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Abstract. The paper concerns fuzzy logic programming. As an example, we show that is not
restrictive to confine ourselves to fuzzy Herbrand interpretations in giving a semantics for fuzzy
programs. Also, we show that the resulting apparatus gives a unifying theoretical framework for
fuzzy control.
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1. Introduction and preliminaries

The basic ideas of fuzzy logic (in narrow sense) where formulated by L. Zadeh (see [19], [20]), J. A.
Goguen (see [9]) and J. Pavelka (see [14], [15], and [16]). The aim of such a logic is to formalize the
"approximate reasoning” we use in everyday life and this by admitting predicates as "big”, "near”,
"slow"” which are vague in nature. These predicates are interpreted by the notion of "fuzzy subset”, i.e.
generalized characteristic functions with values in a complete lattice. Fuzzy logic programming is a
very promising chapter of fuzzy logic whose purpose is to build up intelligent data-base systems with
"flexible" answers, expert systems able to consider vague predicates and so on (see, for example [5]).

In this paper at first we recall some basic notions in fuzzy logic programming, which are well
known in literature (see, for example, [2], [13], [17] and [18]). Also, we show that is not restrictive to
confine ourselves to fuzzy Herbrand interpretations in giving a semantics for fuzzy programs. This is
done by showing that any homomorphism preserves the universal formulas. Moreover, by developing
some ideas sketched in [8], we relate fuzzy logic programming with fuzzy control (see also P. Hajek in
[10]). This gives a unifying and rigorous framework for both conjunction-based and implication-based
fuzzy control.

Let L be a complete, completely distributive, lattice whose elements we call truth values and let S
be a nonempty set. Then, an L-subset or fuzzy subset of S is any map s : § — L from S to L. Givenx €
S, we say that the value s(x) is the membership degree of x to s. For any A € L, the set {xeS : s(x)>4}
is called the A-cut of s. The subset Supp(s) = {x € S : s(x) # 0} is called the support of s. If 0 denotes
the minimum and 1 the maximum of L, then we call crisp any L-subset whose values are in {0,1}. We
can identify any subset X of .S with the crisp subset cy : § = {0,1} such that cx(x) =1 if x € X and
cx(x) = 0 in the case that x¢X. In particular, we identify & with the map constantly equal to 0 and S
with the map constantly equal to 1. We say that a fuzzy subset s is contained in a fuzzy subset s’
provided that s(x) < s'(x) for any x € S. In such a case, we write s  s'. Given a family (s;);c; of fuzzy
subsets, the union U ;cs; is the fuzzy subset defined by setting U ;cs5:(x) = Sup{si(x) : iel} for any x €
S. The intersection ;cs; is defined by setting N ;cis(x) = Inf{s{x) : iel}. With respect to these
operations, the class 7(S) of all the L-subsets of S is a complete lattice, i.e. the direct power of L with

set index S. Let S,...,S, be sets, then an n-ary L-relation on Si,...,S, is any L-subset of the Cartesian
product S;x...xS,. A binary L-relation f: S)xS, —L is also called (non-deterministic) L-function from
S| to S,. The idea is that, given the input x € S, the output is not an element in S, but the fuzzy subset
s 1S, = L of elements of S, defined by setting s(y) = fix,y) for any y€S,. Let ® be a binary operation
inLanda:S— Landb: S, — L two fuzzy subsets of S| and S, respectively. Then the ®-Cartesian
product axb : §1xS, — L is defined by setting, for any (x,y) € SixS,,

(axb)(x,y) = a(x)Rb(y).

2. Fuzzy interpretations of a first order language
Let L be a first order language defined, as usual, by:



-aset LC of logical connectives,

- the universal quantifier v,

- anonempty set C of constants,

- a set OS of operation symbols,

- a set RS of relation symbols,

- an arity map ar : (RSOOSULC) —-N.
As usual, we consider also a sequence xy, xp, ... of symbols that we call variables and the brakets ( , ).
If s is a symbol such that ar(s) = n, then we say that s is n-ary. Terms and formulas are defined as in
classic first order logic. Namely, we assume that:
- the constants and the variables are terms,
- if & is an k-ary operation symbol and #,,...,t; are terms, then A(¢y,...,#;) is a term.
A term is ground if no variable occurs in it. Also, an atomic formula is an expression like r(t,...,t,),
where r is an n-ary relation symbol and ¢,...,¢, are terms. The whole set F' of formulas is defined by
assuming that:
- each atomic formula is a formula,
- if / is an k-ary logical connective and «,..., o are formulas, then I(«y,...,o4) is a formula,
- if azis a formula and x; a variable, then Vx/(«) is a formula.
A formula is ground if no variable or quantifier occur in it, a ground atom is called a fact. Then a
ground formula is obtained from facts by the logical connectives. The notions of fiee occurrence of a
variable in a formula, of quantifier-free formula, of universal formula and so on, are defined as usual.
We write #(x),...,x,) to emphasize that the variables occurring in the term ¢ are among xi,...,x, and,
similarly, a(x,...,x,) to emphasize that the variables in the formula « are among x,...,x,.

We will define the semantics by taking in account the possibility that some relation symbols
represent vague predicates that we model by the notion of L-subset.

Definition 2.1. An L-interpretation or fuzzy interpretation of L is a pair (D,[), where D is a nonempty
set we call domain and [ is a map associating any n-ary function symbol /# with a function /(%) :
D"—>D, any constant ¢ with an element /(c) € D and any n-ary relation symbol » with an L-relation
I(r): D">L.

Sometimes we write / to denote the fuzzy interpretation (D,/). We interpret the terms as in the classical
case.

Definition 2.2. Given a fuzzy interpretation (D,/) of £ and a term #(xy,...,x,,), the interpretation of ¢ is
the map 1(¢) : D"—D defined by setting:

- I(x)(d,,....d,) = d;,

- I(c)(dla"':dn) = I(C),

- I(h(t,....t0))(dL,....d,) = ()t )(d,,....d,),...[(4)(d),....d,)).

To interpret the formulas, we assume that any n-ary logical connective /eLC is associated with an »n-
ary operation / : L"— L. The following definition enables us to associate any formula with the related
extension.

Definition 2.3. Given a formula a(x,...,x,), the extension I(c): D"—L of « is the n-ary fuzzy relation
defined by setting:

- I(r(ty,....tp))(dh,....dy) = L) U(t1)(d,....dy),..., 1(8,)(d],...,d,)),

-l en,...,a))(dh,....dy) = [ )(dhs..,dn),... . [ () (dh,....dy)),

- I(Vx{a)(ds,....d,) = Infaep [()(d),...,di1, d,din,. ... d)).

Trivially, if « is a closed formula, then /(@) is a constant map, i.e. the quantity /(@)(d,,...,d,) does not
depend on the elements d,,...,d,. In such a case we denote again by /(@) such a constant.



Definition 2.4. Let o be any formula and Vx;...,Vx,() be its universal closure. Then we set
] = I(@)(Vxys..., VX0(@)).

As an obvious extension of the notion of set of axioms in classical logic, we call fuzzy set of
hypotheses or fuzzy theory any fuzzy set 7: F — L of formulas.

Definition 2.5. Let 7: F'— L be a fuzzy set of hypotheses. An L-interpretation (D, 1) is called a model
of r (for short, / k 7), if ||@||; > o( @) for any ¢ € F.

Observe that, in accordance with such a definition of model, the value 7(¢) is not intended as the truth
value of @ but as a lower-bound constraint on the possible truth value of ¢. In other words, the
information carried on by a fuzzy set of hypothesis zis that, for any formula ¢ "the truth value of ¢ is
greater than or equal to 1(¢)".

Definition 2.6. Let 7 : FF — L be a fuzzy set of hypotheses. Then the fuzzy set Lc(7) of logical
consequences of ris defined by setting:

Le(0) (@) = Infl|@li: 1k af . 2.1)
The operator Lc : F(F)— F(F) defined by (2.1) is called the logical consequence operator.

In a sense, Lc(7)(@) is the best lower-bound constraint on the truth value of ¢ that we can find given
the available information 7. It is easy to prove that Lc is a closure operator in the lattice 7(F).

3. Homomorphisms and preserving theorems
Given two L-interpretations (D,/) and (D"I"), we call homomorphism from (D,I) into (D',I") any map f:
D — D'such that:
- fis a homomorphism of the algebraic structures defined by /and /', i.e.,
() =11(c) ;5 fh)d,...d) =T'(W)fd),.... ),
for any ¢ € C and any n-ary operation symbol % and d,....d, € D,
- for every n-ary relation r,

1) (d,..dy) < YA, (). 3.1)
IF)(dendy) = I(FA),.. (d)). 3.2)

An isomorphism is a homomorphism which is one-to-one and full. Equivalently, an isomorphism is an
one-to-one homomorphism whose inverse is again a homomorphism. Observe that the notion of
homomorphism does not depend on the interpretation of the logical connectives. Given an
interpretation (D,/) and AeL, we call A-cut of [ the classical interpretation (D,/;) defined by setting
I,(r) = C(I(r),A) for any relation symbol r, I;(c) = I(c) for any ceC and I;(h) = I(h) for any operation
symbol 4.

We say that f'is full if

Proposition 3.1. Let (D,]) and (D'"1") be two L-interpretations and [ : D—>D' be a map. Then fis a
(full) homomorphism from (D,I) into (D"I") if and only if, for any A€L, fis a (full) homomorphism
from the cut (D,1,) into the cut (D',I';). Consequently, fis an isomorphism between (D,I) and (D"1') if
and only if f'is an isomorphism between the cuts (D,1;) and (D' 1)) for any A€L.

Proof. Assume that ' is a homomorphism from (D,/) to (D',["). Then, for any AeL and for any n-
ary relation symbol 7,
(dyye..xdy) € CU(N,A) < I(r)(d,....d,) > A
= I'(NAd),...,.[(dy) 2 [(r)(d,....d)) = L < (fid)),....d,)e CU'(r),A).



This proves that fis a homomorphism from (D,/) into (D',{";). Conversely, assume that, for any 1 € L,
fis a homomorphism from (D,/;) into (D'I';) and therefore that

1(r)(dy,....d,) 2 1 = I'(r)(f(d)),...(d,)) > L.
Then, by setting A = I(r)(d\,...,d,), we obtain that I'(r)(f(d)),...,f(d,)) = I()(d,,...,d,). This proves that fis
a homomorphism from (D,/) into (D',I"). The remaining part of the proof is trivial. O

As in classical logic, given a homomorphism fand a term #(xy,...,x,), for every di,...,d, € D,

SU(@D)(@,,....dn)) = I'(OAd),...Ady)). (3.3)

Theorem 3.2. Let (D,]) and (D'I") be two fuzzy interpretations, ¢(xi,...,x,) a quantifier-free formula
and f: D—D' be a full homomorphism. Then, for any d,,....d, €D,

L(p)d,,....dn) = I'(P)(fd),... (). (3.4)
If w € F is universal,
I(y)(dy,....d,) 2 T'(W)([d),...fdn)). (3.5)
and therefore
vl = [yl (3.6)

Proof. We will prove (3.4) by induction on the complexity of ¢. Indeed, assume ¢ is the atomic
formula r(t,...,t,), where r is an n-ary relation symbol and #,,...,¢, are terms. Then, by (3.2) and (3.3),
I(p)(d,....d,) = I(r)I(t:)(d\,....dy),...[(1,)(d),....d,))
=N dy-...dy))... A(1,)(d).....dn)))
=1I'(NU(t)(Rd),...Adn),...L (1,)Ad)),...Ady)))
=I(p)(f(d),....(d,)).
Assume that ¢ = [(a,...,) and that (3.4) is satisfied by ..., Then,
I as...,o0))(dh,....dn) = [L(n)(dh,....d),..., [(c)(dh,....dy))
= I"(a))(f(d),... f(dn)),.... () (f(dh)....fdn))
=I'l(en,...,a0))Ad),...[dy)).
This proves the first part of the theorem. Let y be an universal formula. We will prove (3.5) by
induction on the number m of quantifiers in . If m = 0, (3.5) follows from (3.4). Assume that m=0
and that y is equal to a formula like Vx,(), where « contains m-1 universal quantifiers. Then, in
accordance with the induction hypothesis and the inclusion {f(d) : d € D} < D/,
I(Vx{ ) (d,....dy) = Infacp l(Q)(d),....d,....dy,)
> Infyep I'()(f(d)),...[d),...f(d,) = Infyep () f(d)),....d',....f(dn))
=1I'(Vx{@)(fd),...dy)). 0

Not surprisingly, the following theorem proves that two isomorphic fuzzy interpretations are logically
equivalent, i.e. they satisfy each formula at the same degree.

Theorem 3.3. Let f be an isomorphism between (D,l) and (D', I'). Then for any formula o, we have

that
1()(d,....d,) = (a)(fid),....Ad,)). (3.7
In particular, if (D,I) and (D', I') are isomorphic, then, for any formula a,
lledlr =l edlr-

Proof. We prove (3.7) by induction on the complexity of a. If « is atomic, (3.7) was just proved in
Theorem 3.2. Again, in proving Theorem 3.2 we showed that if / is a logical k-ary connective and
ay,...,oq are formulas satisfying (3.7), then /(a,...,04) satisfies (3.7). Assume that « satisfies (3.7).
Then, since {fid) : deD} = D',

1(Vx;o)(d,....d,) = Infaep [ )(d),.. . .d,....d))

= Infaep I'()(fd),... Ad),... dp)) = Infarep I'(Q)(fd),....d",... [d}))



=I'(Vx()(d,),...(dy)).
Thus, (3.7) is satisfied by any formula. 0

4. Fuzzy Herbrand interpretations and universal theories.
As usual, we call Herbrand universe the set U of ground terms of the language £ and Herbrand base

the set B, of facts, i.e. atomic ground formulas of L.

Definition 4.1. An L-interpretation (D,/) is an L-Herbrand interpretation (for short H-interpretation)
provided that:

- D is equal to the Herbrand universe U,
- for any n-ary operation symbol A, I(h)(t,,....,t,) = h(t1,...,t,),
- for any constant ¢, /(c) = c.

Then, two H-interpretations differ only for the relational part. As in the classical case, we can identify
the H-interpretations with the fuzzy subsets of B .

Proposition 4.2. There is a one-one-correspondence between the H-interpretations and the fuzzy
subsets of Bz Namely, we associate any H-interpretation (U,I) with the fuzzy subset sy of B, defined
by setting:

S7(#(t15 ) = (1t 510)),
for any fact r(t,...,t,). Moreover, we associate any fuzzy subset s of B, with the H-interpretation

(U, I ;) where, for any n-ary relation symbol r, I (r) is the fuzzy relation in U defined by setting

T (1) (t1yestn) = 5(F(t15.510))
for any ty,....t, in U.

In account of such a proposition, in the following we call H-interpretation any fuzzy subset of B ..
To prove some basic properties of the H-interpretations, we need some further notations. Namely, let
t(x,...,x,) be a term. Then, given the terms f¢,,...,¢,, we write #(¢,...,,) to denote the term obtained by
substituting each x; with ¢ in #(xy,...,x,). Trivially, if ¢ is ground, then #(¢,...,¢,) is equal to . Likewise,
given the formula a(xi,...,x,), if #,....t, are terms, a(t,...,t,) denotes the formula obtained from
a(x,...,x,) by substituting each variable x; which is free in a with ¢. Trivially, if « is closed, then
a(ty,....t,) coincides with a.

Proposition 4.3. Let (U,1) be an H-interpretation, (xy,...,x,) to be a term and t,,...,t, € U. Then

T(O)(t15eemstn) = t{t15eemstn) 4.1
Moreover, if a(xy,...,x,) is a formula,
T(a)(tr,....tn) = ||At1,....t0)|| - 4.2)
Consequently,
IVx1..Vx,(@)||r = Inf{||at,...t)ll1 : tyeestn € U (4.3)

Proof. We will prove (4.1) by induction on the complexity of ¢ as in the classical case. Indeed, if ¢
is either a variable or a constant, then (4.1) is obvious. Assume that (4.1) is satisfied by the terms
S1,...,5¢ and let 1 be an k-ary operation symbol. Then (4.1) is satisfied by ¢ = A(sy,..,5,,). Indeed,

T (t1sestn) = TYI () Etseeest)sers Z(5m)(Erensl))
= T(RY(1(tryerstn)seesSiErsernstn)) = B (Erseeost)seeesSm(Erseenstn)) = HE1soensty)-



Again, we will prove (4.2) by induction on the number n(a) of connectives and quantifiers in c.
Indeed, assume that n( ) = 0, and therefore that « is an atomic formula as 7(sy,...,s,,). Then

T(@)t1yeestn) = VTS Etyerst)seres T(5m)Eryornst))
= )1yt seees Sitrseenst)) = TS Eryerstn)sees SuF1sernst))
= lledtryost)llz -

Assume that n(a) # 0 and that & = I(«,...,a;). Then, since n(oy)<n(q), ... ,n(a)<n(a), by induction
hypothesis, (4.2) is satisfied by each ;. Consequently,

T(l(a1yees )ty stn) = LT (1) (t1yeeestn)eens L1150 05t))

= l(llon(trseest)llzseees latrseesta)llz) = 15y ) (Ersenst) |-
This proves that (4.2) is satisfied by /(e,...,). Finally, assume that « is the formula Vx4{f) and let
t1,...,t, be elements in U. Then, n(f)<n(a) and n(H(t,...,x;,...t,))<n(a). Thus, by induction hypothesis,

for any teU, IT(P)(ti,tyts) = [|Httsnt)llr and T(H(t1,....Xipeo s t))(E) = (1w ostyeest)l 7
Consequently, since Vx,(A(t1,...,Xs....t,)) is equal to (Vx,(0))(t1,...,t,), we get:
T(Ix(P)(t1,--otn) = INFAT (L)1, slyenntn) - €U = Inf{|| St 1,0ty st 72 tEUS
= Inf{Z(B(t1,... Xisest))(@) €U} = |[VX(Ht1eXipe o)1

= ||(vxl(ﬁ))(t1::tn)”f
This proves that (4.2) is satisfied by the formula Vx;(£), too. 0

Given an L-interpretation (D,l), the H-interpretation associated with (D,l) is the H-interpretation
(U,T) defined by the fuzzy set of facts which are true in (D,/). This means that, for any n-ary relation
symbol 7, it is

I(r)(ty,.nty) = I(r)U(1)),....[(1,)) = L(r(t1,...,1)),
for any #,...,t, € U. The proof of the following proposition is trivial.

Proposition 4.4. Let (D,]) be an L-interpretation and (U,T) be the fuzzy H-interpretation associated
with (D,I). Then the map f: U— D, defined by setting f(t) = I(t) for any te U, is a full homomorphism
from I into I. Consequently, if ¢ is a quantifier-free formula, then for any t,,..., t, € U :

L(p)t1,....t) = [ @)U(11),....[(1,))- (4.4)
If wis universal,
T(Y)(tr,....tn) 2 p)U(11),.... (1)), (4.5)
and therefore
Wil = (vl (4.6)

We say that a fuzzy theory 7: F — L is universal if all the formulas in Supp(7) are universal. As an
immediate consequence of (4.6), we have the following proposition:

Proposition 4.5. Let 7 be an universal fuzzy theory, (D,I) be an L-interpretation and (U, I) be the H-
interpretation associated with (D,I). Then
(D,]) is a model of T = (U, I) is a model of .

The following theorem shows that we can define the fuzzy set of facts which are logical consequences
of an universal fuzzy theory, by referring only to the fuzzy Herbrand models of the theory.

Theorem 4.6. Let 7 be an universal fuzzy theory. Then, for any fact ¢,



Le(D)(@) = Inf {||@||r : I is an H-model of t}. 4.7

Proof. Let g be a fact. Then, since by (4.4), ||@llr=||@l5

Le(a)(@) = Inf{||@||;: 1 is a model of 7}
= Inf{||@l|7: I is the H-interpretation associated with a model / of 7}.

=Inf{||l@||r : I is an H-model of 7}. 0

Let 7: F—L be a universal fuzzy theory. Then we define the fuzzy set Gr(7) of ground instances of
the formulas in 7 by setting, for every formula ¢,

0 if ois not ground,
Gr(7)(a) =
Sup{a(¥Vx,..Vx,(a)) : a= a'(ty,...,t,) for some t,,...,t, € U}, otherwise.

The following theorem shows that if 7 is an universal theory, then 7 and Gr(7) have the same H-
models.

Theorem 4.7. Let 7 be an universal fuzzy theory, then, for any H-interpretation I,
It < [eGr(D.

Proof. Assume that / £ rand let o be a formula. Then, if « is not ground, Gr(7)(«@) = 0 and
therefore ||a|; > Gr(7)(). Assume that « is ground and let ' be a formula such that & = a'(¢,...,¢,) for
some f4,...,t, € U. Then

lledlr = ||Vx1... Vx (@) = 7(Vxy...Vx(a)).
Consequently,
el = Sup{d(Vx,..Vx,()) : a= a(t,...,t,) for some #,...,.t, € U} = Gr(7)(@),
and this proves that / is a model of Gr(7).

Conversely, let / be a H-model of Gr(7) and let Vx,...Vx, (') be any closed universal formula.

Then, in accordance with the definition of Gr(7), given ¢,...,t,in U,
|l (t,...t)|r = Gr(D)((t1,...,t)) = q(Vx)...Vx,(X)).
Thus,
IVx1..Vx, () = Inff]| &' (t1,-..t)llr : tseeotn€UT 2 A(VX1..VX())

and this proves that / is a model of 7. 0

5. Fuzzy logic programming
In this section and in Section 6 we will expose some definitions and results which are well known in
literature (see, for example, [2], [13], [17] and [18]). To define the notion of fuzzy program, we
assume that a sequence ®;,...,®; of commutative and associative operations is defined in L. We
assume also that, for any x in L, x®;1 = x and, for any family (y));, of elements in L,
XQ{(Supjcy;) = Supjc;(x®)).
Under these conditions, we can define the implication operations —; by setting, for any x, yeL,
x—>y=Sup{zeL : xQz < y}.
It is easy to prove that each pair —; and &) satisfies the adjunction property, i.e, for any a, b, x in L,
a—>b>2x & b>2x®a.
We suppose that £ contains logical connectives —>,...,—>; corresponding to the operations —y,...,—>;.
Let £ be the sentential calculus whose logical connectives are the same as in £. Then we write

h(p1,...,py) to denote a formula of £ whose propositional variables are among p;....,p,. As usual, we



can associate any formula A(py,...,p,) with a truth-table h : L"—>L. Let ay,...,a, be atomic formulas of
Land h(e,...,a,) be the formula in £ obtained from A(py,...,p,) by substituting each occurrence of p;

with ¢;. Then we say that A(a,...,,) is a combination of the formulas ¢;,...,a,. If & preserves the least
upper bounds (and therefore is monotone), then we say that i(a,...,a,) is a positive combination of
ay,...,a,. Trivially, this happens every time A(py,...,p,) is defined only by conjunctions and disjunctions
interpreted by continuous norms and co-norms, respectively.

Definition 5.1. A (positive) implicative clause is either an atomic formula or a formula like
h(a,...,a,)—>;a where a, ay,...,a, are atomic formulas and A(a,...,q,) is a (positive) combination of
ai,...,a,. A fuzzy subset p: F—L of formulas is a (positive, ground) fuzzy program if Supp(p) is a set
of (positive, ground) implicative clauses.

A simple characterization of the fuzzy models of a fuzzy program is the following.

Proposition 5.2. Let p : F — L be a fuzzy program and (D,I) be an interpretation. Then I is a fuzzy
model of p if and only if,
1) L(a)(d.....dn) 2 p(a)
for any atomic formula o € Supp(p) and d,,....d,in D ;
i) I(a)(dy,....dn) 2 p(h(en,...,c)>iQ)@:h(I(cn)(ds,....dn),....[(4)(dr.....dn))
Jfor any implicative clause h(a,...,a,)—>:c in Supp(p) and d,,...,d, in D.

Proof. An interpretation / is a model of p if and only if,
s = Inf {I(a)(d,,...,d}) : dh,....dreD} > p(a)
for any atomic formula o €Supp(p) and
|a(exts....c0) =il = Inf{(h(as..., ) —>i@)(dh,....dy) : dh,....dneD}2 p(h(ay,....00,) i),
for any formula h(e,...,a,)—ic in Supp(p). The first condition is equivalent to the claim that
(a)(d,,....d;) 2 p(@) for any d,,...,d; in D and therefore it is equivalent with i). The second condition is
equivalent to say that, for any d,...,d; in D,
[(h(al,...,a,,)_),‘a)(dl,...,dh) = k([(al)(dla“'adh)a“'al(an)(dl5"'5dh))_>i[(a)(dla'“adh)
> p(h(e,...,a)—iQ).
By the adjunction property, such an inequality is equivalent with ii). O

By Propositions 4.2, 5.2 and Theorem 4.7, we obtain the following theorem:

Theorem 5.3. Let p : F — L be a fuzzy program and s : By — L be a fuzzy set of facts. Then s is a H-

model of p if and only if for any fact a € Supp(Gr(p)),

1) s(a) 2 Grp)(a)

and, for any implicative clause h(ay,...,a,)—;a in Supp(Gr(p)),
ii) s(a) = Gr(p)(h(a,...,00,) i) ®; h(s(ay)....s(ar)).

To calculate the H-models of a fuzzy program, it is very useful the notion of immediate consequence
operator (see, also, P. Vojtas [17] and [18]).

Definition 5.4. Let p : FF — L be a fuzzy program. Then the immediate consequence operator
associated with p is the operator T, : F(B) = F(B) defined by setting, for any se F(B,) and o € By,

Ti(s)(@) = Gr(p)X(a)vs(a),
Iy(s)(e) = (Suph(al,...,an)—>l-aeSupp(Gr(p)) Gr(p)(h(a,...,00)—>iQQih(s(tr),....s())),

Ty(s) = T(s)IT(s).



Observe that 7, is not monotonic, in general and that inclusion property 7,(s)>s is satisfied by
definition. As in the classical case, the immediate consequence operator enables us to give the
following elegant and useful characterization of the H-models of a fuzzy program.

Theorem 5.5. Let p : F — L be a fuzzy program and s € ¥(B ). Then s is an H-model of p if and only
if s is a fixed point for the immediate consequence operator T),.

Proof. 1t is sufficient to apply Theorem 5.3. Indeed, let s be a fixed point for 7, i.e. assume that
T,(s)cs. Then we have Ti(s)cs and T»(s)cs. Let a be a fact in Supp(Gr(p)). Then, since s(a) >
Ti(s)(@) = Gr(p)(@), we have that condition 1) is satisfied. Let A(a,...,a,)—>;a be a ground implicative
clause in Supp(Gr(p)). Then, since

s(a) 2 To(s)(a) = Suph(al,_,_,an)ﬁiaesupp(cr(p)) Gr(p)(h(a,....00)—i@) ®; h(s(),....s(t)),
we have that
s(a) = Gr(p)(h(a,....a)—>ia) ®; h(s(e).....s(a))
for any A(e,...,a,)—;a in Supp(p). Hence, condition ii) is satisfied. This proves that s is a H-model of

p-
Conversely, assume that s is a H-model of p and therefore that both i) and ii) are satisfied. Then, by

i), we have that, for any fact «, s(a) > Gr(p)(a) and therefore s() > T1(«). Moreover, by ii),
s(a) = Gr(p)(h(a,...,c)—>ia) ®; h(s(a).....s(a))
and therefore

s(a) 2 (Suph(al’__"an)ﬁiaegupp(Gr(p)) Gr(p)(h( ..., )= )®ih(s(tr),....s(a))vs(@) = Tx(s)().
This proves that s(a) = T,(s)(«). Thus, s is a fixed point for 7. O

6. Calculus of the fuzzy Herbrand models.
In accordance with Theorem 5.3, any fuzzy program p admits as a H-model the map s : B,—L

constantly equal to 1. We are interested to the H-models which represents, in a sense, the informative
content of p. As an example, we are interested to the least Herbrand model of a program p, i.e. to a H-

model m, : By — L of p which is contained in any /-model of p. In order to prove the existence of m,
and to calculate m,, we recall some basic results in the theory of fixed points in a complete lattice. We
say that a family (s,);c; of fuzzy subsets of a set Sis directed provided that for every s; and s; there is s,
such that s,cs;, and s,cs;,. An operator J : F(S) — F(S) is continuous provided that

J(Uiessi) = UiciJ(si)
for any directed family (s;);c; of fuzzy subsets of S. A continuous almost closure operator is a
continuous operator J such that J(s) O s.

Proposition 6.1. Let J, : F(S) = F(S) and J, : F(S) = F(S) be two operators satisfying the continuity
property. Then the union J = J\\UJ, satisfies the continuity property.

Proof. Let (s));; be a directed family of fuzzy subsets of S. Then
J(Uiers)) = Ji(Uiersi)Io(Uiersi) = (Uier i)V UierJa(si) = U LNi(s)OAa(s)) s i€l, jel}.
Now, since (s;);e, is directed, we have that any ie/ and je/, there is hel such that s,cs, and s,Cs;, and
therefore J\(s;) <Ji(sx) and Jy(s;)/a(s;). Then,
J(Uiersi) = UJi(sda(s)) iel, jel}= Uper (Ji(sp)DIao(sn) = UnerJ(sp). O

The following theorem summarizes the main properties of the continuous almost closure operators
(see, for example, [7]).

Theorem 6.2. Let J : F(S) = F(S) be a continuous almost closure operator, then:



- the class of fixed points of J is a closure system, i.e. it is closed under arbitrary intersections,

- the least fixed point operator D : F(S) — F(S) defined by setting, for any fuzzy subset s,
D(s)=N{s":J(s)=s,s D5},

is a closure operator

- for any fuzzy subset s,

D(S): UneNJn(S)- (61)
We can apply this theorem to the immediate consequence operator.

Theorem 6.3. Let p be a positive fuzzy program. Then T, is a continuous almost closure operator. As
a consequence, the class of fuzzy H-models of a positive fuzzy program p is a closure system and the
least fuzzy Herbrand model m,, for p is given by:

m,= ({s € F(B,) :sisamodel of p}. (6.2)
Moreover,
m, = Uen T, "(D). (6.3)

Proof. Let Ty and T, be as in Definition 5.4. Then it is immediate that 7} satisfies the continuity
property. To prove that 7, satisfies the continuity property, we assume that (s;);c; is a directed family
of fuzzy subsets of B, Moreover, in order to simplify our notations, we denote the expression

Suph(al,...,an )—;aeSupp(Gr(p)) by Sup. Then

Tx(Ujess)(@) = Sup{Gr(p)(h(an,...,06)—>:)Qh(Supjess(1),..., Supjessi( )}
= Sup{Gr(p)(h(a,...,0.)—>i )R USupj)....jimh(Sj1) (1) osSin) () } -
Now, we observe that, since (s;);es is directed, given sj),..., Sj) there is jeJ such that s;)Cs;,..., Si)Ss;
and therefore A(s;1y(e),..., Sim()) < (s ), ..., s{a,)). Consequently,
Ty(Ujessi)(@) = Sup{Gr(p)(h(an,..., ) —>i@)®(Supje sh(s{( )., s )}
= Sup;e; Sup{Gr(p)(h(a,...,00,) =i Q)@ (h(s(1),..., s{ ) }
= SupjesTo(si)(@) = Ujes Ta(s))(@)
and this proves that 7 is continuous. The remaining part of the theorem is trivial. O

Equation (6.3) suggests an algorithm to calculate, for any fact ¢, the value m,(a). More precisely, if
we adopt the definition of recursive enumerability for fuzzy sets proposed in [1] and [6], then, under

very natural hypotheses, it is easy to show that m,, is a recursively enumerable fuzzy subset of B ..

The following theorem shows that the least fuzzy Herbrand model of a positive fuzzy program
represents the informative content of p.

Theorem 6.4. Let p be a positive fuzzy program. Then the least fuzzy Herbrand model of p is equal to
the fuzzy subset of facts which are logical consequences of p, i.e., for any fact «,

my(@) = Le(p)(@). (6.4)

Proof. By Theorem 4.6 and formula (6.2), for any fact ¢,
Le(p) (@) = Inf {||d|r : T is an H-model of p} = my(a). O

As in the classical case, several difficulties exist for fuzzy programs which are non positive. We
confine ourselves only to the very simple case of hierarchical fuzzy programs. We call level mapping

any map lev : B,—N from the Herbrand base to the set of natural numbers. We say that a fuzzy
program p is hierarchical if a level mapping exists such that for any rule A(a,...,a,)—>a in

Supp(Gr(p)), lev(a)>lev(a),..., lev(a)>lev(a,). Trivially, it is no restrictive to assume that the level of
the atomic formulas is equal to 1.
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Proposition 6.5. Let p be a hierarchical fuzzy program. Then, for any acB ,
lela)y<n = T, (D) a)=T, (D) a) (6.5)
Consequently, | . T," (D) is a H-model of p.

neN = p

Proof. We will prove (6.5) by induction on n. In the case n = 1, we have that « is atomic and that
no rule in Supp(Gr(p)) exists whose head is a. Then, T5(7,())(a) = 0 and T>()(a) = 0. Therefore,
since T,(D)(a) = Gr(p)(a),

T,A(D)(a) = TAT(D))(@) = T, DN N TATD))(@) = Ti(T(D))(a)

= GrpX AVT/(@)(@) = T,(D)a).
Assume that n # 1, that lev(@)<n and that A(a,...0,)—>;« is a rule in Supp(Gr(p)). Then, since
lev(a)<lev(a)<n and therefore lev(o;)<n-1, by inductive hypothesis 7,"(D) () = T,"'(D)(e). Then,

T," (D)) = Grp)( VT, (D) @)v

(S”ph(al,...,an)—>iaeSupp(Gr(p)) Gr(p)(h(as...,0) > (T," (an),..., T,"(an))).
= Gr(p)(a)VvT," (D)) 1 1
(Suph(al,...,an)—>iaeSupp(Gr(p)) Gr(p)(h(aen,...,00)=>)@:1(T," (ar),..., T," ().

By noticing that Gr(p)(a) < T,,"(D)(«) and
( Suph(al,...,an )—)i(ZeSupp(Gr(p)) Gr(p)(h(ala---aan)_)ia)®ik(Tpn_l(al)a---a Tpn-l(an)))S Tp"(@)(a)’

we obtain that 7" (D)(@) < T,"(D)(a) and therefore T," (D) (@) = T, (D) (). O
In the following we say that (J,_, 7," (@) is the canonical H-model of p.

7. Fuzzy control

As an application of the sketched fuzzy logic programming theory, we will consider the main success
of fuzzy set theory: fuzzy control. Recall that the aim of classical control theory is to individuate a
function f : X — Y such that f(x) gives the correct control given the input x. To do this, the starting
point is a general theory about the phenomenon under consideration. From this theory we obtain some
differential equations and then f is obtained as a solution of these equations. The paradigm used in
fuzzy control theory, as devised by Zadeh in [19], [20] and by Mamdani in [12], is totally different.
Indeed, in fuzzy control one tries to obtain f from the verbal information given by an expert on the
control under consideration (imagine the expert as a cleaver “old hand” with no theoretical knowledge
or mathematical competence). The expert expresses its experience by a system of IF-THEN rules like

If x is Little, then I suggest to put y Slow,

If x is Small, then I suggest to put y Fast,

If x is Medium, then I suggest to put y Moderate, (7.1)
If x is Big, then I suggest to put y Veryfast,

If x is Verybig, then I suggest to put y Moderate.

Successively, fuzzy control theory interprets such an information, qualitative in nature, by translating
it into a function /" : X—Y in such a way that f” can be considered an adequate control function. This is
done by suitable procedures based on the interpretation the words Little, Slow, ... by suitable fizzy
quantities, or fuzzy granules, little : X—[0,1], slow : Y — [0,1], .... By proceeding in a general way,
consider a general [F-THEN system:

IF x is 4; THEN y is B,
. (7.2)
IF x is 4, THEN y is B,.

11



Then, in fuzzy control such a system can be interpreted in two different ways. In the conjunction-
based fuzzy control we consider the following procedure:

- Step 1. A tentative interpretation of the constants 4,,...,4,, Bi,...,B, by suitable "fuzzy quantities" a; :
X—-[0,1],.,a,: X—[0,1],b,: Y—[0,1], b,: Y — [0,1] is proposed.
- Step 2. Each rule "IF x is A; THEN y is B;" is associated with the fuzzy point a;xb; obtained as the ®-
Cartesian product of the fuzzy quantities a; and b;.
- Step 3. The whole system of rules is associated with the fuzzy function f: XxY — [0,1] defined as an
union of these fuzzy points, i.e.

S= Ui alaixb;). (7.3)
- Step 4. A suitable defuzzification process associates the fuzzy function f with a crisp function /.
Usually, this is obtained by the centroid method, where we set, for every r € X,

[ fo.y)-ydy
[ rer.»dy

- Step 5. If /' is satisfactory (it is sufficiently close to f), then the procedure terminates, otherwise the
interpretation of the expert's words is chanced in accordance with a suitable strategy. After this, one
goes back to Step 2.

fr)=

Notice that the basic feature of such a procedure is the tuning process, where the interpretation of the
constants A4,,...,4,,B1,..,B, 1s changed until we obtain a satisfactory interpretation. By referring to the
system (6.1), set X =[0,10], Y =[0,5] and interpret the constants Little, Small, Medioum, Big, Verybig,
Slow, Moderate, Fast, Veryfast by suitable triangle functions:

1

z 'Ii 3 & lllil 1 & 2 & 5
Also, consider the triangular norm of the minimum. Then, the following picture represents both the
corresponding fuzzy function fand the crisp function f".
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In the implication-based procedure (see, for example, [11]), instead of steps 2 and 3 we have:

- Step 2'. Each rule "IF x is 4; THEN y is B," is associated with the fuzzy relation a,—b; defined by
setting, for any x € X and y € ¥, (a;—b;)(x,y) = a(x)—>b(y).
- Step 3'. The whole system of rules is associated with the fuzzy function:

g= Ni1,.a(a—b)). (7.4)

8. Fuzzy control and logic programming.

In spite of the great success of fuzzy control, there is no convincing justification of the applied
techniques. Obviously, the first temptation is to interpret the IF-THEN structure of the rules as a
logical implication. As an example, we could interpret a rule as "If x is Little then y is Slow" by the
first order formula Little(x)—Slow(y). Unfortunately, this cannot be done in a so direct way. Indeed
assume that  is an input such that Little(r) is false. Then the formula Little(r)—Slow(t) is true for any ¢
in Y and therefore any t€Y gives a correct control.

As a consequence of such considerations, in [8] we sketched a logical approach to fuzzy control
based on the idea that, given the input 7, and a possible output ¢, the number f{r.f) is the truth degree of
the claim "t is a good answer given r". This means that f is obtained as an interpretation of a vague
predicate Good in a multivalued first-order logic. Namely, we show that f'is the interpretation of Good
in the least fuzzy Herbrand model of a suitable fuzzy program. To illustrate this idea, we consider the
multivalued logic defined by the complete lattice [0,1] equipped with a triangular norm ® and the map
~ : [0,1]> [0,1] defined by setting ~(x) = 1-x. These operations are devoted to interpret the
conjunction and the negation connectives, respectively. The disjunction is interpreted by the co-norm
@ defined by setting x®y = ~(~x®~y) and the implication by the operation — defined by setting x—y
= (~x)@y. Also, the language L contains a binary relation symbol Good and unary predicate symbols.
Also, we consider each element » in X and ¢ in Y as a constant and therefore we assume that the
Herbrand universe is XUY. Then, we translate the system (7.2) into a fuzzy program p : F — [0,1]
defined by setting:

(4,()AB1(v) = Good(x.y) [1]

1.4.,,(.x)/\B,,(y) — Good(x,y) [1]

Ai(r) [ai(r)]
<. (8.1)
A,(r) [ax(r)]

Bi(?) [61(D)]

(.00 [b,(0).

where re X and te Y. More precisely, p is defined by setting

1 if a is the clause 4,(x)AB{(y) — Good(x,y),
alr) if ais the fact A(r), re X
()=
bi(t) if ais the fact Bi(f), teY
0 otherwise.

Observe that 4,,...,4,, By,...,B, are considered as unary predicate symbols and not constants for
fuzzy quantities as in the system (7.1). Observe also that, while p(4,7)) = a,(r) for any reX, we have
set p(A«¢)) = 0 for any t€Y, and that while p(B(¢)) = b{(¥) for any ¢t Y, we have set p(4(r)) = 0 for any
reX (it is not restrictive to assume that XnY = ). A better alternative should be to extend the results
of this paper into a two sorted logic, one type for the elements in X and one type for the elements in Y.

The following theorem shows that the calculus of the fuzzy function f obtained by the conjunction-
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procedure is equivalent to the calculus of the least fuzzy Herbrand model of such a fuzzy program.

Theorem 8.1. Consider the fuzzy control system (7.2), let f be the associated fuzzy function by the

conjunction procedure and let p be the fuzzy program given by (8.1). Then, for any re X and teY,
[r,t) = m,(Good(r,t)),
i.e., fis the extension of the predicate Good in the least fuzzy Herbrand model of p.

Proof. We observe only that, due to the one-level structure of the program p, m, =T, p2(®). 0

Likewise, in order to give a logical interpretation of implication-based fuzzy control, we consider a
new binary predicate symbol Bad and the following hierarchical fuzzy program p:

(4,(-)A—B1(y) = Bad(x,) [1]
1‘4',,£x)/\—|B,,(y) — Bad(x,y) [1]
Ay(r) [a1(r)]
. (8.2)
A,(r) [a.(r)]
Bi(?) [6:1(0)]
3. [b,(0).

where re X and r€Y. The following theorem shows that the calculus of the fuzzy function f obtained by
the implication-procedure is equivalent to the calculus of the canonical fuzzy Herbrand model of such
a fuzzy program.

Theorem 8.2. Consider the fuzzy control system (7.2), let g be the fuzzy function obtained by the

implication-procedure and let p be the fuzzy program defined by (8.1). Then, for any reX and te?Y,
g(r.1) = ~my(Bad(r,)),

i.e, g is the extension of the predicate —Bad in the canonical Herbrand model of p.

=Minz,. , (~a(r)®b(1t)) = N =1, (ar)—>b(1)) = g(r,t). U

Theorems 8.1 and 8.2 enable us to emphasize the different meaning of the two procedures (see, also,
[3]). Indeed, while conjunction-based procedure is useful to give positive information (given r, the
fuzzy subset good(r,y) of outputs that we consider good), the implication-based procedure is useful to
manage negative information (given r, the fuzzy subset bad(r,y) of outputs that we suggest to avoid).

Also, this approach enables us to consider both the approaches at the same time. In fact we can
consider a hierarchical fuzzy program containing both rules for the predicate Good and rules for the
predicate Bad. As an example, we can consider the hierarchical fuzzy program obtained by adding at
the fuzzy program (8.1), the rule

(—Big(x))A(Fast(y)v Verifast(y)) — Bad(x,y) [1]
able to define Bad and the rule

Good(x,y)An—Bad(x,y) — Optimum(x,y) [1]
to compose the two different kinds of information. In such a case the fuzzy function we have to
consider is the extension of the predicate Optimum and not to the extension of the predicate Good in
the successive defuzzification process, obviously. In the following picture we represent both such a
fuzzy function and the corresponding crisp function f’ obtained by the defuzzification process.
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Notice that such an approach to fuzzy control is related with the approach sketched by P. Hajek in
[10]. In fact, Hajek defined the predicate Mamd(x,y) by the axiom
Mamd(xy) <> (AEABI()) V...v (4 ()IABI(3).
It is immediate that in any H-model in which such an axiom is satisfied, the extension of the predicate

Mamd is the fuzzy relation defined in fuzzy control. Then, while we associate any IF-THEN system
with a fuzzy program p, Hajek refers to the completion of p.

9. Possible future researches on fuzzy control

As a matter of fact the proposed immersion of fuzzy control into fuzzy logic programming uses only a
very small piece of this theory. Then, we can try to extend fuzzy control taking in account the whole
potentialities of fuzzy logic programming. For example, we can indicate the following research
directions.

9.1. Learning process. In defining the fuzzy programs (8.1), we can assign to a rule 4,(x)ABi(y) —
Good(x,y) a weight A; different form 1 as a measure of the corresponding “degree of confidence” of
the expert in such a rule. Then, the interpretation f of Good in the resulting canonical Herbrand model
m,, is obtained by the expression
J= Uizt (Ai®(aixby)). .1

This means that, in the learning process, we can modify both the interpretations of the vague
predicates and the parameters A,,...,4,. Obviously, it is also possible that in such a process a parameter
A; becomes equal to zero and therefore that the i-rule is deleted.

9.2. Further connectives and linguistic modifiers. We can consider a fuzzy logic with several kind
of implication and further logical connectives in [0,1]. For instance, we can consider linguistic
modifiers as "Clearly” and "Vaguely" interpreted by the functions ¢/ : [0,1]— [0,1] and vag : [0,1]—
[0,1] defined by setting cl(x) = x> and vag(x) = x** for any x[0,1], respectively. Then we can consider
a fuzzy control able to manage rules as

Vaguely(Little(x)) A Fast(y) > Good(x,y),

Little(x) A Clearly(Slow(y)) — Good(x,y)
where Vaguely(Little(x)) is interpreted by the fuzzy subset little(x)"> and Clearly(Slow(y)) is
interpreted by the fuzzy set slow(y)”.
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9.3. Fuzzy control based on bilattices. We can imagine a fuzzy control based on a logic
programming with a valuation structure L different from the interval [0,1]. For example, we can
assume that S is a set of expert and that L is the power set Boolean algebra ¢ (S). In such a case a
fuzzy program p associates any clause « with the set p(«) of experts whose opinion is that « is valid.
In accordance with [4], should be very interesting to assume that L is a bilattice based on [0,1]x[0,1].
The resulting fuzzy control should be able to manage both positive and negative information.

9.4. Rule chaining. The power of logic programming is mainly based on recursion and on many-steps
deductions. Instead fuzzy control usually considers one-step deductions. Then, our translation suggests
a fuzzy control able to define predicates which, in turn, are used to define new predicates and so on. A
simple example is furnished in the previous section in defining Optimum from Good and Bad. To give
a further example, assume that an element » in X exists such that a;(») = ... = a,(r) = 0. Then f{r,/) =0
for any te Y. This means that the proposed rules are not able to suggest a correct control given r. In
such a case we can add to the rules used to define Good the default rule

Undefined(x)ABy_default(y) — Good(x,y),
Where, in turn, the meaning of the predicate Undefined is furnished by the rule:

—A1(X)A...A—A4,(x) = Undefined(x)
and the meaning of By default(y) is defined by suitable rules.
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