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Overview

Overview

Aim of our study:

@ Given a Poisson-Nijenhuis Lie algebroid (A, P, N) we want ro
reduce it to a symplectic-Nijenhuis Lie algebroid (A Q N)
with Q symplectic and also N nondegenerate.



Overview

Motivation

But first a preliminary question:
@ Why study Poisson-Nijenhuis Lie algebroids?



Overview

Poisson-Nijenhuis manifolds (briefly)

Ingredients: M manifold, A bivector field and N (1,1)-tensor on M

@ A is a Poisson structure, i.e., [A,A] =0
@ N is Nijenhuis operator, i.e., 7y =0

@ A and N satisfy the compatibility conditions
NoA =AoN*, C(AN)=0
where Af: T*M — TM, Af(a) = i A

4
(M, A, N) Poisson-Nijenhuis manifold



Overview
Poisson-Nijenhuis manifolds

(M, A, N) Poisson-Nijenhuis manifold = /\ti N/\ti
Poisson structures A;, A; are compatible
Particular case:

Bi-hamiltonian manifold (M, Ag, A1) with Ag symplectic structure

J

(M, Ao, N = A1* o (A5)~1) Poisson-Nijenhuis manifold
+

X1 = A¥(dHp) = No*(dH;) bi-Hamiltonian vector field
4

X; = N—1Xy sequence of bi-Hamiltonian v. fields



Example

A simple Example: Toda lattice (for two particles)

R* with coordinates (g, g2, p1, p2)

1 1_
Hy = §(p%+p§) +e9

Poisson structures

Az 2 a0 9 8

" gt " apr T 9¢2 " Op2
Apo_9,0_ ,90,06 0,0 a9 ,90
1= "5q1 " 52 TP oq " op  P5q2" op; op2" Opr

N=~A o(A)™, (R* Ao, N) PN-manifold
X1 = Ny(dHy) = Ni(dHo), Ho = p1+ p2



Example

Toda lattice in Flaschka coordinates

RxR* - R* (t,(q", 4% p1,p2)) — (¢ + t,4° + t, p1, p2)

R*/R = (RT) x R?

[(qla q27p17p2)] i (eql_q2aP17P2)
T R4 - ]RJF X ]R27 (ql) q27p17p2) - (eqliqZ,P17P2)

(a, by, by) the coordinates on the reduced space Rt x R?



Example
Toda lattice in Flaschka coordinates

Poisson reduced structures

A_QQA(i_i
0= 992" ‘ob, 0Oby
_ ) 9 a 8
M =ago Mbigp = b2_) ~ %96 " 9b,

_ 1 _
H1:§(b5+b§)+a, Ho = by + by

X; = Ni(dHy) = N(dHp)

AN such that AY = N o A§!1I



Example

What happens?

The answer is in the theory of Poisson-Nijenhuis Lie algebroids




Short review of Lie alg.
®00

Lie algebroids

Definition (Pradines)
A Lie algebroid is a vector bundle 74: A — M endowed with

(i) an anchor, i.e., a vector bundle morphism pa: A — TM




Short review of Lie alg.
®00

Lie algebroids

Definition (Pradines)

A Lie algebroid is a vector bundle 74: A — M endowed with
(i) an anchor, i.e., a vector bundle morphism pa: A — TM
(i) a Lie algebra bracket on I'(A), [, |4, such that

(X, Y]s=F[X,Y]s+ pa(X)(F)Y,

for all X, Y € [(A), f € C®(M).
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Lie algebroids

Definition (Pradines)

A Lie algebroid is a vector bundle 74: A — M endowed with
(i) an anchor, i.e., a vector bundle morphism pa: A — TM
(i) a Lie algebra bracket on I'(A), [, |4, such that

(X, Y]s=F[X,Y]s+ pa(X)(F)Y,

for all X, Y € [(A), f € C®(M).
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Lie algebroids

Definition (Pradines)

A Lie algebroid is a vector bundle 74: A — M endowed with
(i) an anchor, i.e., a vector bundle morphism pa: A — TM
(i) a Lie algebra bracket on I'(A), [, |4, such that

(X, Y]s=F[X,Y]s+ pa(X)(F)Y,

for all X, Y € [(A), f € C®(M).

It follows that

pa([X, Y1a) = [pa(X), pa(Y)]-



Short review of Lie alg.
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Examples of Lie algebroids

The tangent bundle
(A — TM,PA — idTMa [7 ])

An involutive distribution
(A: D cC TM,pAZLD,[, ])

A Lie algebra
(A=g.pa=0,[,1,)




Short review of Lie alg.
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Examples of Lie algebroids

The Atiyah algebroid

m: M — M/G principal G-bundle
@ A= TM/G — M/G sections are G-invariant vector fields
@ pa([v]) = T=(v) induced projection map

o [, ], = bracket of G-invariant vector fields




Short review of Lie alg.
©000

Cartan calculus

Associated to a given Lie algebroid (A, [, |4, pa) thereis a Lie
algebroid differential d”: T(A®A*) — T(A*+T1A*) defined by

A

(@) (Xo, - Xe) =S (=1) pa(X;) (w(Xo,...,X,-, .. ,xk))

M-

i
o

aF (*1)i+jw([Xia)<j]A7X0)'"7)%1'7'-'7)%1'7"'7)(/()’
0<i<j<k

for w € T(AKA*), Xo, ..., Xk € T(A).
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Cartan calculus

Associated to a given Lie algebroid (A, [, |4, pa) thereis a Lie
algebroid differential d”: T(A®A*) — T(A*+T1A*) defined by

A

k
(dAw)(Xo, -+ Xk) == 3 (~1) pa(X;) (w(Xo, N ,xk))
i=0

aF (*1)i+jw([Xia)<j]A7X0)'"7)%1'7'-'7)%1'7"'7)(/()’
0<i<j<k

for w € T(AKA*), Xo, ..., Xk € T(A).

e For X € T(A),
Ly = ixd® + d%ix
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Properties of the Lie algebroid differential

o dA is a graded derivation of degree 1, i.e.,

dA(0 Aw) = d20 Aw + (—1)%8Og A dAw,



Short review of Lie alg.
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Properties of the Lie algebroid differential

o dA is a graded derivation of degree 1, i.e.,
dA(0 Aw) = d20 Aw + (—1)%8Og A dAw,

e d?od?=0.



Short review of Lie alg.
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Morphisms of Lie algebroids

Let (A, [, ]4,pa) and (A, [, 14 ,pa’) be Lie algebroids. A bundle

map

A—F s n

TA Tal

M

Aﬂ/

is called a morphism of Lie algebroids from A to A’, if

dA(F*a’) = F*(d¥a’)  for all o € T(AKA™).
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1

If P €T (APA), Q € T (A9A) and R € I (ATA), then
[P, Qla €T (APT971A) and

° [P, Q]A = _(_1)(p71)(q71) [Q, P]A
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1

If P €T (APA), Q € T (A9A) and R € I (ATA), then
[P, Qla €T (APT971A) and

° [P, Q]A = _(_1)(p71)(q71) [Q, P]A

° [P,QAR], =[P, QAR+ (-1)P"DIQA[P,R],
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Schouten-Gerstenhaber algebra

The Lie algebra bracket on I'(A) can be extended to the exterior
algebra (F(A®A),A). For X € I (A) and P € T (APA),

[X, P]a (a1, ..., 0p) =pa(X)(P(ag, ..., ap))

p
— Z P(aq,... ,E)A<oz,-, S Qp),
i=1

If P €T (APA), Q € T (A9A) and R € I (ATA), then
[P, Qla €T (APT971A) and

O ['Dv Q]A = _(_1)(p71)(q71) [Qa P]A
o [P,QAR],=I[P,QIa AR+ (-1)PDIQA[P,R],

o (—1)(P-D(-1 [P [Q, R] 4l 4 + cyclic perm. =0



Poisson-Nijenhuis Lie alg.
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Poisson structures on Lie algebroids

Let A be a Lie algebroid and P a section of the vector bundle
A2A — M. We denote by P? the usual bundle map

P¥:A* — A: a— PHa) = iyP.

Definition

A Poisson structure on A is a section P € I'(A?A), such that

[P, P]a=0.
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Poisson structures on Lie algebroids

Let A be a Lie algebroid and P a section of the vector bundle
A2A — M. We denote by P? the usual bundle map

P¥:A* — A: a— PHa) = iyP.

Definition

A Poisson structure on A is a section P € I'(A?A), such that

[P, P]a=0.

In this case, the bracket
[, B = Lo 8 — Lpsga — d* (P, 8)), @, B € T(A"),

is a Lie bracket and A% = (A%, [, ]p,pa o P%) is a Lie algebroid.



Poisson-Nijenhuis Lie alg.
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Nijenhuis operators

Let (A,[,],pa) be a Lie algebroid and N : A — A a bundle map.
The torsion of N is defined by

Tn(X,Y) = [NX,NY]a— N[X,Y]n, X,Y €Tl(A),

where
[X, Y]y :=[NX, Y]a+[X,NY]a— N[X,Y]a, X,Y eT(A).
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Nijenhuis operators

Let (A,[,],pa) be a Lie algebroid and N : A — A a bundle map.
The torsion of N is defined by

Tn(X,Y) = [NX,NY]a— N[X,Y]n, X,Y €Tl(A),

where
[X, Y]y :=[NX, Y]a+[X,NY]a— N[X,Y]a, X,Y eT(A).

When 7y = 0, N is called a Nijenhuis operator,
An = (A,[, ]y pn = paoN) is a new Lie algebroid and

N:Ay — A

is a Lie algebroid morphism.



Poisson-Nijenhuis Lie alg.
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Poisson-Nijenhuis Lie algebroids

On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = PEN*,
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Poisson-Nijenhuis Lie algebroids

On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = PEN*,

(i) lo Blyp = o Bl =0,
where [, ]p is the bracket defined by NP € T'(A?A), and [, ]g* is
the bracket obtained from [, |, by deformation along N*.
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Poisson-Nijenhuis Lie algebroids

On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = PEN*,

(i) lo Blyp = o Bl =0,
where [, ]p is the bracket defined by NP € T'(A?A), and [, ]g* is
the bracket obtained from [, |, by deformation along N*.
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Poisson-Nijenhuis Lie algebroids

On a Lie algebroid A with a Poisson structure P € I'(A2A), we say
that a bundle map N : A — A is compatible with P if

(i) NP% = PEN*,

.. N*

(”) [O‘7ﬁ]NP - [CM,,B]P =0,
where [, ]p is the bracket defined by NP € T'(A?A), and [, ]g* is
the bracket obtained from [, |, by deformation along N*.

Definition (Grabowski-Urbanski)

A Poisson-Nijenhuis Lie algebroid (A, P, N) is a Lie algebroid A
equipped with a Poisson structure P and a Nijenhuis operator
N : A — A compatible with P.




Poisson-Nijenhuis Lie alg.
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Toda lattice in Flaschka coordinates

R x R? with coordinates (a, by, by)

7:R* - Rt x R?

Poisson reduced structures on R x R?
15) 0 15)

Po = a5 N (G5 ~ a6y

- 0 0 0 0 0
/\1 = a_a/\(b18_bl _b28_bz)_a8_bl A 8[32
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Toda lattice in Flaschka coordinates

TR x R?) = RT xR2, ([,-], /d)

The Lie algebroid

A=R x T(RT x R?) - R" x R?

0

Frals

1o} 0
= (il =0, 2). ey = (0, —), e3 =
{60 ( ,0)761 (07 83)762 (07 abl)ue3 (0)

0 o] 16)
[ei,e]la =0, p(eo) =0, p(er) = 23’ ple2) = ET% ples) = b

Two Poisson structures on the Lie algebroid A =R x T(R* x R?)

Py =ae1 A(e2 —e3) +ep A es

P1 = aeg A ey + aer(brex — bre3) + aex A ez + baep A e3

These Poisson structures induce /_\0, A1 on Rt x R2.
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Toda lattice in Flaschka coordinates

The Nijenhuis operator N

N=PoPHl:A-A

The Poisson-Nijenhuis Lie algebroid

(A=R x T(Rt x R?) — R x R?, Py, N)

PidAH, = Pld*Ho

/_\gdl:ll = pA(PgdAI:Il) = pA(PfdAFlo) = /_\ﬁdl:lo

R. Caseiro: Modular classes of Poisson-Nijenhuis Lie algebroids, Lett. Math. Phys. 80
(2007) 223-238
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Poisson-Nijenhuis Lie algebroids

M MG princpal bundi

(M, P, N) PN-manifold m:R* = R*/R = Rt x R? principal bundle

P, N G-invariants (R*, P, N) PN-manifold
P, N R-invariants

x:TM/G — M/G
Atiyah algebroid
7:TRY/R>R x T(RT x R?) —» RT x R?

(P, N) PN-Lie algebroid Atiyah algebroid

(P, N) PN-Lie algebroid

M/G is not, in general, RT x R? is not PN-manifold!!

PN-manifold!!
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Reduction of PN Lie algebroids

(A, P, N) J

Poisson-Nijenhuis Lie algebroid

»U« Reduction by restriction

symplectic-Nijenhuis Lie algebroid

(A, P, ) J

Ur Reduction by projection

(A, P, N) }

symplectic-Nijenhuis Lie algebroid with N nondegenerate

ie. P1:A* & Z\, N:A— A isomorphisms
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1°t step: Reduction by restriction

(A,[,]4:pa, P,N) Poisson-Nijenhuis Lie algebroid on M.
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1°t step: Reduction by restriction

(A,[,]4:pa, P,N) Poisson-Nijenhuis Lie algebroid on M.

Distribution D € TM, D(x) := pa(P*(A%)) C TxM for x € M
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1°t step: Reduction by restriction

(A,[,]4:pa, P,N) Poisson-Nijenhuis Lie algebroid on M.

Distribution D € TM, D(x) := pa(P*(A%)) C TxM for x € M

pa(P#a), pa(P*B)| = pa(P* [a, Bp)
+

D is locally finitely generated
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1°t step: Reduction by restriction

(A,[,]4:pa, P,N) Poisson-Nijenhuis Lie algebroid on M.

Distribution D € TM, D(x) := pa(P*(A%)) C TxM for x € M

pa(P#a), pa(P*B)| = pa(P* [a, Bp)
+

D is locally finitely generated
\

D is a generalized foliation of M in the sense of Sussmann. J
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1° step: Reduction by restriction

o Let L C M be a leaf of the foliation D = pa(P*(A*)) ¢ TM

@ Assume: P! : A* — A has constant rank on each leaf L.

!

AL = P}(A*)L C A— Lis a Lie algebroid

o [Prayy, PAyL] , = P*la, Blpy, € T(AL)
° pa, = (pa)a, AL— TL
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1°t step: Reduction by restriction

Furthermore, the inclusion maps

/

Al———A

(7a)14, TA

L

give a morphism of Lie algebroids, i.e.

A; — L is a Lie subalgebroid of A — M. J
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1°t step: Reduction by restriction

a € I[(A%)

The symplectic structure Q;: L — A2A}

Q(XL, Y1) = Pla,B) ot

Nijenhuis tensor N; : A — AL

o N (X)) = N(Pa)o.
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1°t step: Reduction by restriction

Let (A, P, N) be a Poisson-Nijenhuis Lie algebroid such that the
Poisson structure has constant rank in the leaves of the foliation
D = pa(P*(A*)). Then, we have a symplectic-Nijenhuis Lie
algebroid (AL, €, Ni) on each leaf L of D.
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279 step: Reduction by projection

Lie algebroid epimorphism

Let 74: A— M and 73: A — M be Lie algebroids

A—1L 7
TA TZ
M—"—=m

e (M, ) epimorphism of vector bundles
o dA(M*a@) = M*(dAa) for all & € T(AKA*) and all k
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Projectability

X |

A—"1 s

7 \
TA TA I X

\ ‘ /
M————

@ [l-projectable 1-section: X &€ I'(A) such that there exists X e F(Z\) with
MoX =Xom



Reduction of PN Lie alg.
0®0000

Projectability

7

X | X

A—"1 s
X
TA TA |
\ ‘ /
M————

@ [l-projectable 1-section: X € I'(A) such that there exists X e F(Z\) with
MoX = Xom.
@ T[l-projectable 2-section: P € I'(A?A) such that for all & € F(Z*) the
1-section P*(M*@) € (A) is M-projectable
\
PeT(A’A),  (P'd)om =N(PYN"Q)).
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Projectability

7

X | X

A—"1 s
X
TA TA |
\ ‘ /
M————

@ [l-projectable 1-section: X &€ I'(A) such that there exists X e F(Z\) with
MoX =Xom

@ M-projectable 2-section: P € [(A?A) such that for all & € [(A*) the
1-section P*(M*&) € I'(A) is M-projectable

3
PeT(A’A),  (P'a)om = N(PY(M"a)).
@ [l-projectable (1, 1)-section: N: A — A vector bundle morphism such that
N(T(A)) C Tp(A) andU N(T(Kerl)) C I'(Kerl)

N:A— A, (NX)onr=T(NX).
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Reduction by epimorphisms of Lie algebroids

Let (MN,7): A— A be a Lie algebroid epimorphism. Assume that
(P, N) is a Poisson-Nijenhuis structure on A such that P and N are
M-projectable. Then, (P, N) is a Poisson-Nijenhuis structure on A.
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Complete and vertical lifts

® (A,[,]4a,pa) a Lie algebroid
e X eTl(A)

The vertical lift of X: X" € X(A)

(i) XV(fora) =0, feC®(M),
(i1) XV(&) = a(X)oTa, € T(A*).

Here, if & € [(A*) then &: A — R is defined by
a(a) = a(ra(a))(a), forall ae A.
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Complete and vertical lifts

® (A,[,]4a,pa) a Lie algebroid
e X eTl(A)

The vertical lift of X: X" € X(A)
(i) XV(fora) =0, feC®(M),
(i) XV(&) = a(X)oTa, «€T(A%).

The complete lift of X: X¢ € X(A)

(i) X(fora) = pa(X)(f)ota, f€C>(M),
(i1) X<(&) = Lha, e T(A%).

Here, if & € [(A*) then &: A — R is defined by

a(a) = a(ra(a))(a), forall ae A.
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Reduction by lifts of sections of a Lie subalgebroid

Let 74: A — M a vector bundle and (A, [, ]4,pa) a Lie algebroid.
Consider a Lie subalgebroid 75: B — M of A.

The distributions pa(B) and F defined by

Fai={X(a)+ Y“(a) | X,Y €[(B)} C T.A, forallac A

are generalized foliations.
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Reduction by lifts of sections of a Lie subalgebroid

Let 74: A — M a vector bundle and (A, [, ]4,pa) a Lie algebroid.
Consider a Lie subalgebroid 75: B — M of A.

The distributions pa(B) and F defined by

Fo={X(a)+Y"(a) | X, Y €[(B)} C T,A, forallac A

are generalized foliations.

Now assume that

(1) pa(B) and F are regular foliations;
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Reduction by lifts of sections of a Lie subalgebroid

Let 74: A — M a vector bundle and (A, [, ]4,pa) a Lie algebroid.
Consider a Lie subalgebroid 75: B — M of A.

The distributions pa(B) and F defined by

Fo={X(a)+Y"(a) | X, Y €[(B)} C T,A, forallac A

are generalized foliations.

Now assume that
(1) pa(B) and F are regular foliations;
(if) Forall x € M, ay, d, € Lr = ay, — a, € Bx.
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Reduction by lifts of sections of a Lie subalgebroid

We define 7 : A=A/F - M= M /pa(B) such that the following
diagram is commutative

>
pN|

|
=
93
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Reduction by lifts of sections of a Lie subalgebroid

We define 7 : A=A/F - M= M /pa(B) such that the following
diagram is commutative

>
pN|

|
=
93

Proposition

In the above conditions we can define a Lie algebroid structure on
T3 A= AJ/F — M= M/pa(B)

such that the above diagram is an epimorphism of Lie algebroids.
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The Riesz index

Let (A, P, N) a Poisson-Nijenhuis Lie algebroid. For any x € M
consider the map Ny: A, — Ay. Recall that there exists a smallest
integer k > 0 such that the sequences

ImN, D ImN2D ...

and
ker Ny C ker N2 C ...

both stabilize at rank k. That is,

ImNS =Im NP =0 while Im N5 £ Im VK,
and

ker NX = ker NA*1 = .. while ker NA71 # ker NX.

The integer k is called the Riesz index of N at x.
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The Reduced nondegenerate SN Lie algebroid

Let (A— M, [, ]4,pa, Q2 N) be a symplectic-Nijenhuis Lie
algebroid such that

1) N has constant Riesz index k.
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The Reduced nondegenerate SN Lie algebroid

Let (A— M, [, ]4,pa, Q2 N) be a symplectic-Nijenhuis Lie
algebroid such that

1) N has constant Riesz index k.

2) pa(B) and F are regular foliations for B = ker NX.
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The Reduced nondegenerate SN Lie algebroid

Let (A— M, [, ]4,pa, Q2 N) be a symplectic-Nijenhuis Lie
algebroid such that

1) N has constant Riesz index k.
2) pa(B) and F are regular foliations for B = ker NX.
3) Forall x € M, ay,a, € Ly = a, — a, € ker(NX).




The Reduced nondeg. SN Lie alg
°

The Reduced nondegenerate SN Lie algebroid

Let (A— M, [, ]4,pa, Q2 N) be a symplectic-Nijenhuis Lie
algebroid such that

1) N has constant Riesz index k.
2) pa(B) and F are regular foliations for B = ker NX.
3) Forall x € M, ay,a, € Ly = a, — a, € ker(NX).
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Let (A— M, [, ]4,pa, Q2 N) be a symplectic-Nijenhuis Lie
algebroid such that

1) N has constant Riesz index k.
2) pa(B) and F are regular foliations for B = ker NX.
3) Forall x € M, ay,a, € Ly = a, — a, € ker(NX).

Then, we can induce a symplectic-Nijenhuis Lie algebroid structure
([, ]A,pA,Q N)on A= A/F — M = M/pa(ker N) with N
nondegenerate.
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Reduction:Summary

(A_>Ma[a]AapA7PaN)

Poisson-Nijenhuis Lie algebroid

I D=pa(Pi(a))

(A[_ = Pﬁ(A*)\L — L, [a ]AL ’pAUQL’ NL)

symplectic-Nijenhuis Lie algebroid

U F={xT+vV/X, v er(kernf)}

(A=A/F = L=L/pa,(ker Nf), [, 14,08 2> Na)

symplectic-Nijenhuis Lie algebroid with N; nondegenerate
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