of D is the differential form S = D € T'(Q* @ TM).

If S = 0, the connection D is said to be torsion free.
In local coordinates, we have 6 = ;6 or § = d z*

0
z

57 (natural coordinates) and

S =D(eif") = De; N0 +e;d b = e;(T5 A0 +d6°) =T A dyﬁW (A.1.10)
x
Since Fg = ng dz*, we have
. )
k

thus the torsion tensor in natural coordinates is given by
§i =L i A1.12
ik—g( ki — Lik)- (A.1.12)

The coefficients F;k of the affine connection in natural coordinates are called Christoffel symbols.

A.2 Cohomology

We recall here some basic definitions and results on complexes and cohomologies; the interested reader
is referred to the classical literature, e.g. [2].

Definition A.2.1 A cochain complex C*® is a sequence of vector spaces (more generally, abelian
groups) {C"}nez and homomorphisms d,, : C* — C™*1 such that for all n, d,110d, = 0. The maps
d; are called coboundary operators and the elements in C™ are called n-cochains.
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Such complexes are generally represented as a sequence of linear maps

o onl i on Ay ontt (A.2.1)

the composition of any two being zero. The elements in Z"(C) := Ker(d"), i.e. such that d,, " =0
are called n-cocycles and elements in B*(C) := Im(d" 1) are called n-coboundaries. The condition
dyi10d, = 0 implies that B*(C) ¢ Z"*1(C) for any n € Z. Thus the quotient group %Zl is defined
for all n.

Definition A.2.2 Let C* = @, C" be a cochain complex of groups. The n-th cohomology group
of C*, H"(C), is defined by

_2"(0)
- B 1(0)’

FElements of H™(C) are equivalent classes of cocycles: two cocycles are equivalent or cohomologous
if their difference is a coboundary. The cohomology of C is the direct sum of vector spaces H(C') =

Drez H"(O).

Definition A.2.3 A map f: A — B between two complexes is a chain map if it commutes with the
differential operators of A and B

H™(C) (A2.2)

fda=dpf. (A.2.3)
A sequence of vector spaces
UG Vot e 3 VAN VS SN (A.2.4)

is said to be exact if for all n the kernel of f, is equal to the image of its predecessor f,,_1. An exact

sequence of the form
0+A—-B—-C—=0 (A.2.5)

is called a short exact sequence.

Example A.2.4 (de Rham cohomology) The best known example is the so-called de Rham com-
plex, which is the cochain complex of exterior differential forms on a smooth manifold M, endowed
with the exterior derivative. A nice introduction of the de Rham cohomology can be found in [5]. Let
M an open set in R™ and x1,...,x, be linear coordinates on R™. We define 2° to be the algebra
over R generated by dz1,...,dz, with

dz;)? =
(da:)” =0, (A.2.6)
dxidxj:—da:jdxi,

The differential forms on R™ are elements of Q*(R™) = C*°(R")®°. Thus, a form « can be uniquely
written as ) fi, i, dxi; ...dx;, = ) frdwz;, where the coefficients f;, . ;, are smooth functions on
R™. The algebra Q*(R") = @;_, 2/(R") is graded and QI(R") consists of the smooth g-forms on
R™.

We can define a differential operator

d: QIR") — QITHR"), (A.2.7)
by
i.) if f € QU(R"), then d f = 3 §L da,
ir.) if =5 frdzy, then da=>"d frdx;.



A.2. COHOMOLOGY 69

This d is called exterior differentiation.
The wedge product of two differential forms o« =) frdxy and =) gsydx; is given by

Cv/\,BZZf]ng:C]d.TJ. (A.2.8)
It can be proven (see [2]) that d is an anti-derivation, i.e.
dlanB)=(da)AB+ (—1)%92 Adg. (A.2.9)

Finally, it is easy to check that d> = 0. The complex Q° (R™) with the differential d is called de Rham
complex on R™. The kernel of d are the closed forms and the image of d the exact forms. The g¢-th
de Rham cohomology of R"™ is the vector space

Hi,(R") = {closed g-forms}/{exact ¢g-forms}. (A.2.10)
Example A.2.5 Consider the groups
CO={feC®R?}, C'={fdr+gdy: f,gcC’}, C*={fdzdy: feC’}, (A.2.11)

with
d°: fs foda+ fydy, d':fdaz+gdy (g2 — f,)dxdy. (A.2.12)

We observe that
dlodo:fr—>fxdx+fydyr—>(fyx—fxy)dxdy:(); (A.2.13)

thus, defining C* = 0 and d* = 0 for all i < 0 and 7 > 2, we have the cochain complex C*:
0 1
L0s050S L 028050 (A.2.14)

Example A.2.6 (Chevalley-Eilenberg cohomology) Let g be a finite-dimensional Lie algebra
and p be a representation p : g — End(V):

p(X)p(Y) = p(Y)p(X) = p([X.Y]) (A.2.15)
for all X,Y € g. Define the space of linear maps
C"(g,V):= Hom(A\"g,V) =2 AN"g" @V (A.2.16)

called the space of n-forms on g with values in V. This space can be endowed with a differential
d:C"(g,V) — C™" (g, V) as follows:

i.) forv eV, dv(X) = p(X)v for all X € g;
ii.) for a € g%, let da(X,Y) = —a([X,Y]) for all X|Y € g;
iii.) for w@v €A G RV, dw@v) =dw@v+ (—1)lw A do.
It can be checked that d?> = 0 everywhere. Thus, we have a complex
g V) L o, V) L e (g, V) — . (A.2.17)

called Chevalley-Eilenberg complex of g with values in V. Its cohomology is called Lie algebra
cohomology of g with values in V.



70 BIBLIOGRAPHY

Bibliography

[1] R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, Tensor Analysis, and Applications. Springer,
1988.

[2] R. Bott and L. W. Tu. Differential Forms in Algebraic Topology. Springer, 1982.

[3] S.S. Chern, W. H. Chen, and K. S. Lam. Lectures on Differential Geometry. Series on University
Mathematics. World Scientific Pub. Co. Inc., 1999.

[4] J. M. Lee. Introduction to Smooth Manifolds. Springer, 2002.

[5] I. Madsen and J. Tornehave. From Calculus to Cohomolgy: De Rham cohomology and character-
istic classes. Cambridge University Press, 1997.



	Introduction
	Bibliography

	Classical mechanics and Poisson structures
	Hamiltonian Mechanics and Poisson brackets
	Poisson manifolds
	Formal Poisson structures
	Formal power series
	Formal Poisson structures

	Bibliography

	Deformation quantization and formality theory
	Quantum mechanics: standard picture 
	Quantization: ideas and history
	Star products and classification
	Deformations and Differential graded Lie Algebras
	Lie algebras
	Differential Graded Lie Algebras
	Maurer-Cartan equation and gauge action
	Formal Poisson structures

	Deformation of associative algebras
	Hochschild complex
	Maurer-Cartan equation and gauge action
	Star product

	Hochschild-Kostant-Rosenberg Theorem
	Formality Theory
	L-morphisms of DGLA
	Formality Theorem

	Bibliography

	Kontsevich's Formula and Globalization
	Kontsevich's formula
	Kontsevich formula on Rd
	Moyal product
	Physical Interpretation: path integral

	Globalization
	The approach of Cattaneo-Felder-Tomassini
	Dolgushev's construction

	Open problems
	Bibliography

	Appendix
	Vector bundles
	Tensors
	Connections

	Cohomology
	Bibliography


