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Abstract: In accordance with Tarski point of view, in this chapter the theory of closure
operators is proposed as a unifying tool for fuzzy logics. Indeed, let F be the set of formulas of
a given language. Then an abstract fuzzy logic is defined by a fuzzy semantics (i.e. a class of
valuations of the formulas in F) and by a closure operator in the lattice of the fuzzy subsets of F
(we call deduction operator). One proves that Pavelka’s logic, similarity logic and graded
consequence theory can be represented in this way.

3.1 INTRODUCTION.

Let U be a nonempty set and denote by P(U) the lattice of all the subsets of U. Then
a closure operator on U is any map J:P(U)—P(U) such that,
XY = JXNSNY) 5 X2JX) 5 JUX))=IX),

for every X and Y subsets of U. The theory of closure operators is a very useful tool in
several areas of classical mathematics and, in particular, in (crisp) mathematical logic.
Indeed, in account of the fact that the deduction operator of a monotonic logic is a
closure operator, A. Tarski, D. J. Brown, R. Suszko and other authors proposed a
general approach in which a logic is seen as a pair (F,D) where F is the set of
formulas in a given language and D:P(F)—>P(F) is a closure operator (see, e.g.,
[Tarski 1956] and [Brown; Suszko 1973]).



APPROXIMATE REASONING AND INFORMATION SYSTEMS

In this chapter we will show that it is possible to extend such an abstract approach
to fuzzy logic. To do this, we start from the notion of a closure operator in a complete
lattice L (see, e.g., [Ward 1942]). Obviously, we are mainly interested in the case in
which L is the lattice of the fuzzy subsets of the set of formulas of a given language.
The resulting theory enables us to give a unified treatment of several different
approaches to fuzzy logic (such as Pavelka's logic, similarity logic, graded
consequence theory). It is worth noticing that the proposed extension of the theory of
closure operators to the fuzzy framework is useful not only for fuzzy logic but also for
many other branches of fuzzy set theory. Indeed, it gives an elegant and powerful way
to treat notions such as those of fuzzy topologies, fuzzy subalgebras, necessity
measures and envelopes (see, e.g., [Conrad 1980]), [Biacino; Gerla 1984], [Murali
1991], [Biacino; Gerla 1992], [Biacino 1993]).

3.2 CLOSURE OPERATORS IN A LATTICE

Let L be a complete lattice whose minimum and maximum we denote by 0 and 1,
respectively. An operator J:L —L is called a closure operator if, for every x,yeL,

1) x=y=Jx)=2Jy) (monotony)

(i) x<J(x) (inclusion)

(>iil) J(J(x))=J(x) (idempotence).

We call an almost closure operator in L, in brief a-c-operator, an operator J
satisfying (i) and (ii). A class C of elements of L is called a closure system if the meet
of any family of elements of C is an element of C. Every closure system C is a
complete lattice in which the meets are the same as in L but the join of a subset X of C
is the meet of the set of elements of C that are greater or equal to every element of X.
So a closure system is not a sublattice of L, in general; as an example, consider the
class of closed subsets of an Euclidean space. Moreover, given a class CcL, we define
the operator J(C):L—L by setting,

JO)=Inf{yeC| y2x} 3.1)
for every xeL. If C is a closure system, then J(C)(x) belongs to C and it is called the
element of C generated by x. Given an operator J, we set

C())={xeL | J(x)=x}, (3.2)
i.e., C(J) is the set of fixed points of J.

Proposition 3.2.1 Given any CcL, the operator J(C):L—L defined in (3.1) is a closure
operator. Given an a-c-operator J, the class C(J) cL defined in (3.2) is a closure
system.

Proof. It is immediate that J(C) is a closure operator. To prove that C(J) is a closure
system observe that, if (x;);c; is any family of elements of C(J) then by the monotony
of J, JUnf;cx;)<x; for every iel. So we have J(Inf; px;)<Inf;x; and, since the opposite
inequality holds by (ii), it is J(Inf;cx;)=Inf;cx;. This proves tht C(J) is a closure
system.

The class L* of the operators in L is a complete lattice with respect to the order
relation defined by setting, for every J; and J, in LL, Ji<J; provided that J;(x)<J5(x),
for every xeL. The joins and meets in such a lattice are given by setting
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(V)= Ji(x)VIAx) , (1 A= T (AT Ax),
for any xeL. We have also the following proposition, whose proof is immediate.

Proposition 3.2.2 The class CO(L) of the closure operators in L is a closure system in
L*. The class CS(L) of the closure systems in L is a closure system in P(L).

In accordance with the first part of Proposition 3.2.2, given an operator J, we denote
by c(J) the closure operator generated by J, i.e., the meet of all the closure operators
greater than or equal to J.

Proposition 3.2.3 Let J be an a-c-operator. Then

c(N)=JC)), (3.3)
i.e., for any x in L, c(J)(x) is the least fixed point of J greater than or equal to x. In
particular, if J is a closure operator, then J=J(C(J)).

Proof. Set J=J(C(J)), then, J’ is a closure operator. To prove that J>J observe that
for every x, if J'(x)=x" we have x’>x and J(x")=x=J(x), thus J'(x)>J(x). Let H be a
closure operator such that A>J. Then J(H(x))<H(H(x))=H(x); on the other hand
J(H(x))=H(x). This proves that H(x)e C(J) and, since H(x)>x, that H(x)> J (x).

In accordance with the second part of Proposition 3.2.2, given a system C we denote
by ¢(C) the closure system generated by C, i.e., the intersection of all the closure

systems containing C.

Proposition 3.2.4 Given a class C of elements of L, we have

«(CO=CU(O)), G4
and therefore, C=C(J(C)) for every closure system C. Moreover,
(O)={nflX) | XC}. (3.5)

Proof. (3.5) is immediate, to prove (3.4) observe that, since every element of C is a
fixed point of J(C), C(J(C)) is a closure system containing C. Let C’ be a closure
system containing C, and x an element of C(J(C)). Then, since x=J(C)(x), x is a meet
of elements of C and hence belongs to C’. Thus C(J(C)) is contained in C’ and
therefore C(J(C))=c(C).

If C and C’ are closure systems and J, J~ closure operators, then:
CcC’ & JIO=2JC) ; JKJ < CNHc CJ).
Since in Propositions 3.2.3 and 3.2.4 we proved that J=J(C(J)) and C=C(J(C)), this
shows that (3.1) defines a lattice isomorphism from CS(L) on CO(L) and (3.2) defines
the inverse isomorphism from CO(L) on CS(L).

Proposition 3.2.5 Let J be an a-c-operator and C a class. Then

C(H=C(c()) 5 J(OFJ(c(O)). (3.6)
Moreover, let be Ji, J; a-c-operators and Cy, C, classes. Then
c(J)=¢c(J2) & CJN=C(J)2) ;5 e(Ci)=e(Cr) & J(C)=J(C). (3.7)
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Proof. Every element of C(J) is a fixed point of J(C(J))=c(J) and this proves that
C(J))cC(c(J)). Conversely, let x be a fixed point of c¢(J). Then x=J(C(J(x)))
=Inf{yeC(J) | y2x}. But C(J) is a closure system, so xe C(J). Thus C(J)2C(c(J)) and
therefore C(J)=C(c(J)). The remaining part of the proposition is obvious.

3.3 ABSTRACT LOGICS

We define an abstract deduction system as a pair (L,D) where L is a complete lattice
and D a closure operator in L. The elements in L are called pieces of information and
D the deduction operator. A theory is defined as a fixed point of D, i.e., a piece of
information t such that t©>D(t). So, the theories are the deductively closed pieces of
information. Obviously, t is a theory iff a piece of information x exists such that
t=D(x). If this is the case, x is called a system of axioms for t. The theory D(0) is
called the system of tautologies and is denoted by Tau(D). Since D(1)=1, 1 is a theory,
we call the inconsistent theory. A piece of information xeL is consistent provided that
D(x) is different from 1. We define an abstract semantics as a nonempty class M of
elements of L such that 1M, and we call models the elements in M. If x is a piece of
information and meM, then m is a model of x, in brief m E x, provided that x<m. We
say that x is satisfiable if a model of x exists and we denote by Saz#(M) the class of
satisfiable pieces of information, i.e.,
Sat(My={xeL | meM exists such that m k£ x}.

Two pieces of information admitting the same models are said to be logically
equivalent. In accordance with Proposition 3.2.1, M induces a closure operator we call
logical consequence operator and we denote by Conwm (or merely by Con). Then Conu
is defined by setting, given a piece of information x,

Conu (x)=Inf{meM | m k x}.

We define the system of tautologies of M as

Tau(My=Inf{m | meM},
i.e., Tau(M)= Conu (0).

Definition 3.3.1 An abstract logic is an object like (L,D,M) where (L,D) is a deduction
system and M a semantics such that D=Conw .

For example, the classical first order logic is an abstract logic in which

- the pieces of information are the sets of formulas (systems of axioms)

- D(x) is the set of formulas we can derive from x

- a theory t is a set of formulas containing the logical axioms and closed under the
inference rules

- a model is identified with the related set of true formulas (and therefore M with the
class of complete theories)

- Conm (x) is the intersection of all the complete theories containing x.

Given any abstract deduction system (L,D) we can define an abstract logic in a
trivial way by setting M equal to the class of consistent theories of D. In this sense any
deduction system admits an abstract semantics. Nevertheless, such a semantics is
unsatisfactory since we look for semantics containing only those theories that are
complete systems of information, in a sense.
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3.4 CONTINUITY FOR ABSTRACT LOGICS

The deduction operators of the crisp logics are compact, i.e., for every ae D(X) a finite
subset X; of X exists such that coe D(Xy). This is an immediate consequence of the fact
that a proof involves only a finite number of hypotheses. Since the notion of a finite
subset is not defined in a generic lattice L, we have to search for a different notion of
compactness. A nonempty class 7" of elements in L is called directed if

xel,yeT = 3zeT,x<z, y<z.
The chains are typical examples of directed classes. If z=Sup(T) we say that z is the
limit of T and we write z=[imT. If J is an order-preserving operator and 7 is directed,
then the image J(T)={J(x) | xe T} is also directed, obviously.

Definition 3.4.1 An operator J is called continuous if it is order preserving and, for
every directed class 7,
JUimTy=limJ(T). (3.8)

A continuous closure operator is also called an algebraic closure operator. One
proves that if L is the lattice of all the subsets of a given set, then J is continuous iff J
is compact.

Definition 3.4.2 A class C of elements of L is called inductive if the limit of every
directed family of elements in C belongs to C. An inductive closure system is called
algebraic.

The following proposition, whose proof we omit, shows that the notion of algebraic
closure system is the natural counterpart of the one of algebraic closure operator.

Proposition 3.4.3 Given a nonempty class C,
C is an algebraic closure system < J(C) is an algebraic closure operator.
Given a closure operator J
J is algebraic < C(J) is an algebraic closure system.

The continuity is a necessary condition for a deduction operator D works well.
Indeed, if we are able to approximate an information x with a partial information y
such that y<x, then D(y) has to be a suitable approximation of D(x).

Definition 3.4.4 An abstract deduction system (L,D) (more generally, an abstract

logic) is called continuous provided that D is continuous.

3.5 STEP-BY-STEP DEDUCTION SYSTEMS
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Usually a deduction operator D is obtained by starting from a suitable set 4 of logical
axioms and a suitable set of inference rules. Namely, denote by J(X) the set of
formulas that can be obtained by one application of the inference rules to formulas in
X, and set

HX)=J(X)UAUX,
i.e., ae H(X) provided that
- either a is obtained by applying an inference rule to formulas in X,
- oraisalogical axiom
- oraisanelement in X.

Also, define A" by induction on n, by setting H'=H and H""'=HoH". Then it is
immediate that H is an almost closure operator, D is the closure operator generated by
H and that D(X)=\UH"(X). Obviously, H'(X) represents the set of formulas we can
obtain from X by an n-step inferential process.

To extend such an approach to abstract logics we at first examine how to obtain the
closure operator generated by a continuous a-c-operator.

Proposition 3.5.1 Let A be a continuous a-c-operator. Then the set C(H) of fixed
points of H is an algebraic closure system and the closure operator c¢(H) generated by
H is continuous.

Proof. Let T be a directed subclass of C(H). Then, since H is continuous

H(Sup({x | xeT}))=Sup({H(x) | xe T} )=Sup({x | xeT})
and, hence, Sup({x | xeT})e C(H). This proves that C(H) is inductive. Thus, since by
Proposition 3.2.3 c¢(H)=J(C(H)), by Propositions 3.4.3 we can conclude that c(H) is
algebraic.

If H is a continuous a-c-operator the following famous theorem enables us to
calculate the closure operator c(H) generated by H.

Theorem 3.5.2 (Fixed-point Theorem) Let H be a continuous a-c-operator. Then
C(H):SMPn ENHn . (3 9)

Proof. We have to prove that, for every xeL, Sup,vH"(x) is the least fixed point of H

greater than or equal to x. Now, since H(x)>x we have also that H""/(x)>H"(x) for

every n, and hence the family (H"(x)), <y is directed. Since H is continuous
H(SupnENHn(x)):Supn6NHﬂ+1(x):Sl’lpnENHn(x)

and Sup, vH'"(x) is a fixed point for H greater than or equal to x. If y is any fixed point

such that y>x, then for every neN, y=H"(y)=H"(x) and hence y>Sup, nH"(x). This

proves that Sup, nH'(x)=c(H)(x).

In accordance with the above considerations, we propose the following definition.
Definition 3.5.3 A step-by-step deduction system is an object like (L.J,a) where
- J is a continuous operator (the immediate consequence operator)

- a is an element of L (the system of logical axioms).

Let J be a continuous operator and define H by setting



CLOSURE OPERATORS

Hx)=J(x)vavx (3.10)
for every xeL. Then it is easily seen that H is a continuous a-c-operator. H(x)
corresponds to the set of formulas that either are immediate consequences of x, or are
logical axioms or are hypotheses (i.e. elements in x).

Definition 3.5.4 Let (L,J,a) be a step-by-step-deduction system, define H by (3.10)
and denote by D the closure operator generated by H. Then (L,D) is called the
deduction system associated with (L,J,a).

The following proposition is an obvious consequence of the Fixed-point Theorem.

Proposition 3.5.5 Let (L,J,a) be a step-by-step-deduction system and (L,D) the
deduction system associated with (L./,a). Then D is algebraic and

D(x)=Sup, nH"(x). (3.11)
Moreover, 7 is a theory of (L,D) iff
(1) ©=J(t) and (i) t>a. (3.12)

Then, while for every integer n, H'(x) represents the information available in n-
steps, Sup, ovH'"(x) represents the whole information we can derive from x.

3.6 LOGICAL COMPACTNESS

A closure operator D is said to be logically compact, in brief I-compact, provided that
the related class of consistent pieces of information is inductive. A semantics M is
called logically compact provided that the related logical consequence operator C is
logically compact, i.e., the class Sat(M) of satisfiable pieces of information is
inductive. Note that logical compactness is different from continuity. Indeed, while
the deduction operator of a fuzzy logic in Hilbert style is always continuous, there are
very interesting examples of such logics whose deduction operator is not logically
compact (as an example, see the logic of the necessities examined in [Biacino; Gerla
1992)).

Proposition 3.6.1 Let D be a deduction operator. Then the following are equivalent
(a) D is continuous and logically compact
(b) the class of consistent theories is inductive.

Proof. (a)=(b). Let T be a directed family of consistent theories and denote by 7 its
limit. Then, since D is continuous, t is a theory and, since D is logically compact, 7 is
consistent.

(b)=(a). In order to prove that D is continuous we prove that the class of theories is
inductive. Let T be any directed family of theories and denote by < its limit. Then, if
all the elements in T are consistent, we have that T is a consistent theory. If the
inconsistent theory 1 belongs to T, then 1=1. So, in any case 1 is a theory. Let (x;);; be
a directed family of consistent pieces of information and denote by x its limit. Then
(D(x;));er 1s a directed family of consistent theories and hence its limit T is a consistent
theory. Since x<t, this proves that x is consistent. Thus, D is logically compact.
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The interest of the logically compact semantics is expressed in the following
propositions.

Proposition 3.6.2 If M is logically compact, then every satisfiable piece of
information admits a maximal model. Equivalently, every element of M is contained in
a maximal element in M.

Proof. Assume that x is satisfiable, then, since Sat(M) is inductive, the class
C={yeSat(M) | y>x} is inductive. By Zorn's Lemma, a maximal element z of C exists.
Since z is satisfiable, meM exists such that m>z. Since meC, by the maximality of z
we can conclude that z=m. This proves both that z belongs to M and that z is a maximal
element in M.

In the same way one proves that:

Proposition 3.6.3 If D is logically compact every consistent piece of information is
contained in a maximal theory.

3.7 BASIC NOTIONS IN FUZZY SET THEORY

Denote by v and A the maximum and the minimum operations in [0,1] and by — the
unary operation defined by setting —(x)=1-x for x€[0,1]. Then ([0,1],v,A,—) is a
complete lattice with an involution. Given a set U, we denote by (F(U),u,n,c) the
direct power of ([0,1],v,A,—) with index set U and we call fuzzy subsets the elements
of F(U). The operations U, N and ¢ are called union, intersection, complement,
respectively. Then a fuzzy subset is a map 4:U—{0,1] from U to [0,1] and, if 4, B are
fuzzy subsets of U,
(AUB)(x)=A(x)VB(x) ; (ANB)(x)=A(X)AB(x) ; A“(x)=1-A(x).

Notice that we prefer the notation A° instead of the prefix notation c¢(4). A fuzzy
subset 4 is called crisp provided that either 4(x)=0 or A(x)=1. If X is a subset of U,
then we denote by X the characteristic function of X, too, i.e. we denote by X the map
defined by setting X(x)=1 if xeX and X(x)=0 if x¢X. The following proposition
summarizes the main properties of the class of fuzzy subsets.

Proposition 3.7.1 (F(U),u,N,c) is a complete lattice with an involution extending the
Boolean algebra (P(U),u,N,c). More precisely, the map associating every XeP(U)
with the related characteristic function is a complete monomorphism from

(P(U),u,n.¢) into (F(U),u,Nc).

Consequently, we can identify the subsets of U with the crisp fuzzy subsets. For
every Le[0,1], we denote by U" the fuzzy subset constantly equal to A. Obviously, in
such a way U’ is (the characteristic function of) U and U’ is (the characteristic
function of) the empty set. Given a fuzzy subset 4 of U, for every A[0,1] the subsets

Ay={xeU |A(x)2A} ; As={xeU|A(x)>\}
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are called the closed A-cut and the open A-cut of A, respectively. In the propositions
below we summarize some basic properties of the cuts.

Proposition 3.7.2 Let 4 and B be two fuzzy subsets, (4,);c; a family of fuzzy subsets
and A€[0,1]. Then

(@ 4=U (b) ASA' = 4,045
(C) AgB = A;LQB;L (d) Ax:mx<7LA>x

() (AUB)=A,UB; O  (@NB)=4xNB,,

(& A=A, (h)  (MA)=M(4i),
(@) 4.,=9 ®) AN = A2 A
(c) AcB= A4cB. d) A4m=Ud,

(e') (AUB)> AT A>)LUB>;L (f) (A(WB)>;F A>}Lf_\B>;L
(@) 497 Ieads; (h)  (YA4)=I(4))>.-

For every L€[0,1] and XcU, we denote by AAX the fuzzy subset U" X, that is
(AAX)(x) =A ifxeX ;
(ArX)(x) =0 otherwise.
Dually, we define by Av.X by setting
AvX)(x) =1 ifxeX
(AVvX)(x) =A otherwise.

The following proposition shows that a fuzzy subset is characterized both by its
closed cuts and its open cuts.

Proposition 3.7.3 For every fuzzy subset 4

A=\UAAA,, (3.13)

A=\UAAA.;, (3.14)
and, dually,

A=MAVA,, (3.15)

A=MAVAs;. (3.16)

Proof. It is sufficient to observe that it is possible to rewrite the above equalities as
follows

A(x)=Sup{1€[0,1] | xe4;} (3.17)
AX)=Sup{Le[0,1]| xed-,)} (3.18)
AX)=Inf{re[0,1] | xeAs} (3.19)
A)=Inf{re[0,1] | xg A1} (3.20)

where xe U.

It is possible to identify the fuzzy subsets with the continuous chains as was
proposed in [Negoita; Ralescu 1975]. Consider the class P(U)"! whose elements are
the families of subsets of U with index set [0,1]. Such a class can be view as the direct
power of the complete lattice P(U) with index set [0,1]. Therefore P(U)!*!" is a
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complete lattice whose order relation is defined by setting, for every (43)repo,1; and
(B\)repo.n in P(U)
(AX)XG[O,I]S(BX)XG[O,I] f=— A;LQB;L for every A [0,1]
Further, the join and the meet of these two families are (4,\UB;)icp,1}, and
(Ax"By)efo,1), Tespectively. One similarly defines the infinite joins and meets. We are
interested in a particular class of elements of P(U)™!).

Definition 3.7.4 We call a chain in U any order-reversing family (Cy)ycjo,17 of subsets
of U such that Cy=U and we denote by Ch(U) the set of chains in U. We say that a
chain (C))yeo,17 18 continuous if

CG=M0.Cy (3.21)
for every A€[0,1]. We denote by CCh(U) the class of continuous chains.

The family of closed cuts of a given fuzzy set is an example of continuous chain.

Proposition 3.7.5 The class Ch(U) of chains of subsets of U is a closure system in
P(U)Y. Let (Cy)cpo1y be any family of subsets of U. Then the chain (C))yepo
generated by (Cy)xcp0,1; can be obtained by setting C"=U and, for A0,

C*A:sz?»c'x (3 22)

Proof. The first part of the proposition is obvious. It is immediate that (C*x)xe[o,l] isa
chain containing (C))yco,1}- Let (43)rc0,1) be a chain containing (Cy)s.cpo0,1)- Then, given
Le[0,1], for every u=h, 4,04,0C, and therefore 4;,0C,.

Proposition 3.7.6 The class CCh(U) of the continuous chains is a closure system in
Ch(U) (hence in P(U)*"M). Let (Crepo,) be a chain and let (C’)ep,) be the
continuous chain generated by (C)y.<0,1}- Then, for every A€[0,1]

CH=,Cx. (3.23)

Proof. Let / be a set and, for every i€/, let (Chi)xE[O,l] be a continuous chain. Then the
intersection of such a family of continuous chains is the chain (C)).co,1) defined by
C)\=mielc;j. Since

mx<kcx: mx<k(mielcxl) = miel(mx<kCXl) = miEIC)\.I: C?» 5
(Crepo,1 1s a continuous chain. Suppose (Cy)xepo,17 is a chain. Then, since C,2C;, for
every A>p, we have C’,2C,. In order to prove that (C’))xep,1) is @ continuous chain,
observe that

M C= mx<7»(my<xcy) = mquyZC’x.
Finally, let (Ay)y<[0,1) be a continuous chain containing (Cy)seo,13, then
Ak = mx<kAx 2 mx<kC¥ =C ,7w

The following definition enables us to associate any family of subsets of U with a
fuzzy subset of U.
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Definition 3.7.7. Let (Cy)5.c0,1) be any family of subsets of U and set

A=\UAAC;. (3.24)
Then 4 is said to be the fuzzy subset associated with (Cy)y.cjo,11-

The proof of the following propositions is matter of routine.

Proposition 3.7.8 Let (C))y<p0,1) be any family of subsets of U and 4 the associated
fuzzy subset. Then, both the chain (C*k)ke[o,l] and the continuous chain (C’)icpo,1
generated by (C))x<po,17 define the same fuzzy subset 4. Moreover,

Az =UpCic C*xg C’,= 4. (3.25)

In particular, if (C))cp,1] is a chain, the fuzzy subset associated with (Cy)yepo,1] by
Equation (3.24) coincides with the fuzzy subset associated with (C"))x<o,13-

Proposition 3.7.9 Let (Cy)y.cpo,17 be any chain of subsets of U and define 4 by (3.24).
Then we have also that

A=MAvC;. (3.26)
Moreover,

Ay F I GG Ma. C=A,. (3.27)
If (C)sepo,1; 1s continuous, then, for every A€[0,1], 4,=C,.

The following theorem shows that we can identify the lattices F(U) and CCh(U)
(see [Negoita; Ralescu 1975]).

Theorem 3.7.10 The correspondence s:F(U)—>CCh(U) defined by setting, for every
AeFU)

h(A) = (A )s.eron (3.28)
is a lattice isomorphism between F(U) and CCh(U). Moreover, the inverse map

I':CCh(U)—F(U) associates every continuous chain (Co)reo,y with the fuzzy subset
A defined by (3.24).

3.8 ABSTRACT FUZZY LOGIC

Let F be a set whose elements we call formulas. We call an abstract crisp deduction
system, (crisp semantics, crisp logic) any abstract deduction system (semantics, logic)
in the lattice of the subsets of F. Then, a crisp semantics is any class M of subsets of
formulas such that F¢M. Also, given a set X of formulas and an element M of M, M is
a model of X provided that XcM, and we define the set C(M)(X) of the logical
consequences of X by

CMX)=M{MeM | M2X}.
An abstract crisp logic is an object like (F,D,M) such that D=C(M) and the elements of
the set
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Tau(My=M\{M | MeM},
are called rautologies. Also, the complement operation ¢ enables us to define the set

Contr(My=M{M° | MeM}

whose elements we call contradictions. Then, a contradiction is a formula that is false
in any model. We can justify the above definitions as follows. Consider a classical
logic, then we can identify the class of possible models with the class M of the
complete theories. Indeed, we associate each model M with the complete theory
T)y={aeF | a is true in M} and, conversely, for every complete theory T a model M
exists such that T)~=T. It is also immediate that A is a model of a set X of formulas iff
XcT), and that the set C(M)(X) of logical consequences of X is the intersection of all
the complete theories containing X.

Given a set U, a fuzzy closure operator (system) in U is any closure operator
(system) in the lattice F(U). We call an abstract fuzzy deduction system, (fuzzy
semantics, abstract fuzzy logic) any abstract deduction system (semantics, logic,
respectively) in the lattice of the fuzzy subsets of F. Then, a fuzzy semantics is a class
M of fuzzy subsets of formulas such that U'¢M. The meaning of such a condition is
obvious; no world in which every formula is true exists. The elements in M are named
fuzzy models. Examples of fuzzy semantics are obtained by setting M equal to the class
of the truth-functional valuations of the formulas in a multivalued logic. Another
example is furnished by probability logic in which a model is a fuzzy set of formulas
P such that, for every a,feF

P(avB)=P(a)+P(B) (if a is inconsistent with )
P(o)=P(B) (if a is logically equivalent to 3)
P(o)=1 (if o is logically true).

Sometimes we call an initial valuation (or a piece of fuzzy information or a fuzzy
system of axioms) any fuzzy subset V of formulas. We interpret V as an incomplete
information about an unknown world M, namely, since M is a model of V provided
that VM, the information carried on by ¥V is that, given any formula o,

"the actual truth value of a is at least V()"

From this point of view, an initial valuation ¥ is not a fuzzy subset since the values
V(o) are not truth degrees but constraints on the possible truth degrees. This is in
accordance with the classical inferential processes where the available information is
expressed by a set T of formulas (the assumptions) arising from a partial knowledge of
a world M and the information carried on by T is that "at least the formulas in T are
true in M. Obviously, the logical consequence operator C is defined by setting, given
an initial valuation V,

C(Vy=M{MeM| MV}

The meaning of C(V)() is still “« is true at least at degree C(V)(@)”, but we have

also that
C(V)(@) is the best possible valuation we can draw from the information V.

Notice that, while C(¥)(a)=1 entails that o is true in any model of V, C(V)(a)=0 does
not mean that a is false but that the available information V" says nothing that supports
o.. On the other hand, this happens in the classical logic, too. Indeed, assume that T is
a set of sentences expressing our knowledge about an unknown world M and that o is
a formula that is not a logical consequence of T. Then we cannot conclude that o is
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false in M but only that we are not able to prove a. In other words C(¥)(a) carries on
only positive information about a.. The negative information about o is represented by
the number C(V)(-o)(provided that the language under consideration is equipped with
a negation -).

Also, recall that the fuzzy subset of tautologies is defined by

Tau(M)y=M\{M | MeM}.

The meaning of such a fuzzy subset is that, given any formula o, o is true in any
model M at least at degree Tau(M)(o). We define a tautology as any formula o such
that Tau(M)(a)=1, i.e., M(c)=1 for every MeM. We can also define the fuzzy subset of

contradictions Contr(M) as the intersection of all the complements of the elements in
M, ie.,

Contr(My=M{M* | MeM}
It is immediate that
Tau(M)(a))+Contr(M)(a)<1
and that
Contr(M)(o)=1-Sup{M(a.) | MeM}.

The meaning of the fuzzy subset Contr(M) is that, given any formula a, o is true in
any model M at most at degree 1-Contr(M)(a). As a consequence, the interval
[Tau(M)(c),1-Contr(M)(a.)] represents the a-prior information about a formula o.. We
define a contradiction as any formula o such that Contr(M)(a)=1, ie., a is a
contradiction provided that M(a)=0 for every MeM.

We conclude this section by examining the notion of continuity for fuzzy
operators. Recall that a classical closure operator J is continuous iff J is compact, i.e.,
for every subset X of U

JX)=\J{Xr| Xt is a finite part of X}. (3.29)
Also, this is equivalent to saying that for every XcU and xe U
xeJ(X) & a finite subset X; exists such that xeJ(X). (3.30)

In order to extend this definition to fuzzy closure operators, we call finite any fuzzy
subset whose support is finite.

Definition 3.8.1 A fuzzy operator J is called compact if, for every fuzzy set 4
J(A)=I{J(A4y) | A finite and 4= A}. 3.3D)
J is called p-compact provided that J is order-preserving and, for every fuzzy subset 4

and xe U, a finite fuzzy subset 4¢ of 4 exists such that
JA)x)=I(Ap)(x). (3.32)

The definition of p-compactness was proposed in [Pavelka 1979]. The following
proposition whose proof we omit shows that compacity, p-compacity and continuity

are not equivalent notions for fuzzy operators.

Proposition 3.8.2 Let J be a fuzzy operator. Then

(i) J p-compact = J compact ;
(i1) J continuous = J compact ;
(iii) J continuous does not imply J p-compact ;

(iv) J p-compact does not imply J continuous ;
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W) J compact does not imply J p-compact ;
(vi) J compact does not imply J continuous.

Nevertheless, an interesting characterization of the continuous closure operators in
terms of finite fuzzy subsets was established in [Murali 1991]. In the following, given
two fuzzy subsets 4 and B, A< B means that A(x)<B(x) for every xeSupp(4).

Proposition 3.8.3 A fuzzy operator J is continuous iff, for every fuzzy subset 4,
J(A)y=I{J(4)) | Asis finite and A,<A} (3.33)

Proof. At first we prove a basic property of the relation <, namely that if 7 is a
directed class, then

Ay finite fuzzy subset and A <\U{4'|4A'eT} = FA'eTs.t. 4cA".
Indeed, if Supp(4p)={xi,....x,}, then for i=1,...,n, from A{x;)<Sup{A'(x;) | A'eT} it
follows that 4;eT exists such that Afx;)<4i(x;). So it is sufficient to consider any
element A' in T containing Aj,..., 4,. Suppose (3.33), then it is immediate that J is
order-preserving. Let T be any directed class of fuzzy subsets. Then we must prove

that J(J{4' | A'eT}) = U{J(A") | A'eT}. Set A=\U{A' | A'eT}, then, on account of
the above implication,

J(A)=\I{J(A;) | A; is finite and Ay < A}\J{J(A") | A'eT}.
Since the converse inclusion is immediate, this proves that J is continuous.
Conversely, assume that J is continuous. Then, since {4¢| A¢ is finite and A < A} is a
directed family whose union is 4, (3.33) is immediate.

3.9. PAVELKA’S LOGIC

This section is devoted to expose Pavelka's approach to fuzzy logic, i.e., an approach
in Hilbert style (see also Chapter 2 in this book). We define a crisp Hilbert deduction
system, in brief an H-system, as a pair S=(4,R) such that 4 is a subset of the set of
formulas F, the set of logical axioms, and R is a set of crisp inference rules. In turn, a
crisp inference rule is any partial operation in the set of formulas F, i.e., any map
r:D—F where DcF", neN. We write Dom(r) to denote the domain D of r. A proof
n of a formula o under the hypothesis vi,...,y; is any sequence a.,...0.,, of formulas
such that o,,,=o and
- either o€ {y,....Y1}»
- oro;ed
- or (X,':V((X,'(l),...,(li(n)), l(l)<l, ey l(}’l)<l

Given a set X of formulas, we write X I a to denote that a proof of a exists whose
hypotheses are contained in X. These notions enable us to define an operator D by
setting

D(X)={aeF | a proof of a exists whose hypotheses are in X}. (3.34)

Obviously, X I a iff a e D(X). The proof of the following proposition is immediate.
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Proposition 3.9.1 The operator D associated with an H-system (4,R) by (3.34) is an
algebraic closure operator. So, every crisp H-system (4,R) defines a crisp abstract
deduction system (F,D).

By extending the above definitions, we define a fuzzy H-system as a pair (4,R)
where A4 is a fuzzy subset of F, the fuzzy subset of logical axioms, and R is a set of
fuzzy rules of inference. In turn, a fuzzy rule of inference is a pair r=(r',r"), where
- r'is a partial n-ary operation on F, i.e. a crisp inference rule
- r" is an n-ary operation on [0,1] preserving the least upper bound in each variable,
iLe.,

P (X150 esSUP Wiy eXn) = SUDi 17" (X 15 sV iseesXi) (3.35)
So an inference rule » consists of a syntactical component r' that operates on formulas
and a valuation component r" that operates on truth values to calculate how the truth
value of the conclusion depends on the truth values of the premises (see [Zadeh
1975]). Condition (3.35) entails that »” is order-preserving with respect to any
component. Such a condition is also called continuity condition since it enables us to
prove that the deduction operator associated with a fuzzy H-system is continuous. We
indicate an application of an inference rule r by
a,...,qa, . Aigees Ay
r'(ay,....a,) (A dy)

whose meaning is that:

IF you know that the formulas o.,...,0., are true at least to the degree A,,...,A,,
THEN you can conclude that r'(a,...,a,) is true at least to the degree r"'(A,...,A,).

Examples of fuzzy inference rules can be obtained by assuming that r' is the
classical modus ponens, i.e., the function associating with any pair of formulas of type
o—P and o the formula B, and assuming that 7" is any continuous T-norm (in this
case, Dom(r)={(a.,0a—P) | aeF, BeF}).

A proof m is a sequence a.y,...,04, of formulas, together with a sequence of related
"justifications". This means that, given any formula o, we must specify whether
(i) o;is assumed as a logical axiom; or
(i) a,is assumed as a proper axiom; or
(iii) o; is obtained by a rule (in this case we must indicate also the rule and the
formulas from o.y,...,0;.; used to obtain o).
Differently from the crisp case, the justifications are necessary since different
justifications of the same formula give rise to different valuations. Indeed, let
V:F—[0,1] be any initial valuation. Then the valuation Val(mV) of a proof m with
respect to V is defined by induction on the length m of &t by setting
Val(mt,V)=A(a,) if o, is assumed as a logical axiom
=V(o,) if o, is assumed as a proper axiom
=r"(Val(n(i(1)),V),..., Val(n(i(n)),?)) if o, =r'(Slic1y,-.-,%in))
where, for any i<m, n(i) denotes the proof a.,,...,a;. If a is the formula proven by =, the
meaning we assign to Val(r,V) is that
given the information V, the proof r assures that o holds at least to degree Val(r, V).
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Now, it could happen that another proof @' of a exists such that Val(w',V)>Val(x, V).
This happen, for instance, if the assumptions used in ©' are more true than the
assumptions used in 7. In other words, unlike the usual Hilbert systems, in a fuzzy H-
system different proofs of a same formula o can give different contributions to the
degree of validity of o.. This suggests that, given a fuzzy set of axioms V (the available
fuzzy information), in order to evaluate oo we must refer to the whole set of proofs of
o and to calculate the number Sup {Val(n,V') | 7 is a proof of a}.

Definition 3.9.2. The deduction operator of an H-system S is the operator
D:F(F)—F(F) defined by setting,

D(V)(o)=Sup{Val(n,V') | ® is a proof of o} (3.36)
for every initial valuation 7 and every formula o.

The meaning of D(V)(v) is still
given the information V, we may prove that o holds at least at degree D(V)( ),
but we have also that
D(V)(a) is the best possible valuation we can draw from the information V.
Pavelka proved the following proposition.

Proposition 3.9.3 Let S be an H-system, then the operator D defined by (3.36) is a
compact fuzzy closure operator. Consequently, every H-system is associated with a
compact fuzzy abstract logic.

We show also that S defines a step-by-step deduction system in a natural way and
therefore that D is continuous.

Proposition 3.9.4 Let S=(4,R) be an H-system and define J by

JN)()=Sup{r"(M(a,),..., (o)) | (',r")eR and r'(ay,...,0,)=0}, (3.37)
for every VeF(F) and aeF. Then (F(F),J,A) is a step-by-step deduction system whose
associated deduction operator D coincides with the one associated with S.

Proof. In order to prove that J is continuous, observe that, since every valuation
component »” is an order-preserving map, J is order preserving, too. As a

consequence, given a directed family 7T of fuzzy subsets and V=limT, J(V)2\J{J(X) |
XeT}=limJ(T). Conversely, given a formula a, by observing that for every Si,..., S,eT
an element Xe T exists such that S,cX...., S,cX, we have
J)()=Sup {r"(V(a,y),..., (o)) | (7, r")eR and r'(ay,...,00,)=0L}
=Sup {r"(Si(oty),..., Su(a)) | (',r"eR, r'(ay,...,a,)=a and Si,..., S,e T}
=Sup {r"(X(ay),..., X(ow)) | (", 7")eR, r'(a,...,a,)=a and Xe T}

“UJX0(0) | XeT}.

Define H as in (3.10), i.e.,

HW)=J(V)UVUA. (3.38)
Let D be the deduction operator associated with S, we have to prove that D is the
closure operator generated by H, i.e.,
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D(Vy=c(H)(VF\IH'(V). (3.39)
To this purpose we have to prove that D has the same fixed points of H and therefore
of ¢(H). Indeed, V is a fixed point of H iff '2>A and VoJ(V), i.e., V is closed with
respect to the inference rules, i.e. »"(V(a),...,t(o)) <V (r'(auy,...,01,)) for every (#,r")eR
and o.y,...,0, in Dom(r"). Now, under these conditions, there is no difficulty to prove,
by induction on the length of the proofs, that Val(r,V)<V(a) for every formula o and
7 proof of a.. In turn this is equivalent to say that D(V)=V.

3.10 LOGICAL COMPACTNESS AND ULTRAPRODUCTS

The relation <, defined in Section 3.8, enables us also to characterize the logical
compactness for fuzzy operators.

Proposition 3.10.1 A fuzzy closure operator J is logically compact iff, for every
initial valuation V,
V consistent < every finite Vi<V is consistent. (3.40)

Proof. Assume that J is logically compact. Then it is immediate that } consistent
implies that every finite fuzzy subset V; such that V<V is consistent. In order to prove
the converse implication, assume that every finite fuzzy subset V; such that Vi<V is
consistent, then, since V is the inductive limit of the class {V; | Vi<V, V; finite}, V is
consistent. This proves (3.40). Conversely, assume (3.40) and let H be an inductive
class of consistent fuzzy subsets. We have to prove that /=limH is consistent. Now,
for every finite fuzzy set V; such that VeV an element 4€H exists such that VcA.
Since 4 is consistent, V¢ is consistent too, and by (3.40) V is consistent.

We can rewrite Proposition 3.10.1 in terms of fuzzy semantics as follows.

Proposition 3.10.2 A fuzzy semantics is logically compact iff, for every initial
valuation V,
V satisfiable <> every finite V<V is satisfiable. (3.41)

This proposition suggests to call compact a fuzzy semantics M such that, for every
fuzzy set of formulas V,
V satisfiable <> every finite fuzzy subset of V is satisfiable.

Proposition 3.10.3 Every logically compact fuzzy semantics is compact while
compact fuzzy semantics exist that are not logically compact.

Proof. The first part of the proposition is obvious. The fuzzy class M={4eF(F) |
A(a)<l for every aeF} is an example of compact semantics that is not logically
compact. Indeed, F=F" is limit of the class of satisfiable fuzzy subsets F*", A#1.

A simple compacity criterion for a fuzzy semantics is obtained by the notion of
ultraproduct, (see, e.g., [Chang; Keisler 1966]). Recall that a class F of subsets of a set
1 is a filter provided that
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XeFand YoX= YeF and XeFand YeF =XnYeF
and that F is prime if, for every XeP(I), either XeF or X°eF. In this case, either F is
generated by one element of I (i.e., is principal) or F contains the filter of co-finite
subsets. One proves that a class C of subsets can be extended to a prime filter iff it
satisfies the finite intersection property, i.e., the intersection of every finite family of
elements of C is nonempty. Moreover, given a family (A;);c; of real numbers and a
filter F, we write limr A=A provided that
Ve>0 IXeF VieX |A-\<e.
Equivalently, we can write
for every neighborhood (a,b) of A, {iel | A;e(a,b)} eF.
Such a notion of convergence satisfies the same properties of the classical one but, in
addition, if F is prime, for every bounded family (A;)ic;, limr A; always exists. Also,
assume that I is the set N of natural numbers, that U is a prime filter on N and that U is
not principal. Then,
lim, 0 A=A = limy A=A,
Given a sequence (A,)nen Of fuzzy subsets of a set U and a prime filter U on N, we
call an ultraproduct modulo U of (A,)nen the fuzzy subset A=limy A, defined by
A(x)=limy 4,(x) xeU.

Theorem 3.10.4 Let M be a fuzzy semantics closed with respect to the ultraproducts
and ¥ an initial valuation. Then,
1) the ultraproduct of a family of models of V" is a model of V'
ii) for every formula o a model M of V exists such that
G ()=M(o)

iii) M is logically compact.

Proof. i) An immediate consequence of the definition of limit with respect to a filter.
ii) Let V be an initial valuation and o a formula. Then, since C(V)(a)=Inf{M(c.) |
MeM, MoV}, a sequence (M,),n of models of ¥ exists such that M, (a) is decreasing
and C(V)(o)=lim,_.M,(a). Let U be a non principal ultrafilter on N and M the
ultraproduct of (M,),ex modulo U. Then, M is a model of ¥ such that
M(a)=limy My(o)=lim , ,..Mi()=C(V)(av).
iii) In order to apply Proposition 3.10.2, suppose that V; is satisfiable for every V;
finite such that Vi<V. At first we prove that every finite fuzzy subset 4 of V is
satisfiable. Indeed, it is easy to find an increasing sequence V; of finite fuzzy subsets
such that A(x)=lim ,, _,.V,,(x) for every x and V,,<4. Since we have also that V<V, by
hypothesis a sequence of models M, exists such that M, oV;,. Let U be a non-principal
prime filter and let M be the ultraproduct of (M,),en modulo U . Then, since
M(o)=limy My(a)=limy Vy(a)=lim, . Vy(a)=A4(av),

we have that M is a model of 4.

Denote by I the class of finite subsets of F and let i€l. Then, since the restriction of
V to i is satisfiable, an element M, of M exists such that M;(x)>V(x) for every xei. We
find a model M of V as a suitable ultraproduct of the obtained family (M,);c;. To this
purpose, we have to find an ultrafilter U such that for every xeF the set B(x)={iel /
Mi(x)>V(x)} €U. In turn, this is possible provided that the class {B(x) | xeF} of subsets
of I satisfies the finite intersection property. Now, let xi,...,x, be formulas and
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i={x1,...,xn}. Then Mi(x;)>V(x;) for j=1,...,n and therefore i belongs to B(x;)M...NB(x,).
This concludes the proof.

Proposition 3.10.4 suggests a general method to obtain logically compact fuzzy
semantics. In the following a closed k-ary relation is a closed subset R of R*. The
equality and the order relation are examples of closed binary relations. As it is usual,
if x1,...,x are real numbers, we write R(x;,...,x) to denote that (xy,...,x,) €R.

Proposition 3.10.5 Denote by M the class of fuzzy subsets M of F satisfying a set of
conditions like

R(M(po(x1,.+.5X0))5 s M(PK(X15- - X1))) (3.42)
where
- Po..., Pk are partial operations on F defined in a domain DcF" ;
-RcR¥'! is a closed relation.
Then M is closed with respect to the ultraproducts. Hence, if F'&M, M is a logically
compact fuzzy semantics.

Proof. At first observe that, since R is closed, if (kio)iel,...,(kik)iel are families of real
numbers such that R(kio,...,kik) for every i€l, then
R(limu A°,...,limuA"). Indeed, set A’=limudy,.... M =limuA* and assume that (y,...,Ax)
is not in R. Then, since R is closed, k+1 intervals I,,...,I; exist such that Agel,...,A €]y
and Iyx...xIy is disjoint from R. As a consequence, the sets
Xo={iel |\ ely}, . .. X={iel | A el

belong to U. Since U is a filter Xyn...n Xy is nonempty, so, if j is any element of this
intersection, we have (kjo,...,kjk)elox...xlk. Thus, (kjo,...,kjk)eR and this contradicts the
hypothesis.

Now, let (M,);c; be a family of elements of M, U an ultrafilter on I and M the
ultraproduct of (M;);c; modulo U . Then, since for every i€l

RIMi(Po(X15---X0))se - Mi(Pi(X15---%h)),
in view of the property we have just proved,
R(limu(Mi(po(xl,...,.xh)),...,limu(Mi(pk(xl,...,xh))).

Thus, MeM.

As an example, consider the class M of the truth-functional valuations in a
multivalued logic and assume that the interpretations of the logical connectives are all
continuous maps. Then M is the class of fuzzy subsets M satisfying conditions like

M(h(ay,...,00))=h ' (M(oy),....M(0t))
where £ is a logical connective and /' is a continuous map interpreting #. We can
apply Proposition 3.10.5 by setting p; equal to the i-projection for i=1,....k and
R :{(7\,0,...,9\,1() ‘ 7\,0:}['(7\,1,...,9\,]()} 5 po((x1,...,ock):h(ocl,...,(xk).

Thus M is closed with respect to the ultraproducts and therefore logically compact.
The same holds for the class of finitely additive probabilities, the class of necessities,
the class of the super additive measures and so on (see, e.g., [Dubois, Lang, Prade
1994], [Gerla 1997]).
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3.11 AN EXTENSION PRINCIPLE FOR DEDUCTION OPERATORS

Several notions in crisp mathematics are translated into the corresponding notions in
fuzzy mathematics in a uniform way by the famous Zadeh's extension principle. So, it
is very natural to put the following question:

Given a (crisp) closure operator, does there exist a canonical way to extend it in a
fuzzy closure operator ?

The answer is yes and is suggested by the identification of the fuzzy subsets with the
continuous chains (see [Ramik 1983], [Gerla 1994], [Biacino; Gerla 1996], [Gerla;
Scarpati [1997]). Indeed, given a closure operator J in U and a fuzzy subset A F(U), it
is natural to proceed in the following way

- identify A with the continuous chain (43 )0,

-apply J to each element of this chain by obtaining the chain (J(43))x<o,1]

- consider the continuous chain (J(4;) ’)XELOJ] generated by such a family

- assume as image of 4 the fuzzy subset J (4) corresponding to such a chain.

The following diagram can picture such a procedure:

A = (A rero; = SA))hero
J J

JA ) e
Since, by Proposition 3.7.8, (J(41))wepo,1) and (J(43) drepo,1) define the same fuzzy
subset, we can give the following definition.

Definition 3.11.1 For every operator J, we define the canonical extension J* of J as
the fuzzy operator defined by setting, for every 4 eF(U)

J(A)=\IrAJ(4;) (3.43)

or, equivalently,
J*(A)(x)=Sup {Ae€[0,1]]| xeJ(4,)}. (3.44)

It is possible to reformulate such a definition in logical terms. Let (F,D) be a crisp
deduction system and V' a fuzzy set of formulas. Then we say that a formula o is a
consequence of V at degree A, in brief V' F; a, provided that a is a consequence of V3,
i.e., o can be proved by formulas that are true at least at degree A.

Definition 3.11.2 Let (F.,D) be a crisp deduction system. The canonical extension of
(F,D) is the fuzzy deduction system (F,D") where D" is defined by
D' (V)()=Sup{re[0,1]| Vo). (3.45)

The following lemma, whose proof is abvious, gives some information on the cuts
of J'(A).

Lemma 3.11.3 Let J be an a-c-operator. Then for every fuzzy subset 4 and pe[0,1]
S (@)1= i HANSIA)SH AN NS (A)=T (A,

Note that, J'(4)-,#J(4-5) and J (4),£/(4,), in general. For example, if J is the usual
topological closure operator in the interval [0,1] and A is a continuous map, then
J(4)=A, and J (4)-,#J(4=,) since J (4)-,=A-, is an open set, while J(4-,) is closed.
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Proposition 3.11.4 Let J be an order-preserving operator then

J(A)=MvJ(4;) (3.46)
J(A)=\IAAJ(A-5) (3.47)
J(A)=MvJ(4-) (3.48)
or, equivalently,
J (A x)=Inf{Le[0,1] | xeJ(4,)} (3.49)
J(A)x)=Sup{Le[0,1] | xeJ(A-1)} (3.50)
J(A)x)=Inf{he[0,1] | xeJ(4-))}. (3.51)

Proof. (3.46) follows from Proposition 3.7.9. To prove (3.47) observe that, since J is
order preserving, J(4-,))=J(4,) and, hence, for every fuzzy subset 4 and xe U
Sup{he[0,1] | xeJ(A1))}<Sup{re[0,1] | xeJ(4,)} =T (A)(x).
Moreover, by Lemma 3.11.3 we have that J'(4)-,cJ(4-;) and
J(A)x)=Sup{Le[0,1] | xeJ (A)=}<Sup{Le[0,1] | xeJ(4-,)}.
Finally, (3.48) follows from (3.47) and Proposition 3.7.9.

Theorem 3.11.5 Let J be an operator. Then J” is an extension of .J and the following
equivalencies hold:
J" almost closure operator <> J almost closure operator
J* closure operator <> J closure operator.

Proof. It is immediate that J* is an extension of J. Assume that J" is an a-c-operator (a

closure operator) then, since J is the restriction of J to the crisp subsets, J is an a-c-

operator (a closure operator). Let J be an a-c-operator. Then it is immediate that J* is

order-preserving. In order to prove that J*(A)QA, observe that, since 4,&J(4,),
A(x)=Sup{he[0,1]| xeA;}<Sup{ie[0,1] | xeJ(4;)}.

Assume that J is a closure operator. In order to prove that J'(J'(4))=J (4), we prove at

first that every cut J'(4),, is a fixed point for J. Indeed, observe that the intersection of

a class of fixed points for J is a fixed point for J and that J" (4);=M\<;J(4,). Thus
J (T (A))=Sup {ne[0,1] | xe(J (4),)}=Sup {he[0,1] | xe (A} =T (A)(x).

Now, we will propose a way to extend a closure system C into a fuzzy closure
system in accordance with the concept of canonical extension of a closure operator.
Indeed, we set

C'={4eF(U) | 4,C for every A=0}, (3.52)
and we say that C" is the canonical extension of C. The proof of the following
proposition is immediate.

Proposition 3.11.6 Let C" be the canonical extension of the class C of subsets. Then C
coincides with the class of crisp elements of C* and therefore C" is an extension of C.
Further,

C" is a fuzzy closure system < C'is a closure system.
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The following proposition shows that the notions of canonical extension of a
closure system and canonical extension of a closure operator are strictly related in
accordance with the following diagrams

C — JQ©O) J - CW)
\ \2 \! \’
C « JO=JC J « CcU)y=cJ).
Proposition 3.11.7 Let C be a closure system and J a closure operator. Then
C'=C(J(C)") and CJ)'=C(J"). (3.53)
Moreover,
J=J(C(J)") and J(C)'=J(C"). (3.54)

Proof. In order to prove the first equation in (3.53), observe that if 4 is a fixed point
for J(C)', then by Lemma 3.11.3

A=(J(C) ) A=MHI(C)(Ay) | x<h} eC.
As a consequence, AcC". Conversely, if AeC”, then, every cut 4, belongs to C and
hence is a fixed point for J(C). Thus
J(O) (A)x)=Sup {e[0.1] | xeJ(C)ds)}=Sup {he[0,1] | xed, } =A(x).
This proves that 4 is a fixed point for J(C) . The remaining part of the proposition is
immediate.

As an immediate consequence, we obtain the following theorem.

Theorem 3.11.8 Let T be the class of theories of (F,D). Then T is the class of theories
of (F,D"), i.e., for every fuzzy subset T of formulas,
T'is a theory of (F,D") < every cut of Tis a theory of (F,D).

The following proposition gives a very simple way to obtain the canonical
extension of a closure system.

Proposition 3.11.9 Let C be a closure system and set
Q(O)={AvX | XeC, Le[0,1]}. (3.55)
Then, we have

* C" =¢(Q(O), (3.56)
i.e., C is the fuzzy closure system generated by Q(C).

Proof. Given X in C and A€[0,1], for every pe[0,1], since (AvX),=U if u<i and
(AvX),=X if p>A, we have that Av.Xe C". So, Q(C)=C" and therefore ¢(Q(C))=C". Let

AeC’, then, since A=MAvA, and every 4, belongs to C, we have that 4ec(Q(C)).
Thus, ¢(Q(C))=C" and (3.56) is completely proven.

Let T be a theory of (F,D). Then the fuzzy subset AvT is a theory of (F,D"), we call
a A-theory. If T denotes the class of theories of D, then Q(T) is the class of A-theories,
obviously. As an immediate consequence of Propositions 3.11.8 and 3.11.9, we have
the following
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Theorem 3.11.10 Every theory in (F,D") is intersection of A-theories.

3.12 EXTENDING COMPACT DEDUCTION SYSTEMS

The canonical extension (F,D") of a compact deduction system (F,D) can be obtained
as follows.

Proposition 3.12.1 Let J be a compact a-c-operator. Then J” is continuous and,
J (V)(x)=1 if xeJ(D) and

J (M@)=Sup {V(x)A...AV(xn) | x€J({X15eeXn}) } 3.57)
otherwise.

Proof. Let (4;);c; be a directed family of fuzzy subsets and 4=\U,_4;. Then, since

JA)=EI(I(Ay))= II((4;),), we have that
J(A)(x)=Sup{\e[0,1] | x€J((4;),) for a suitable i}
=Supici{Sup{Le[0,1] | xe J((4i))}
=SupiciJ (4;)(x).
This proves the continuity of J*. In order to prove (3.57), let xeJ(). Then, since
J (V)2 (D)=J(D), we have that J (V)(x)=1. Suppose xeJ(J) and let Ae[0,1] such
that V3%, then, since J is compact,

JVa) = I{J{x1seeXn}) | {X1een} SV}
= U{J({x150exn}) | VXD2A,. VO0)2A}

= U{J({X15eXn}) | VXA AV (x0)2A S
As a consequence,
S (N@)=Sup{1.€[0,1] | xeJ(V;)}
=Sup{Ae[0,1] | Axy,...,3x, s.t. Vx)A.AV(xn)2A and xeJ({xy,....xn})}
=Sup {V(x)A..AV(x) | xeJ({x1,....x0 1)}

In terms of a deduction operator D we obtain immediately the following theorem in
which we write ay,...,a, F o instead of aeD({ay,...,a,}).

Theorem 3.12.2 Let (F,D) be a crisp deduction system and assume that D is compact.
Then D' (V)()=1 if a is a tautology and

D' (V)(at) = Sup {V(o)A..AV(0) | a0l - O} (3.58)
otherwise.

In the case of compact operators we have that the canonical extension can be
obtained as follows.

Proposition 3.12.3 Let J:P(U)—P(U) be a compact classical a-c-operator, then
J(A)(x)=Sup{he[0,1] | xeJ(4>))}. (3.59)

Proof. It is sufficient to prove that
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J(A)=J(45). (3.60)
Indeed, since (4,)),>, is a directed family, by Lemma 3.11.3 we have that

J (D)1= Js J(A) =T os A )=I(A4).

Proposition 3.12.4 For every classical compact a-c-operator J we have that
¢/ )=c() ,

ie.,

Unen()"=(Up ™)' (3.61)

Proof. Observe at first that, for every neN,
) (A)=0"(A459). (3.62)
Indeed, in the case n=1 (3.62) coincides with (3.60). Assume (3.62) for the integer n,
then
) Ao =T (T W)= A))) =T (A ) =T ().

Also, we have that

() A=) (A=) (3.63)
Indeed,

(N~ Inen (Ao =\ Inen( " (A)2)) = Inen (A1) =c(J)(A52)-
Finally, by (3.63)
o WAYx)=Sup {he[0.1] | xe(e(/ ) A))-1} .
=Sup{L€[0,1] | xec()(4>1)}=(c())) (4)(x).

The proof of the following proposition is immediate.

Theorem 3.12.5 Let (P(F),J,A) be a step-by-step deduction system and define A and
(P(F),D) as in Section 3.5, i.e., for XeP(F), HX)=J(X)uAuUX. Then the fuzzy
deduction system (F(F),D") can be obtained by setting

D*=U,n(H ™ (3.64)

3.13 SIMILARITY LOGIC

By following [Ying 1994] and [Biacino; Gerla 1998], we will consider logics in
which the reasoning may be approximate by allowing the antecedent clause of a rule
to match its premises only approximately. Such an idea was explored in the direction
of a similarity-based Prolog in [Ferrante; Formato; Sessa 1998]. As an example we
can have an inference like

1. xisathriller book = xis good for me +

2. b is a black book +

3. “black book” is similar to “thriller book” =

bis good for me
But the similarity among predicates is a fuzzy notion, in general, so the degree at

which we can admit the conclusion "b is good for me" depends on the degree of
similarity between "black book" and "thriller book". Notice that such an approach,
syntactical in nature, is rather different from the one proposed in [Esteva; Garcia;
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Godo; Rodriguez 1997] and [Dubois; Esteva; Garcia; Godo; Prade 1997], semantical
in nature. Indeed in the latter the similarity is defined on the set of worlds and not in
the set of predicates.
A fuzzy relation S:FxF—[0,1] in a set F'is called a similarity if, for every x, y, zeF:
a) S(x.x)=1 (reflexivity)
b) S(x,y)=S(x,2)AS(z,y) (transitivity)
¢) S(xy)=S(yx) (symmetry),

Obviously, the crisp similarities coincide with the equivalence relations. The
following proposition can be easily proved.

Proposition 3.13.1 Let S be a fuzzy similarity and define SIM:F(F)—F(F) by setting,
for any AeF(F) and xeF,

SIM(A)(x)=Sup {S(x' x)AA(X") | x'eF}. (3.65)
Then SIM is a continuous closure operator we call the fuzzy closure operator
associated with S.

We can interpret SIM(A) as the fuzzy subset of formulas similar to some formula in
A. We say that a fuzzy subset 4 is closed with respect to S if A is a fixed point of SIM.
It is immediate that a fuzzy subset A4 is closed with respect to S if and only if

A(x)2A(XYAS(x',x) (3.66)

for every x, x' in F. In particular, x, x' in F,
SIM(A)(x)=SIM(A)(xX)AS(x' x). (3.67)
Let D be the deduction operator of a continuous fuzzy logic and consider the operator
K=DoSIM. (3.68)

Given an initial valuation V, K(V) is the fuzzy subset of formulas that can be
deduced, by D, from formulas that are either in V" or are similar to formulas in V. We
have that K is a continuous almost closure operator but K is not a closure operator, in
general. Therefore it is rather natural to define a similarity logic as a step-by-step
logic.

Definition 3.13.4 An abstract similarity logic is a fuzzy logic (F(F),Ds) whose
deduction operator Dy is the fuzzy closure operator generated by the operator K
defined in (3.68) where D is the deduction operator of a continuous fuzzy logic and
SIM the closure operator associated with a similarity S.

Since K is continuous, we have that, for every initial valuation V,

Dy()=IK"(V), (3.69)
ie.,
VSIM(V) < D(SIM(V)) < SIM(D(SIM(V))) < . . .—>Ds(V).
The proof of the following theorem is matter of routine.

Theorem 3.13.5 Dy(V) is the least fuzzy subset of formulas containing V closed with
respect to the similarity relation S and to the deduction operator D.

3.14 YING'S SIMILARITY LOGIC
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In [Ying 1994] the starting point is the classical propositional calculus (¥, =, f) where
F is the set of formulas, = is the implication and f'is a constant to denote the false.
Also only natural similarities are considered, i.e., similarities S:FxF—[0,1] obtained
from a similarity S:VAR—[0,1] on the set VAR of propositional variables by
1) SCxy)y=S’(x,y) for every x, ye VAR,
2) S(fx)=S(x,f/)=1 if x=f'and S(f,x)=S(x,f)=0 if x=f,
() Sx=y,x' =) =Sxx)INS(y"),
4) S(x,y)=0 otherwise.
S is extended to a fuzzy relation between sets of formulas by setting, for X and ¥
subsets of F,
S"(XY)=Infy cySupy exS(x,y) (3.70)
The number S”(X,Y) is a multivalued valuation of the claim that every element in ¥
is similar to a suitable element in X. If § is the identity relation then S is the
(characteristic function of the) inclusion relation. This enables to define a consequence
relation Con:P(F) xF—[0,1] by setting
Con(X,00)=Sup{S”"(XUTau,Y) | Y + o} (3.71)
where I is the deduction relation in the classical propositional calculus and Tau is the
related set of tautologies. In [Biacino; Gerla 1998] these definitions are extended by
considering any crisp deduction system (P(F),D) and any similarity S on the set of
formulas F. Then the relation S”:F(F)xP(F)—[0,1] is defined by setting
S”(V,Y)=Infye ySupsepS(xX.y)AV(x), (3.72)
ie.,
S"(VY)=Inf, xSIM(V)(»). (3.73)
The number S”(V,Y) gives the extent at which each formula of Y is similar to a
formula of V.

Definition 3.14.1 The fuzzy consequence relation Con:F(F)xF—{0,1] associated with
a compact deduction system (P(F),D) and a similarity S is defined by

Con(V,o)=Sup{S”"(VUTau,Y)| YCF, Y+ o} (3.74)
where Tau is the set of tautologies of D, J an initial valuation, o a formula and I the
deduction relation associated with D.

Obviously, due to the compactness of the relation F, the set ¥ in (3.74) can be
assumed to be finite. The meaning of Con(V,a) is immediate, it represents the degree
at which we can prove o by using formulas that are similar to formulas in V" or to
tautologies. Note that if S is the identity relation, then

Con(V,a)=D"(V)() (3.75)
where D" is the canonical extension of D. Consequently, Definition 3.14.1 extends the
notion of canonical extension.

Theorem 3.14.2 Define the operator H by setting, for every initial valuation V,

H(V)=SIM(VUTau). (3.76)
Then H is a continuous closure operator such that
Con(V, . y=(D"H)(V). (3.77)

Proof. We have that S”(VUA,Y)=Inf,yH(V)(y) and, hence,
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Con(V,0)=Sup {HVYY)A..AH(V)3n) | 1,e-e¥n b 03=D"(H(V)) (o).

We conclude this section by noticing that, by confining ourselves to the similarity
relations considered by Ying, we can prove that the composition D*oH is a closure
operator (see [Biacino; Gerla; Ying 1998]).

Theorem 3.14.3 Under Ying's hypothesis D*oH is a continuous closure operator.
Consequently, Ying's logic is an abstract similarity logic.

3.15 STRATIFIED FUZZY LOGIC

The formula for the canonical extension of a closure operator enables us to apply a
crisp deduction apparatus to fuzzy information, i.e., information "stratified" at several
levels of validity. It is also possible to have crisp information and "stratified"
deduction apparatus, i.e., different deductive tools each with a related degree of
validity. We can represent such a state of affairs by assuming that, for every A<[0,1],
a crisp deduction operator D, is defined and that, given a set X of formulas and a
formula a, aeD;(X) means that a is a consequence of X (at least) at degree A. More
generally, it is possible that the available information and the deduction apparatus are
both stratified. In this case, if V' is the initial fuzzy information, it is rather natural to
claim that o is a consequence of V at least at degree A everywhere ae D, (V). Since
we must consider the better lower bound for the truth degree of o we are able to
obtain, it is natural to consider the number
D(V)(a)=Sup{re[0,1]| aeD,(V2)}

as the better lower constraint for this truth degree. This suggests the following
generalization of the formula for the canonical extension of a classical closure
operator.

Definition 3.15.1 Let (J)).cp0,1; be a family of operators in a set U and let J be the
fuzzy operator defined by setting, for every A€ F(U) and xe U,

J(A)(x)=Sup{re[0,1] | xei(43)}- (3.78)
Then we say that J is the fuzzy operator associated with (Jy).c[0,1)-

We are interested in families of operators with some natural properties. Namely, we
say that a family (J3)5.c[0,1) of operators is a chain provided that (J5(X))yc0,1] is a chain
for every subset X i.e.,

(i) Jo is the map constantly equal to U ;
(11) (S )xrepo,1) is order-reversing

We say that (Jy)epo,1) 1S a continuous chain provided that (Jy(X))epo,) is a
continuous chain for every subset X i.e.,

() Jo is the map constantly equal to U ;

(4Gj) S X)=M\J(X) for every subset X and for every A<[0,1].

In terms of a stratified deduction apparatus, these conditions look to be rather
natural. Indeed, (j) means that, given any set X of formulas, every formula can be
considered as a consequence of X (at least) at degree zero. The inclusion
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SHX)2M (X)), i.e., the order-reversing condition, means that if o is a consequence
of X (at least) at degree A, then a is a consequence of X (at least) at degree x for every

x<A. The continuity condition J;(X)oM,«J«(X) claims that if a is a consequence of X
(at least) at degree x for every x<A, then o is a consequence of X (at least) at degree A,
too.

It is obvious that if J;=H for every A€[0,1], then the operator defined by (3.78) is
the canonical extension of H. Obviously, we are interested to families of closure
operators.

Proposition 3.15.2 Let (J)),c0,1; be a family of closure operators and let J be the
associated operator. Then J is a fuzzy a-c-operator (but J is not a closure operator, in
general). If (J))<[0,1] 1s a chain, then J is a fuzzy closure operator.

Observe that by Proposition 3.7.9 we have that, if (J))rcj0,17 is a chain of closure
operators and J the associated operator, then, for every A€[0,1]

J(A)sp = I dy) € (A1) S Miadd(dr) = J(A). (3.79)
As an application of Proposition 3.7.8 it is possible to show that every fuzzy closure
operator obtained by a chain of closure operators can be obtained by a continuous
chain of closure operators, too.

Proposition 3.15.3 Let (J)).<[0,;] be any chain of closure operators and set, for every
A€[0,1] and X<F

S '(X) = Myl X).
Then (J),)repo,1; 1s a continuous chain of closure operators whose associated fuzzy
closure operator coincides with the one associated with (J3).c(o,1.

Definition 3.15.4 Let (J))scp,1; be a family of closure operators and let J be the
associated fuzzy a-c-operator. We define the fuzzy closure operator associated with
(/2 )repo,1] as the closure operator c(J) generated by J. In this case we say that c(J) is
stratified. If (Jy)repo,17 1S a chain then we say that c(J)=J is well stratified.

We are not able either to prove or disprove that a stratified closure operator that is
not well stratified exists. Now, we define a notion of stratified closure system that is
well related with the one of stratified closure operator.

Definition 3.15.5 Let U be a set and (C))ycp0,17 @ family of classes of subsets of U.
Then the fuzzy system

C={4eF(U) | 4,€C,, for every A0} (3.80)
is said to be the fuzzy system associated with (Cy)yefo,11-

We have the following obvious proposition.

Proposition 3.15.6 Let (Cy).cpo,1) be a family of closure systems. Then the fuzzy
system C associated with (Cy)y.co,1] is a fuzzy closure system.
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Proof. Let (4;)ic; be a family of elements of C. Then, since, for every Ae[0,1],
(Ai)keC;L and (mieIAi)k =M ieI(Ai)ke C;L, we have that M ieIAie C.

Obviously, (3.80) generalizes the formula for the canonical extension of a classical
closure system. In order to give a notion of continuous chain for closure systems that
is well related to the one of continuous chain for closure operators, we say that a
family of closure systems (C})y.c(o,11 1S a chain if

1) C={U} ; (1) (Crefo,] is order-preserving.
Such a family is called a continuous chain if, for every Ae[0,1]
() G=U} ; (i) G=Sup{Ci|x<r},

Here the operator Sup is the join in the lattice of closure systems and hence (jj)

means that Cj, is the closure system generated by \U,;, C,.

Definition 3.15.7 Let C be a fuzzy closure system associated with a family (C))x<o,1]
of closure systems, then C is said to be stratified. If (Cy)y<0,1) is a chain, then C is said
to be well stratified.

Any family (Ji)ieco,; of closure operators defines a corresponding family
(C(2)repo,1 of closure systems and any family (Cy)ycpo,1; of closure systems defines a
corresponding family (J(C)))aep,; of closure operators. We have the following
equivalencies whose proof is matter of routine.

Proposition 3.15.8 Let (J));.c[0,17 be a family of closure operators. Then
(J)\,)}\E[O,l] iS a chain = (C(J}\)))\,E[O,l] iS a Chain
(V2 )reqo,17 1s a continuous chain < (C(J3))).<(o,17 1S @ continuous chain.

The following proposition shows that the associated fuzzy closure operators and the
associated fuzzy closure systems are related in a natural way.

Proposition 3.15.9 Let (J;)cj0,1; be a family of closure operators and J the associated
fuzzy closure operator. Besides, let (C(J)))icp,1) be the corresponding family of
closure systems and C the associated fuzzy closure system. Then, J=J(C), that is,

(I hero.) = (CWD)eron
{ {
JO) « C

Proof. In order to prove that J/=J(C) we prove that C(J)=C. Let 4 be an element of C,

then every cut 4, belongs to C(J,) and 4, is a fixed point for J;. Then
JA)(x)=Sup{re[0,1] | xe,(4,)}=Sup{Le[0,1] | x€A4,}=A(x)

and this proves that AeC(J). Conversely, if J(4)=A, then, for every xeU,

A(x)=J(A)(x)=Sup{re[0,1] | xeJi(4,)}. In other words, xeJ,(4;) implies A<A(x), i.e.,

x€4;. Then, since J,(4,) is contained in 4;, 4;, is a fixed point for J,. Thus 4€C.

In a similar way one proves the following proposition.
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Proposition 3.15.10 Let (C))cpo,1; be any family of closure systems and C the
associated fuzzy closure system. Besides, let (J(Cy))s.co,17 be the corresponding family
of closure operators and J the associated fuzzy closure operator. Then, C=C(J), that is,

(Creo; = J(C)repo
2 3
c=C()) « J

Corollary 3.15.11 IfJ is a closure operator, then
J stratified < C(J) stratified
J well stratified < C(J) well stratified.
If C is a fuzzy closure system, then
C stratified < J(C) stratified.
C well stratified < J(C) well stratified.

We can rewrite all the definitions and results in this section in terms of deduction
systems.

Definition 3.15.12 Let ((F,D))).<0,1 be a family of crisp deduction systems and D the
closure operator associated with (Dy)sco17. Then (F,D) is called, the fuzzy deduction
system associated with ((F,D)))ecp0,1;- In this case, we say that (F,D) is stratified and,
if (F,Dy))c(0,1] 1s a chain, we say that (F,D) is well stratified.

We can reformulate formula (3.78) in logical terms. Let ((#,D3))xep0,1; be a family
of deduction systems. We say that a formula o is a consequence of an initial valuation
V at degree A, in brief V' I, o, provided a is a consequence of V3 by (F,D;). Then the
formula for the deduction system associated with ((F,D;))x<[0,1; becomes

D(V)(0)=Sup{re[0,1]1| V F.a}. (3.81)
for every initial valuation V and a.eF.

We conclude this section by emphasizing the following immediate characterization
of the theories of a stratified fuzzy deduction system.

Theorem 3.15.13 Let (F,D) be a fuzzy deduction system. Then (F,D) is stratified iff
the class of its theories is a stratified closure system. Also, if (F,D) is associated with
the family ((F,D;))s.c(0,1) of deduction systems, then

Tis a theory of (F,D) < every cut T; of T is a theory of (¥.,D,).

3.16 GRADED CONSEQUENCE RELATIONS

The notion of a stratified deduction system will now be applied to the concept of
graded consequence relation proposed in [Chakraborty 1988] and in [Chakraborty
1995]. The idea is to extend the concept of consequence relation F that plays a
central role in any crisp logic.
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Definition 3.16.1 We call conclusion relation any relation + from P(F) to F. For
XeP(F) and aeF, we write X + o to denote that (X,or)er. We say that a conclusion
relation + is a consequence relation if, for every X, Y, Z in P(F) and a.eF,

(i) X+ a whenever aeX

(i1) Xta = XUYFa

(i)  XrBforevery feZand XUZF o= XFa.

If + is a consequence relation and X + o, then we say that o is a consequence of X.
The meaning of the above conditions is immediate. Condition (i) says that every
formula in X is a consequence of X, condition (ii) that the logic under consideration is
monotone, (iii) that if each formula in Z follows from X and we are able to prove o
from XUZ, then we may prove a directly from X. There is a strict connection between
the operators and the conclusion relations.

Definition 3.16.2 Given an operator J we call conclusion relation associated with J
the relation F; defined by
XFya < aedX). (3.82)
Given a conclusion relation + we call operator associated with + the operator J;
defined by
J(X)={aeF | X+ a}. (3.83)

The following proposition, whose proof is matter of routine, shows that (3.82) and
(3.83) define a bijective correspondence between the class of the operators and the
class of the conclusion relations.

Proposition 3.16.3 Let J be an operator and F a conclusion relation. Then
- the operator associated with F, coincides with J
- the relation associated with J, coincides with I .

Definitions (3.82) and (3.83) establish also a one-to-one correspondence between crisp
consequence relations and closure operators.

Proposition 3.16.4 Let - be a conclusion relation. Then

F is a consequence relation <> J, is a closure operator.
Let J be an operator. Then

Jis a closure operator < F,is a consequence relation.

Proof. At first we prove that if + is a consequence relation, then J. is a closure
operator. Indeed, from (i) it follows that J.(X)2X and from (ii) that XoY implies
J.(X)2J.(Y). In order to prove that J.(J.(X))=/.(X), observe that, since X I 3 for every
Be.(X), by (iii),
JXFra= XFa.

Thus, J(Ji(X)) = {oeF | J(X) + o} < J(X) and therefore J,(J.(X))=J.(X). Now, we
prove that if J is a closure operator, then I, is a consequence relation. Indeed, (i) and
(i1) are immediate. In order to prove (iii) suppose X +; B for every BeZ and XUZ }; a.,
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i.e., Z2J(X) and aeJ(XUZ). Then, since XUZJ(X), aeJ(XU2)J(J(X))=J(X) and
this proves that X'+; a.. Thus I, is a consequence relation.

Assume that I, is a consequence relation. Then, since by Proposition 3.16.3 the
operator associated with I, is J, by the first implication we have just proven J is a
closure operator. Finally, assume that J; is a closure operator. Then, since we have
just proven that the relation associated with J. is a consequence operator, by
Proposition 3.16.3 F is a consequence relation.

The following corollary shows that the theory of consequence relations coincides
with the theory of the closure operators.

Corollary 3.16.5 A conclusion relation F is a consequence relation iff a deduction
system (F,D) exists such that
XFo < aeDX). (3.84)

In order to extend the just given notions, we consider fuzzy binary relations from
P(F) to F. We call a graded conclusion relation any fuzzy relation g:P(F)xF—[0,1].
By following [Chakraborty 1988], we write g(X F o) instead of g(X, o).

Definition 3.16.6 We say that a graded conclusion relation g is a graded consequence
relation if, for every X, Y,ZeP(F) and a.eF

@) g(XFa)=1 forevery aeX

(i) gXUY Fo)2g(X Fo)

(iii) X Fa)2(Inf{g(X+2) | zeZ})rg(XUZF).

The question arises wether an analogous of Corollary 3.16.5 holds for the graded
consequence relations or not. Now, let J be a fuzzy closure operator and define a
graded conclusion relation g by setting

g Fa)=J(X) (o) (3.85)
for XcF and a.eF. Then g satisfies (i) and (ii) but not (iii) and hence is not a graded
consequence relation, in general. The following example is due to M.K. Chakraborty.
Let F={o.;, oo, a3, a4} and define 4;, A, by setting

A]((X,l):Al(Q,3):l, Al(a2)20.7, A]((X,4):0.8, Az(al):Az((X3):A2((l4):1, Az(az):0.9.
Then, the class C={4;, 4>} defines the fuzzy closure operator J/=J(C) where, for every
fuzzy subset 4 and aeF, J(A)(a)=Inf{di(a) | AipA}. Take X={a, o3} and Z={0y},
then a simple calculation gives

JX)(a)=0.7 , J(X)(04)=0.8 , J(XUZ)(02)=0.9 .
So, we have that
g(XF 0p)=0.7, Inf{g(X+z)|zeZ}=0.8 and g(XUZ} 0,)=0.9.
Hence,
8(X F an)<(Inf{g(X ) | z6Z)Ag(XUZ ),
and this proves that (iii) is not satisfied.

The following theorem extends Corollary 3.16.5 in terms of stratified deduction

systems (see [Gerla 1997]).

Theorem 3.16.7 A graded conclusion relation g:P(F)xF—[0,1] is a consequence
relation iff a well stratified deduction system (F,D) exists such that
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gX + a)=D(X)(ar) (3.86)
for every X subset of F'and a.eF.

Proof. Let g be a graded consequence relation and, for every Ae[0,1], let D, be the
operator defined by setting
Dy(X)={oeF | g(XF a)>A}. (3.87)

Then (Dj)sep0,17 1 a continuous chain of closure operators. Indeed, it is immediate that
each D, satisfies the inclusion and monotony properties. Let aeD;(D,(X)), i.e.,
2(Dy(X) F a)=A. For every zeD,(X) we have g(X + z)=A, and therefore, by condition
(iii),

(X F a)2Inflg(X+ 2), ze D (X)) Ag(Dy(X) F o} 2.
Thus, aeD,(X). In order to prove that (Dj)icpo,1; 1S continuous, let X be a set of
formulas. Then it is immediate that Dy(X)=F and, if pe[0,1], then

oeD(X) © g(XFa)zu < g(X+ a)zh for every A<pu < ael Dy (X).

Let D be the fuzzy closure operator associated with (Dy)y<o,1- It is immediate that
gXF a)=Sup{L | g(X F a)2A}=Sup{} | a.eDy(X)}=D(X)(a0).

Conversely, let (F,D) be the fuzzy deduction system associated with a given
continuous chain ((F,D;))iepo,1; of deduction systems and define g by (3.86). It is
immediate that g satisfies (i) and (ii). In order to prove (iii) we have to prove that

Inf,czSup{\ | zeDy(X)}ASup {A | aeD,(XUZ)} < Sup{L|oeD,(X)}. (3.88)
Let v = Inf,Sup{\ | ze D,(X)}. Then for every zeZ, Sup{\ | ze D,(X)}>v whence,
since (Dy)wcpo,1) 1s a continuous chain, we have that, for every A<v, ZcD,(X) and
therefore D, (XUZ)=D;(X). Then, if Sup{A | aeD,(XUZ)}<v, we have that

Sup{\ | a.eDy(XUZ)} < Sup{\| aeDy(X)}

and (3.88) holds. In the case Sup{A | aeD,(XUZ)}2v, it is Sup{L | aeD;(X)}2v.
Indeed, otherwise we would have a.¢D,(X) but aeD,(XUZ), while D,(XUZ)=D,(X).
Thus (3.88) holds again.

We conclude this section by considering the compactness property for a graded
consequence relation. In the following, if X is a set we denote by P{X) the class of
finite subsets of X. A conclusion relation \ is compact, provided that

X+ a & there exists Xre P(X) such that X;+ o.
It is immediate that
F is compact < J, is compact
and that if J is an operator,
J is compact < I, is compact.
A graded conclusion relation g is said to be compact if

g+ o)=Sup {g(Xi+ o) | Xre P(X)}. (3.89)
Finally, g is called strongly compact if
g(X + a)=Max{g(X;+ o) | XreP(X)}. (3.90)

Theorem 3.16.8 A graded conclusion g is a compact graded consequence iff there
exists a chain (X )y.0,1) of compact closure operators such that
g(XF a)=Sup{re[0,1]| aeK(X)}. (3.91)
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Proof. Let (K))y<p0,1; be a chain of compact closure operators such that (3.91) holds
then, by Theorem 3.16.7, g is a graded consequence relation. To prove that g is
compact, observe that

{re[0,1][ aeki(X)}
= {Le[0,1] | ae\I{ K(Xp) | XrePlX)}

=U{Le[0,1]] aeKy(Xp), XreP(X)}.
Then,
g(XF a)=Sup{re[0,1]]| aeKp(X)}
= Sup{ALe[0,1] | XreP{X), o eKy(Xp)}
= Sup{g(Xr+ o) | Xre P(X)}.
Conversely, suppose that g is a compact graded consequence relation and set, for
every A<l and XCF,
K (X)={oe F|gXF a)>r}. (3.92)
Then it is immediate that K, is compact and that satisfies inclusion and monotony
properties. To prove idempotence, i.e., K; (K3 (X))<K;.(X), observe that
ek (KuX)) < gKiX) F a)>A
< a finite subset Z; of K;(X) exists s.t. g(Z¢F 0)>A.
Since, g(X F z)>A for every zeZr and g(XUZek o)2g(Zs+ o)>A, we have that
g(Xtra) = (Inf{g(X F z), zeZ} )Ng(XUZ - a)>A,
and this proves that o€ K (X).
Set K, be equal to the identity map, then the family (Kj)c(o,17 is a chain of compact
closure operators such that (3.91) holds.

The chain in the previous proposition is not continuous, in general. Indeed the
following proposition holds:

Proposition 3.16.9 Let g be a graded conclusion. Then g is a strongly compact
consequence relation iff there exists a continuous chain (Kj)y<po,;; of compact closure
operators such that (3.91) holds.

Proof. Assume that g is representable by a continuous chain of compact closure
operators (K;)yep,1) and let g(X + a)=p, i.e., p=sup{ie[0,1]| a.eK;(X)}. Then, since

oeK,(X) for every A<p and K, (X)=M);,<.K,(X), we have that aeK,(X). By the
compactness of K, this happens whenever we have that a finite part Xy of X exists
such that e K, (Xy). So, g(X;+ a)=p and therefore g(X F o)=g(X;+ o). This proves
that g is strongly compact.

Conversely, suppose that g is a strongly compact graded consequence and let
(D )repo,1; be defined by (3.87). In proving Theorem 3.16.7 we have early observed
that (D) )yef0,1 is @ continuous chain of closure operators. To prove that each D, is
compact, observe that
aeD;(X) < g(Xr+ a)>A for a suitable X; finite part of X

< ae\U{Dy(Xp | X; finite part of X}.



CLOSURE OPERATORS

We conclude by noticing that Ying's similarity logic (see Section 3.14) defines a
compact graded consequence.

Proposition 3.16.10. Let Cons:P(F)xF—[0,1] be the graded conclusion defined in
Ying's similarity logic. Then Cons is a compact graded consequence.

Proof. By Theorem 3.14.2, Cons(X,0)=D"(H(X))(o) where D" is the canonical
extension of the classical deduction operator and H is defined by (3.76). By Theorem
3.14.3, D*oH is a closure operator. So, we have only to prove that a chain of compact
closure operators can represent D*oH. Now, at first observe that H is associated with a
suitable chain of compact closure operators. Indeed, set, for any A<[0,1],
H,(X)={xeF | S(x,x")=A\ for a suitable x'e XUTau}.
Then we obtain a chain (/3)y.c[0,1; of (compact) closure operators. Moreover,
HV)(x)=SIM(VUTau)(x)=Sup {SxxIAN(VUTau)(x") | x'eF}
=Sup{Ae[0,1] | A<S(x,x") and A<(VUTau)(x") for a suitable x'e F'}
=Sup{Le[0,1] | xe H,(VUTau),)}=Sup{re[0,1] | xe H)(V>)},
where the last equality is justified by the fact that
Hk(( VUTGM);L) = Hk( V;\UTGM):HK(VK).
Since H is associated with (/)).cp0,17, by (3.79) we have that H(A)-.<H,(A4,)<H(A),
and therefore, by the monotony of D,
D(H(A)-.))=D(H;(4,)))=D(H(s)y.).
Due to the compactness of D and Proposition 3.12.3, we have that
D (H(A)(x) < Sup {re[0,1] | xe D(Hy(4,))} < D*(H(A))(x)
and therefore that D*H is associated with the chain (DoH) )rep0,) of compact
operators. Finally, to prove that each DoH, is a closure operator, denote by H, ’ the
operator associated with the crisp similarity S, by (3.76). Then, by Theorem 3.14.3,
D’oH, is a closure operator. Thus, since H; coincides with H,’ and D" with D on the
class of crisp subsets, DoH, is a closure operator.
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