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1. INTRODUCTION

The notions of closure system and closure operator are very useful tools
in several areas of classical mathematics. As an example, we may quote the
following closure systems (and the related closure operators):

—the class of closed subsets of a given topological space;
—the class of substructures of a given algebraic structure;
—the class of filters of a given Boolean algebra;

—the class of convex subsets of a given Euclidean space;

—the class of theories of a given deductive system.

This led several authors to investigate the closure systems and the closure
operators in the framework of fuzzy set theory. The resulting researches
give an elegant and powerful treatment of notions such as those of fuzzy
subalgebras, necessity measures, and envelopes (for example, see [1-4] and
[11D.

Let S be any set, and denote by 22(S) and #(S) the class of the subsets
and the class of the fuzzy subsets of S, respectively. In this paper we
propose an ‘“‘extension principle” enabling us to extend any classical
operator J: 2(S) - 2(S) to an operator J*: A(S) — F(S) in such a way
that J* is a closure operator if and only if J is a closure operator. Also, we
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2 BIACINO AND GERLA

examine a related “extension principle” to extend a class & of subsets of S
in a class &* of fuzzy subsets of S in such a way that €* is a closure
system if and only if & is a closure system. This enables us to restate in a
uniform way several basic notions in fuzzy set theory, such as the natural
fuzzy topologies, fuzzy subalgebras, necessity measures, and fuzzy convex
subsets.

2. PRELIMINARIES

In the following we adopt the convention that, if (S, <,0,1) is an
ordered set with minimum 0 and maximum 1, then the least upper bound
of the empty class is 0 and the greatest lower bound is 1, that is
Sup(@) = 0 and Inf() = 1. We denote by U the real interval [0, 1], and, if
A, and A, are elements of U, we set

ALV A, = Max{ A, A} and A A A, = Min{A, AL

Given a set S, we call a fuzzy subset of S any map s: S — U and we denote
by #(S) the class of fuzzy subsets of S (Zadeh [16]). We say that s is crisp
provided that s(x) € {0, 1} for every x € S. We identify the class 2(S) of
all subsets of S with the class of the crisp fuzzy subsets by associating to
every X € 2(S) the related characteristic function y,. So, we identify S
and & with the map constantly equal to 1 and 0, respectively. Let s and s’
be two fuzzy subsets; we then say that s is contained in s’ or that s is a
part of s' and we write s C s’ provided that s(x) < s'(x) for any x € S.
Also, the union s U s’ is the fuzzy subset defined by setting (s U s')(x) =
s(x) vV s'(x) and the intersection s N's’ by setting (s N s')x) = s(x) A
s'(x) for every x € S. More generally, given a family (s;),., of fuzzy
subsets of S, we set

( U sl-)(x) —Sup{s,(x) liel} and ( N si)(x) — Inf{s,(x) |i €1).
iel iel

The complement —s of s is defined by —s(x) = 1 — s(x). The support
Supp(s) of s is defined by Supp(s) = {x € S | s(x) # 0} and s is finite if
Supp(s) is finite. For every A € U the subsets
C(s,A) ={xeSIs(x)=A} and  O(s,A) ={xeS|s(x)> A}
are called the closed and the open A-cut of s, respectively. We list below
the main properties of the cuts

@ Csus',u)=Cs,wUCE, w, O Us', w = 0(s, w) U
o(s', u)

(b) Cs Ns', w) = Cls, w) N CGs', w); Os Ns', w) = 0OCs, w) N
O(s', w)
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© Cls, ) = N 42,005, 1) OG5, ) = U, ,C(s, D)
(d) C(s,Sup;c;A) = N CCGA); OGs, Inf, ) = U, 0, A)
(e) C(ﬂ Sis /\) =N C(Sia )\), O(U Sis )\) =U O(siy A)y

where s,s" € #(S), A, p € U, ()),., is a family of elements of U and
(s;); < ; is a family of fuzzy subsets. A fuzzy subset is characterized by the
family of its cuts, indeed

s(x) =Sup{reUlxeC(s,\)} =Sup{r e Ulxe0(s, \)} (2.1)
or, dually,
s(x)=Inf{rxeUlx&C(s, )} =Inf{rxeUlx&O0(s,\)} (2.2)

In the following, given a subset X of § and A € U, we denote by A A X
and A V X the fuzzy subsets defined by

A ifxeX
(AAX)(x) = {O otherwise

and

A ifxeX
(AVX)(x) = {1 otherwise

respectively. By such notations we may rewrite (2.1) and (2.2) respectively
by

s=UAAC(s,A) = UAXAO(s,A) (2.3)
and

s=NAVC(s,A)=NAVO(s,A). (2.4)

Equation (2.1) suggests that we may associate to any order-reversing family
(C)), ey of subsets of S a fuzzy subset s as follows:

s(x) =Sup{reUlxeC()}. (2.5)

In other words, we set s = U A A C,. Likewise, (2.2) suggests setting
s = N AV C,. The following lemma shows some properties of s.

LEMMA 2.1. Let (C)), oy be any order-reversing family of subsets of S,
and define s by (2.5); then, for every u € U,

O(s.m) = U G cCc NG =C(sn). (26)

A>pu A<pu
Proof. We have

x€O0(s,u) @s(x) >pe3IrA>pusuwchthat xe C, e=xe | C,.
A>
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Moreover,

xe NG =VA<pu xeC =s(x)=Sup{rAlAr<pu}

A<p
=s(x)=2pu=>xe€C(s,pn)
and
xelC(s,p)=s(x)2p=>2VA<uIw>r xe(,
=Vi<u xeC=xe NC. 1

A<p

Note that if (C,),., is order-reversing then C, has no relevance in
defining s. Indeed, s can be defined by the equality N, ,C, = C(s, w)
and in this equality C, does not occur. We call continuous any chain
(C)), ey of subsets of S such that

Co,=8 and = NEC,

x<A

The following well known proposition follows from (2.6) and it shows that
we may identify the fuzzy subsets of S with the continuous chains of
subsets of S (see Negoita and Ralescu [12]).

PROPOSITION 2.2. Given a fuzzy subset s, the family (C(s, M), .y of its
closed cuts is a continuous chain. Conversely, given any continuous chain
(C)), cy of subsets of S define s by (2.5). Then s is a fuzzy subset such that
C(s,w) = C, forevery p € U.

3. FUZZY CLOSURE OPERATORS

Recall that, given a set S, a (classical) closure operator in 2(S) is a map
J: 2(S) - 2(S) such that, for every X and Y subset of S,

(i) XCY=J(X)cCJY); (i) XCI(X); (iii) J(J(X)) =J(X).

A collection & of subsets of S is a closure system if the intersection of any
family of elements of & is an element of &. In particular, since S is the
intersection of the empty family, S € €. The extension of such concepts to
fuzzy set theory is straightforward. We call fuzzy operator, in brief operator,
any map J from F(S) to F(S) and we say that J is a fuzzy closure operator,
in brief a closure operator, provided that

(i) scs' =J(s) cJ(s"); (i) s cJ(s); (iii) J(J(s)) =J(s).
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Likewise, a class & of fuzzy subsets of S is called a fuzzy closure system, in
brief a closure system, if the intersection of any family of elements of # is
an element of . Now, it is well known that if J is a closure operator, then
the set

z, ={X1J(X) =X}
is a closure system and, if # is a closure system, then by setting
J(X)=N{Ye#zl|Y2X}

we obtain a closure operator J,. The following proposition shows that
such a connection holds for the fuzzy closure operators and the fuzzy
closure systems, too.

ProposITION 3.1.  Let & be a class of fuzzy subsets, then the operator J
defined by

Jz(s) = N{s' €& s 25} (3.1)

is a fuzzy closure operator. Let J be a fuzzy operator satisfying (i) and (ii) and
set

& ={fes(S) 1) =1} (3.2)

then &, is a closure system. Moreover, if J is a closure operator and % is a
closure system, then
Je,=J  and &, =% (3.3)
Proof. The first part of the proposition is immediate. Let (f,);., be a
family of elements of &,, then by (i) J(Nf) 2 Nfi2 NJ(f) 2J(Nf)
and therefore J(N f;) = N f;. This proves that & is a closure system. To
prove that J,, = J it suffices to observe that, given a fuzzy set s, J(s) is the
least fixed point of J greater than or equal to s. Equation &, = & is
obvious. 1

4. EXTENDING CLASSICAL CLOSURE OPERATORS
AND SYSTEMS

In this section we will propose an extension principle for classical
closure operators. Namely, given a classical operator J: %(S) — .%(S) we
extend it in a fuzzy operator J*: FAS) — F(S) by setting, for every
s € AS),

J*(s)(x) =Sup{Ar e Ulx €J(C(s,A))}. (4.1)
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We call a canonical extension of J the operator J*. From Lemma 2.1 it
follows that, if J is order-preserving,

O(J*(s), m) = U J(C(s, 1) €J(O(s,n)) SI(C(s, 1))

A>

N J(C(s, 1) = C(T*(s), 1) (4.2)

A<

N

PropPosITION 4.1.  Let J be a classical operator, then J* is an extension
of J. Moreover, J* is a closure operator if and only if J is a closure operator.
In this case the closed cuts of J* are fixed points for J.

Proof. Assume that s is crisp, namely the characteristic function of the
set X, then for every A # 0, C(s, A) = X and therefore

x€J(X)=xe€J(C(s,A)) foreveryA #0=J*(s)(x) =1;

x&J(X)=x&J(C(s,A)) foreveryr#0=J*(s)(x) =0.
This proves that J*(s) is the characteristic function of J(X) and therefore
that J* is an extension of J. Assume that J is a closure operator, then it is

immediate that J* is increasing. To prove that J*(s) 2 s, observe that,
since C(s, A) € J(C(s, 1)),

s(x) =Sup{r e UlxeC(s, )}
<Sup{r e Ulx J(C(s,A))} =T*(s)(x).

To prove that J*(J*(s)) = J*(s), we observe that every cut C(J*(s), A)
is a fixed point for J. Indeed, the intersection of a class of fixed points is a
fixed point and C(J*(s), ) = N , . ,J(C(s, w)). Thus

J*(J*(s))(x) =Sup{r € Ulx €J(C(J*(s),A))}
=Sup{r e Ulxe C(J*(s), N} =T*(s)(x). 1

Note that there are extensions of a classical closure operator that are not
canonical extensions. For example, let L be a subset of U closed with
respect to the meets and containing 0 and 1, and consider the fuzzy
operator H defined by H(s)(x) = Inf{A € L | A > s(x)}. Then, since the
restriction J of H to 2(S) is the identity map, H cannot be obtained
by (4.1).

Given a class & of subsets of S, we set

*={seF(S)IC(s,A) €% forevery A € U}. (4.3)

So, in a sense, * coincides with the class of the continuous chains of
elements of #. It is easily proven that €* is an extension of %, namely



AN EXTENSION PRINCIPLE 7

that # coincides with the class of crisp elements of #*. We say that #* is
the canonical extension of @.

PROPOSITION 4.2. &* is a fuzzy closure system if and only if % is a
closure system.

Proof. Let € be a closure system and (s;), ., be any family of elements
of &*, then being C(Ns;, ) = NC(s;, ) € @, itis also Ns; € &*. This
proves that &* is a closure system. The converse implication is trivial. |

The following proposition shows that the notions of canonical extension
of a closure system and canonical extension of a closure operator are
strictly related in accordance with the following diagrams

& - J J - @
\ \ 3 \J
E* = Jo J* = &)

PROPOSITION 4.3.  Let & be a closure system and J, the closure operator
associated with &. Then

Jor = (Jz)*. (4.4)
Let J be a closure operator and €, the related closure system, then
(8))* = ). (4.5)

Proof. Let s by any fuzzy subset of S, then (J)*(s) is an element of
#*. Indeed, by (4.2),

C((J£)*(s), m) = N{J(C(s, 1)) A < pu} €@

As a consequence, since (J,)*(s) 25, we have that (J,)*(s) 2 J,.(s).
Conversely, for every s’ € * such that s Cs’ and A € U we have
J(C(s, V) cJ(C(s', 1) = C(s’, A) and therefore

(Je)*(s)(x) = Sup{r € Ulx € Jo(C(s, 1))}
<Sup{reUlxe C(s',A)} =s'(x).

This proves that (J,)*(s) € s* and therefore that (J,)*(s) C J_.(s).
To prove (4.5), observe that by setting in (4.4) # =%, we obtain
PropPoSITION 4.4.  Let [a, b] be an interval contained in U, f: U — [a, b]

a bijective continuous increasing map. Then J*(fov) = f(J*(v)) U J(D),
that is

if x € J(D)

1
f(I*(v)(x)) otherwise. (4.6)

T*(fev)(x) =
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Proof. At first, observe that

C(v, f1(N)) if A €[a,b]
C(fev.d) =(p ifA>b
S if A <a.

Indeed, if A € [a, b] then
x€C(fev,A) e f(v(x)) =Aev(x)>=f1(A) exel(v,f (),

while the remaining cases are immediate.
Now, if x € J(©) it is immediate that J*(foov)x) = 1. If x & J(Q),
then

J*(fev)(x) =Sup{r e UlxeJ(C(f-v,X))}
=Sup({reUlr<a,xeJ(C(feov,A))}
u{reUlre[ab]l,x€J(C(fov,A))})
= Max{a,Sup{A € [a,b] 1x € J(C(v, (1))}
= Max{a, Sup{f(X') |x € J(C(v, \"))}}
= Max{a, f(Sup{A’ |x € J(C(v,'))})} =f(J*(U)(x)).I
Asan example, let f(x) = A-x + uwhere A > 0, u > 0,and A + p < 1,
then
if x € J(2)

J*(A-v + p)(x) = AT*(0)(x) + u otherwise.

(4.7)

COROLLARY 4.5.  For every subset X and A € U,
J*(ANX) =(AAJ(X)) V(D)
and, by setting X = S and s* the map constantly equal to A,
J*(s*) =s* V(D).
Proof. In (4.7) set v equal to the characteristic function of X, and
pn="0 1

COROLLARY 4.6. Let f: U — [a,1] be a continuous bijective increasing
map, then J*(f o v) = f(J*(v)). As a consequence, for every fixed point v of
J*, feuvis a fixed point, too.

Proof. Since f(1) = 1, for every x € J() we have that f(J*(v)(x)) =

f(1) =1 and this proves that J() is contained in f(J*(v)). Let v be a
fixed point, then J*(fev) = f(J*(v)) =f-v. |
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5. EXTENDING ALGEBRAIC CLOSURE OPERATORS

Recall that if J: 2(S) - 2(S) is a closure operator, then J is called
algebraic if, for every subset X of §,

J(X) = U{J(X;) | X, is afinite part of X}.

Moreover, a closure system % of subsets of S is called algebraic if the
union of every chain of elements of & belongs to #. It is immediate to
prove that, for every closure system #’,

J is algebraic < # is algebraic.
and that, for every closure operator J,
J is algebraic < &, is algebraic.

In this section we will examine the canonical extensions of the algebraic
operators.

PRoPOSITION 5.1.  Let J: 2(S) — 2(S) be algebraic then

1 if x € J(D)
TJ*(s)(x) = { Sup{s(x;) A - As(x,) | (5.1)
xeJ({xy,...,x,})} otherwise,
and
O(J*(s), m) =J(O(s, 1)). (5.2)

Proof. If x € J() it is immediate that J*(s)(x) = 1. Let A € U and
assume that C(s, A) # &, then, since J is algebraic,

J(C(s,A) = U{T({xy, .. x,}) T {xg, .o x,) € C(s, )}
U{T({xy o)) Is(xy) = A, s(x,) > A)
U{T({x1,.. o x,}) Is(x) A As(x,) = AL

As a consequence, if x & J(J), we have
J*(s)(x) =Sup{r € Ulx €J(C(s,A))}
=Sup{A € U| 3xy,...,3x,s(x;) A - As(x,) = A and
xeJ({xy,...,x,})}
= Sup{s(x) A As(x,) Ix €T ({xy....x,))}.
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To prove (5.2) observe that, since the family (C(s, 1)), , is a chain

O(*(s)w) = U I(C(s.0) =4[ U €5 )]

A>pu A>

—J(0(s, ). I

6. EXAMPLES OF CANONICAL EXTENSIONS

In this section we will expose some examples of canonical extensions.

The Natural Fuzzy Topologies. A typical example of a nonalgebraic
classical closure system is furnished by the class & of the closed sets of a
topological space. Namely, if (S, 7) is a topological space, we denote by &
the class of the closed subsets in (S, 7) and therefore, for every subset X
of S, by J_(X) the topological closure of X. It is immediate to see that the
canonical extension #* of # coincides with the class of the upper
semicontinuous fuzzy subsets. Now, the class 7* = {s | —s € &*} is a fuzzy
topology that was examined in Conrad [6] under the name of natural fuzzy
topology. So, &* is the class of closed subsets of r* and, for every fuzzy
subset s, J.(s) is the topological closure 5 of s. Proposition 4.3 enables us
to find a simple formula to calculate 5.

PRoOPOSITION 6.1. Let (S, 7) be a Fréechet topological space and s a fuzzy
subset of S, then the topological closure § of s in the natural fuzzy topology T
is given by

5(x) = Sup{Inf,_ ys(x,) | (x,),cy isasequences.t. x = lim x,}. (6.1)

Proof. By (4.4) § = (J2)*(s), that is,
5(x) = Sup{A € U |x is adherent to C(s, A)}.

Now, x is adherent to C(s, A) if and only if a sequence (x,), 5 €xists
such that x = lim x,, and s(x,) > A for every n € N. This completes the
proof. |1

The natural fuzzy topologies enable us to show that in (4.2) we cannot
set equality in the place of inclusion, in general. Indeed, let = be the usual
topology in the interval [0,1] and let s: [0,1] — [0, 1] be the fuzzy subset
defined by setting s(x) = x if x # 1 and s(x) = 0 if x = 1. Since, for every
A# 1, J(C(s, V) = J ([, 1) =[A, 1], we have that

(J)*(s)(x) = Sup{A € Ulx € J(C(s, 1))}
=Sup{reUlAr<x, A #1} =x,
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and therefore (J_)*(s) is the identity map. Then, while J_(C(s,1) =
J.(@) = &, we have C((J.)*(s),1) = {1} and while J_(O(s,0)) =
J2((0,1D = [0,1] it is O((J)*(s),0) = (0, 1]. Thus

C((Jo)*(5).1) # 1o (C(5,1)) and  O((J.)*(5),0) # /o (O(5,0)).

Rough Sets. Let = be an equivalence relation in a set S, and, for
every x € S, denote by [x] the complete class of equivalence modulo = .
Then, the upper approximation of a subset X of § is the set

UX)={xeSI|[x]nX=*J}.
The lower approximation is defined by setting
L(X)={xeS|[x] cX}.

It is immediate that L(X) = —U(—X) and that U is a closure operator.
Also, by setting, for every X,Y €.2(S),

X=YeoUX)=UY) and L(X)=L(Y)

we are able to extend = to #(S). We call rough set any equivalence class
modulo = (see Pawlak [13]). Now it is immediate to prove that the
canonical extension of U can be obtained by the formula

U*(s)(x) = Sup{s(y) |y =x}.

On the other hand, it is natural to define L* by setting L*(s) equal to the
complement of the fuzzy subset U*(—s) and therefore to set

L*(s)(x) = Inf{s(y) |y = x}.

Such definitions suggest the possibility of defining a theory of the fuzzy
rough subsets. Indeed, we define in F(S) an equivalence relation by
setting

sy =58, = U*(s;) = U*(s,)  and L*(sy) = L*(sy)

for every s,, s, € #(S) and we call rough fuzzy subset any class of equiva-
lence.

Convex fuzzy subsets. Assume that & is the class of convex subsets of a
Euclidean space E and therefore that, for every subset X of E, J_(X) is
the convex envelope of X. Then, &* is the class of convex fuzzy subsets as
defined in Zadeh [16] and, for every fuzzy subset s of E, J..(s) is the
convex envelope of s.
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PROPOSITION 6.2. For every fuzzy subset s of a Euclidean space, the
convex envelope J_.(s) of s is given by

Jou(8)(x) = Sup{s(xy) A - As(x,) |x = Ax; + - +A,x,,
Moo A, €U A + -+ +A, = 1), (6.2)

Proof. By Proposition 4.3 J.(s) = (J.)*(s) and therefore, since J, is
algebraic, we may apply Proposition 5.1 to compute J,.(s). Thus (6.2) is an
immediate consequence of equality J_ () = & and of the fact that x
Jo({x,,...,x,D) if and only if A,..., A, € U exist such that A, + -+ +
A,=land x =x, A 4+ - +2,x,.

If E is the real line, the convex fuzzy subsets are known under the name
of convex fuzzy numbers. Simple calculations enable us to prove that the
convex fuzzy number J..(s) generated by s is given by

Je+(5)(x) = Sup{s(x;) A s(xp) [x; <x <x,}
= (Sup{s(xy) 1x; <x}) A (Sup{s(x,) | x <x,}).

Note that, J,. being algebraic, O(J£(v), ) = J_(O(v, A), but C(JE(v), A) #
J(C(v, A)), in general. Indeed, define a fuzzy subset s of the real line
by setting s(x) = —|x| + 1 if x €[—1,1] — {0} and s(x) = 0 otherwise.
Then, for every A #0, C(s,A) =[A—1,1— A] — {0} and therefore
J(C(s,A) =[x — 1,1 — A]. Since

C(Jz(s),1) = N J=(C(s,2)) = {0}  and

A<1
Je(C(s,1)) =T (D) =&
we may conclude that C(J%(v),1) # J_(C(v, 1)).

Generalized Necessities. Let B be a Boolean algebra with minimum 0
and maximum 1 and assume that # is the class of filters B and therefore,
for every X C B, that J_(X) is the filter generated by X. It is well known
that & is an algebraic closure system and therefore that J. is an algebraic
closure operator. We call fuzzy filters the elements of &* and therefore,
for every fuzzy subset s of B, J..(s) is the fuzzy filter generated by s. Now,
recall that a generalized necessity is any map n: B — U such that

n(l) = 1; n(x Ay) =n(x) An(y),

for every x,y € B (see Biacino and Gerla [3]). The name “generalized
necessity” is justified by the fact that the generalized necessities n for
which n(0) = 0 are known in literature under the name of necessities (see
Dubois and Prade [8]).
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PROPOSITION 6.3.  The fuzzy filters coincide with the generalized necessities.

Proof. Let n be a fuzzy filter, then, since C(n,1) is a filter, 1 € C(n,1)
and therefore n(1) = 1. Also, given x,y € B, set A = n(x) A n(y), then,
since x and y are elements of the filter C(n, M), x Ay € C(n, A) and
therefore n(x A y) = A = n(x) A n(y). On the other hand, if we set A =
n(x Ay),since x>x Ayand x Ay € C(n, A), x € C(n, A), and therefore
n(x) > A = n(x A y). Likewise one proves that n(y) > n(x Ay) and
therefore n(x) A n(y) > n(x A y).

Conversely, assume that » is a generalized necessity, then, since n(1) = 1,
1 e C(n, M) for every A € U. Also, if x,y € C(n, ), then n(x Ay) =
n(x) A n(y) > A and therefore x Ay € C(n, A). Finally, if x € C(n, A)
and y >x, then n(x) =n(x Ay) =n(x) A n(y) and therefore n(y) >
n(x). Then y € C(n, A) and therefore C(n, A) is a filter. This proves that n
is a fuzzy filter. 1

PropPoSITION 6.4. For every fuzzy subset s the fuzzy filter (that is, the
generalized necessity) J.(s) generated by s is given by

Sup{s(x;) A - As(x,) lx; A Ax, <x} ifz#1
1 if z=1.
(6.3)

Jer(s)(x) = {

If s is consistent, that is, a necessity containing s exists, then the above formula
gives the necessity generated by s.

Proof. Note that J, is algebraic, that J () = {1}, and that x €
Jo{xy, ..., x, D) if and only if x; A -+ A x,, <x. Then, on account of (4.4),
(6.3) is a consequence of Proposition 5.1. Let n be a necessity containing s,
then it is immediate that J_.(s)(0) < n(0) = 0 and therefore that J_.(s) is
a necessity. 1

Other interesting applications can be obtained by applying the extension
principle to the deduction operators of the classical deductive systems. The
resulting fuzzy logics are extensively examined in [10].

7. ANOTHER EXAMPLE: THE FUZZY SUBALGEBRAS

In the following .« = (A, H, C) denotes an algebraic structure, where A
is the domain, H is the set of operations on A, and C c A is the set of
constants. Assume that # is the class of subalgebras of .oz, where, if there
is no constant the empty subset is considered as a subalgebra, then # is an
algebraic closure system and, for every subset X of A, J.(X) is the
subalgebra of ./ generated by X. In accordance with the literature, we
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write (X ) instead of J_(X). Then, the elements of &* are the fuzzy
subsets whose closed cuts are subalgebras of .z and are well known in
literature under the name of fuzzy subalgebras (Rosenfeld [14] and Di Nola
and Gerla [7]). Moreover, for every fuzzy subset s of A, J..(s) is the fuzzy
subalgebra generated by s and we denote it by {s).

ProPoSITION 7.1.  Denote by Pol(%/) the set of polynomial functions of </,
then, for every fuzzy subset s of A, the fuzzy subalgebra generated by s is given
by

Sup{s(x;) A - As(x,) |
(s)(x) = p(x1,...,x,) =x, p € Pol()} if x € (C) (7.1)
1 if x € {C).

Proof. J, is algebraic and J_ () = (C). Moreover, recall that x
Jo{xy,...,x,D) if and only if an nary p € Pol(«) exists such that x =
) C 7 R |

Formula (7.1) becomes very simple if we consider classes of algebraic
structures in which the polynomial function can be reduced to a canonical

form. As an example, if .7 is a semigroup then the fuzzy subsemigroup (s)
generated by s is obtained by

(s)(x) = Sup{s(x;) A - As(x,) [x,...x, =x} ?f x#1

1 if x=1.

If & is a group then the fuzzy subgroup {s) generated by s is given by

Sup{s(x;) A - As(x,) |
((x) =1 xb o xlv=x,iy,...,i, € {1, —1}} if x 1
1 if x=1.
(see Biacino and Gerla [2]). Given a free semigroup ./, we obtain further
examples of fuzzy closure operators by considering the classes of the free,

pure, very pure, left unitary, right unitary, unitary fuzzy subsemigroups of
& (see Gerla [9)).

8. FUZZY CLOSURE SYSTEM ASSOCIATED WITH A
FAMILY OF CLOSURE SYSTEMS

Very simple examples of closure systems in 22(S) are obtained by
considering the principal filters in the lattice .22(S), that is, classes such as

%, = {X €2(S) | X 2A4)
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where A is any fixed subset of S. Likewise, examples of fuzzy closure
systems are furnished by the principal filters in the lattice #(S), that is
classes as

&, ={seF(S)|s2ov}

where v is any fixed fuzzy subset of S. Now, are such fuzzy closure systems
canonical extensions of a classical one? As a matter of fact, the answer is
negative everywhere v is not crisp. Indeed, the class of crisp elements of
%, coincides with & = {X €.2(S) | X 2 Supp(v)} and since Supp(v) is not
contained in C(v, 1), v & Z*. In spite of that, it is possible to obtain &, by
a formula very like to formula (4.3). In fact, if we set &, = {X | X 2 C(v, A)}
then (%,), <, is an (order-preserving) family of closure systems such that

%, ={s€F(S)1C(s,A) €€, forevery r € U}.
This suggests the following definition.
DEerINITION 8.1.  Let (%)), be a family of closure systems and set
& ={s€F(S)IC(s, ) €%, forevery A € U} (8.1)
then we say that # is the fuzzy closure system associated to (%)), < -

This terminology is justified by the following proposition showing that #
is a closure system.

PrROPOSITION 8.2. The class & of fuzzy subsets associated with a family
(), cy of closure systems is a fuzzy closure system.

Proof. Let (s,);c, be a family of elements of #, then, since C(N's;, A) =
NC(s;, M) € &, forevery A € U, we have Ns; € Z. 1

Obviously, (8.1) generalizes the formula for the canonical extension of a
classical closure system.

PROPOSITION 8.3. Let & be a fuzzy closure system, and set, for every
reU,
Z(%,2) ={C(s,)) |seg}. (8.2)
Then (Z(Z, M), cy is a family of closure systems.
Proof. Let (X,);c,; be a family of elements of Z(#, ), then a family

(s));c, of elements of & exists such that X; = C(s;, A). Since N X, =
C(N's;, M), N X; belongs to.Z(#, V). |

DeriNnITION 8.4. Given a fuzzy closure system %, we denote by #* the
fuzzy closure system associated with the family &, =.Z(#, A) and we say
that @* is the fuzzy closure system associated with . In other words,

*={sF(S)|C(s,A) €e#(%,A) foreveryr € U}. (8.3)
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The following obvious proposition shows that such a notation is in
accordance with formula (4.3).

ProposITION 8.5. If & is a classical closure system then the fuzzy closure
system associated with & by (8.3) coincides with the canonical extension of €
defined by (4.3).

PROPOSITION 8.6. Let &, &, and %, be fuzzy closure systems; then
() #ce*, (i) 6,Cc@, =% C&,; (i) (e%)*=e*
Moreover,
% = ¢* o % is associated with a family of closure systems.

Proof. Properties (i), (i), and (iii) are obvious. Assume that # is
associated with the family (%)), , of closure systems, then if s € €*, for
every A € U an element s, of & exists such that C(s, ) = C(s,, A). On
the other hand, since s, € €, C(s,, A) € &, and this proves that s € Z.
Thus &* c & and by (i) we may conclude that #* = &. The converse part
is immediate. |

In the following, given any class & of fuzzy subsets, we denote by & the
fuzzy closure system generated by 2, that is,

=N {# | € is a fuzzy closure system containing &}
= {s €F(S) |'s = Ns; where (s;),, is a family of elements of Z}.

Also, we define the operator Q by setting

O(%) ={AVC(s,N)|se& reU}. (8.4)
PrRoPOSITION 8.7. Let & be a fuzzy closure system, then &* C Q(%)
and, if (Z(%, M),y is an order-preserving family, we have €* = Q(%),

that is, €* is equal to the fuzzy closure system generated by Q(%).
Proof. Recall that
g* ={seF(S) | forevery A € U, C(s,A) = C(s,, A)
for a suitable s, € #}.

Then, for every s € €*, since by formula (24) s=NAV C(s, A) =
NAV C(s, A, s, €%, we have that s € Q(%). Assume that
(#Z(Z, M),y is an order-preserving family, then since
S if w<A
CAY Xewn #) = C(s,A)  ifu> A

and C(s, ) e Z(%, A) cZ(%, w) for every u > A, we may conclude that
o) ce* 1
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PropPosSITION 8.8. If % is any fuzzy closure system then
Z=0(%) =% =¢".

If (#(%, M),y is an order-preserving family, then

Z=0(%) © & =&~

Proof. Assume % = Q(%), then, by Propositions 8.6 and 8.7, & C
&* C Q(¢)= ¢ and therefore & = &*. Assume that (Z(%, ), is
order-preserving and that & = &*, then by Proposition 8.7 % = 0(%). |

PrROPOSITION 8.9. Assume that the closure system, &, is associated with
an order-preserving family (€)), < of classical closure systems. Then,

(%, ) =, (8.5)
for every A € U.

Proof. By hypothesis & = {s € #(S5) | C(s, M) € €,}. It is immediate
that Z(Z, A) C &,, to prove the converse inclusion, let X be an element
of &, and consider the fuzzy subsets sy = A V xyx. We have that

S if w< A
C“”“)z{x if > A

and, since (%)), is order-preserving, C(sy, u) € €, for every u € U.
So, s, belongs to # and this proves (8.5). |
Observe that (8.5) does not hold, in general. As a matter of fact such an
equality is equivalent to saying that
VA € U VX € &, acontinuous chain (X, ), _,, exists

suchthat X, € ¢, X, = X.

ExampLES. Let S be an Euclidean space, .& the class of closed subsets,
and % the class of closed convex subsets of S. Since # <.%, we obtain an
order-preserving family (%), c ; by setting

o _[#  ifA<05
A & otherwise.

If ¢ is the fuzzy closure system associated with this family then s € ¢ if
and only if C(s, A) is closed and convex if A < 0.5 and C(s, A) is closed
otherwise. In accordance with Proposition 8.6 and 8.7, # = &* = Q(%).
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Note that & extends the class of the closed and convex subsets of S. Now,
let us change % with .7 in defining (%)), <, that is, set

o _[7 ifA<05
A R otherwise.

Such a family is order-reversing and s € # if and only if C(s, A) is closed
if A < 0.5 and closed and convex otherwise. Also in this case # is an
extension of the class of the closed and convex subsets of E. Obviously,
% = &*. We claim that

(%) ¢ %, A%, N\ =¢,.

Indeed, let X and Y be two disjoint closed subsets such that Y is convex
and define s by

1 ifxeY
s(x) =4{05 ifxeX
0 otherwise.

Then it is immediate that s € @ and that, if A <05, AV C(s,\) = AV
(XUY)Now,C(AVXUY,u)=XUY forevery u> A, and therefore
CAVXUY,u&e, for every u>05. Thus, AV C(s,\) &€& and
therefore Q(%) ¢ #.

To prove that &, =.7(%, A), let X be an element of &,. Now if A > 0.5
then X is closed and convex and therefore X € € and X € 7(&, A). If
A <05, it is immediate that A A X is an element of % such that
X = C(A A X, M) and therefore X € Z(Z, A).

Set § =[0,1] and let, for every A € U,%, equal the closure system
{,[A, 1], S} and denote by & the related fuzzy closure system. The family
(%)), cy is neither order-preserving nor order-reversing and we claim that

Q(%)¢g& and Z(%,A) =G,

Indeed, at first observe that the empty set and the identity map id: U - U
are elements of &. Then, the fuzzy subset s = C(id, A) vV A belongs to
Q(%) but, since C(s, w) = [A, 1] & &, for every u > A, s & &. Also, since
& is the A-cut of the empty set and [ A, 1] the A-cut of the identity map,
&, c#(%, M) and therefore Z(%, \) = &,.

This example shows that in Proposition 8.7 the hypothesis (Z(#, M), <
order-preserving is essential to prove the equality. Also, it proves that in
Proposition 8.8 the hypothesis (Z(#, A), ., order-preserving is not nec-
essary. If we modify such an example by setting &, ,, = {J,{0}, [3,1], S},
then it is immediate that no continuous chain (Xj,); ., exists such that
X,,, ={0}and X; € 7.
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9. FUZZY CLOSURE OPERATOR ASSOCIATED WITH A
FAMILY OF CLOSURE OPERATORS

We have early observed that there is a strict connection between the
closure systems and the closure operators. So, the question arises of giving
definitions and results like the ones in Section 8 but with reference to the
closure operators. At first we have to introduce a new concept. We say that
a fuzzy operator J is an almost closure operator, in brief a-c-operator, if it
satisfies only the first two conditions for a closure operator, that is

(i) s;C5,=J(s)) SI(sp)i (iD) I(s) 25

for s,,s,,5 in F(S). Every a-c-operator is associated with a closure
operator J defined by J =J_ . In other words, for every fuzzy subset s,
J(s) is the least fixed point of J greater or equal to s. If J is a closure
operator then J = J. It is immediate that &, = &, that is, J and J have
the same fixed points.

PropPosITION 9.1, Let (J,), <y be a family of a-c-operators and define the
fuzzy operator J by

J(s)(x) =Sup{r € Ulx €J,(C(s,1))}, (9.1)
then J is an a-c-operator.

Proof. It is immediate that J satisfies (i). To prove (ii), observe that,
since C(s, A) € J,(C(s, A)), we have

s(x) =Sup{r e Ulx e C(s,N)}
<Sup{r e Ulx e (C(s,A)} =J(s)(x). I

DerFINITION 9.2.  Let (J)), ., be a family of closure operators, then we
say that the operator J defined by (9.1) is the a-c-operator associated with
(J), ey and that J is the closure operator associated to (J,), c -

The following proposition shows that if (J,), . ;; is order-reversing then J
is a closure operator and therefore J = J.

ProposiTION 9.3. If (J),cy is an order-reversing family of closure
operators then its associated a-c-operator is a closure operator, that is, J = J.

Proof. To prove that J(J(s)) = J(s) it is sufficient to prove that every
cut C(J(s), A) is a fixed point for J,. Indeed, in this case

J(J(5))(x) =Sup{r € Ulx € J,(C(J(s), 7))}
—sup(A € Ulx e C(I(5), N} =I(5)(x).
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Now, observe that (J,(C(s, M), <, is an order-reversing family of subsets
of S. In fact, if A < A’ then J,(C(s, V) 2 J,(C(s, 1) 2J,(C(s, A")). Also,
observe that if u < A, then every fixed point for J, is a fixed point for J,.
In particular, J,(C(s, w)) is a fixed point for J,. By recalling that the
intersection of a class of fixed points for J, is a fixed point for J, and that,
by Lemma 2.1, C(J(s), ) = N, . ,J,(C(s, w)), we conclude that C(J(s), A)
is a fixed point for J,. |

Obviously, (9.1) generalizes the formula for the canonical extension of a
classical closure operator. From Lemma 2.1 we may derive that, if (J)), <y
is order-reversing then, for every u € U

O(J(s),w) = U L(C(s, 1) €4(0(s, 1)) SI(C(s, 1))

A>

c C(I(s.m) = N L(C(s, ).

A<p

Remark. The fuzzy operator J defined by (9.1) is not an extension of a
classical closure operator, in general. As a matter of fact, if (J,),c, IS
order-reversing, then

J extension of a classical operator
< J, =J, forevery u+0,1and v # 0, 1.

To prove this, assume that J is an extension of a classical closure
operator and let » and w be two elements of U different from 1 and
assume, for example, that 0 < v < w. Then, given any subset X of S, by
hypothesis J,(X) 2J,(X). Assume that x €J,(X), then J(X)x) =
Sup{r e Ulx € J(X)} # 0 and therefore Sup{Ar € U|x € J)(X)} = 1.
Since u # 1, this entails that A € U exists such that x € J,(X) and A > pu.
Since J,(X) cJ,(X), it is also x €J,(X) and we may conclude that
J(X) cJ(X) and therefore that J,(X) =J,(X). The converse implica-
tion is immediate.

PrRoPOSITION 9.4. Let (J,), ., be any family of closure operators and J
the associated fuzzy closure operator. Besides, let (%)), < be the correspond-
ing family of closure systems and & the associated fuzzy closure system. Then,
J =Jg, that is

() rew — (%JA),\E(]
l l

J «— 17
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Proof. To prove that J = J, is equivalent to proving that Z = %; and
therefore that & = &,. Let s be an element of &, then every cut
C(s, M) € &, and therefore is a fixed point for J,. Then it is immediate
that J(s) =s and therefore that s € &,. Conversely, assume J(s) =s,
then, for every x € S, Sup{A € U | x € J,(C(s, M)} = s(x). In other words,
x € J(C(s, A)) implies A < s(x) and therefore x € C(s, A). Then
J,(C(s, M) is contained in C(s, A) and therefore C(s, A) is a fixed point for
J,. Thus se#. |

PROPOSITION 9.5. Let (%)), cy be a family of closure systems and % the
associated fuzzy closure system. Moreover, consider the corresponding family
(g )rev of closure operators and denote by J the associated fuzzy closure
operator. then, & = &, that is,

(B)rev — (J‘EA),\E(]
! l
17 «— J.

Proof. Recall that by (3.3) of Proposition 3.1 the closure system corre-
sponding to closure operator J. is %,. As a consequence, by applying
Proposition 9.4 to the family (Jg ), <y, We obtain that J =J, and there-
forethat # = %;. 1

Given a fuzzy closure operator J, we may define a family (K(J, M), <y
of operators by setting

K(J,)(X) = C(J(AAX),A) (9.2)

forevery A € U. If we interpret J as a deduction operator, then K(J, A)(X)
is the set of formulas that are consequences at degree A of the formulas in
X assumed at degree A. The following proposition shows that K and /# are
related in accordance with the following diagrams.

J - &) & - Je

! ) ) Vo
K(J.A) < A&, N) A& < Kz A

ProposITION 9.6. (Castro [5]). Given a fuzzy closure operator J,
(K(J, M), cy is a family of closure operators. Namely, we have

K(J )\) /‘Z’(? A)” (93)



22 BIACINO AND GERLA

Given a fuzzy closure system &, we have

F(Z,N) =y, ny (9.4)

Proof. Let X be a subset of S and assume that x € J;, ,(X). Then
x € C(s, M) for every s € &, such that X < C(s, A). Taking s = J(A A X),
since s € &, and

XCC(AANX, L) CC(J(AANX), L) =C(s,1),

we have x € C(J(A A X), A) = K(J, M)(X). Conversely, assume that x €
K(J, A(X), then J(A A X)(x) > A and therefore, for any s € &, such that
s DA AX, we have x € C(s, A). Thus, since s DA A X if and only if
C(s, M) 2 X, for every s € &, such that C(s, ) 2 X, we have x € C(s, A).
This proves that x € Jy, ,(X).

To prove (9.4), we apply (9.3) to the fuzzy closure operator J. by
obtaining

K(J%l )‘) =JZ’(&?,)\)

that is equivalent to (9.4). 1

We conclude this section by noting that, like the fuzzy closure systems,
given a fuzzy closure operator J it is possible to build up a new fuzzy
closure operator J* by applying Definition 9.2 to the family (K(J, M), c ;-

10. TWO EXAMPLES: FUZZY PREORDERS AND FUZZY
HERBRAND MODELS

Fuzzy Preorder. As observed by Trillas and Alsina, if (S, <) is any
preorder then the equality

J=(X)={zeS|TxeX, x <z} (10.1)

defines a closure operator J=: (S) - 22(S). The idea is that x <z
means that x entails z. Now, we can extend the notion of preorder as
follows. A fuzzy preorder (relative to A) is a fuzzy relation I: S X § — [0, 1]
in S such that

(@) I(x, x) = 1 (reflexivity)
(b) I(x,y) A I(y, z) < I(x, z) (transitivity).

If I(x,y)= X we say that x implies y at degree A. This definition
immediately suggests the question of defining the fuzzy closure operator
associated with a fuzzy preorder as in (10.1).
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ProposITION 10.1. Given a fuzzy preorder I, every cut R, = {(x,y) |
I(x, y) = A} is a preorder and therefore defines a closure operator J,. The fuzzy
closure operator associated with the family (J,), <o 1) can be defined by setting

J(s)(z) =Sup{s(x) AI(x,z) xS} (10.2)

for every s € Z(S) and x € S.

Herbrand Models. Recall that if < is a first order language with some
constants, then a ground term of & is a term not containing variables and
the Herbrand universe U, for & is the set of ground terms of .. Similarly,
a ground atom is an atomic formula not containing variables and the set
B, of ground atoms is called the Herbrand base for . An Herbrand
interpretation for . is any subset M of B, and the name is justified by the
fact that M defines an interpretation of . in which:

—the domain is the Herbrand universe

—constants in . are assigned themselves

—any nary function symbol f in & is interpreted as the map from
(U,)" into U, defined by associating to terms ¢,,...,¢, the term
flty, ..., t)

—any nary predicate symbol p is interpreted by {(¢,...,2,) |
p(ty, ..., t,) € M}.

n

A definite program clause is either an atom or a formula of the form
Bi A AB,— B where B is an atom and each B, is an atom or a
negation of an atom. A ground instance of a program clause is a closed
formula obtained from this clause by suitable substitutions of the free
variables by closed terms. A definite program is a finite set P of definite
program clauses. It is well known that the class €, of Herbrand models for
P is a closure system in B, and that, if J, is the associated closure
operator, then for every X € #(B.)

Jp(X)={a€B,IPUXF a}.

Jp(X) is named the least Herbrand model for P containing X and J,(0)
the least Herbrand model for P; we denote it by M,. The Herbrand models
of P coincide with the fixed points of J,, obviously.

Passing to the fuzzy framework, we call fuzzy program any fuzzy subset p
of definite program clauses. Now, for every A € U the cut C(p, A) is a
classical program and we may consider the closure operator J, =J¢, ,
defined by this program and the related class &, of Herbrand models.
Then, it is natural to consider the fuzzy closure operator J, : #(B;) — F(B,)
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defined by the order-reversing family (J,), ., and, in correspondence, the
closure system &, associated with the order-preserving family (B ey We
call fuzzy Herbrand model for p every fixed point of J, or, equivalently,
every element of Z,. In other words, a fuzzy subset s is a fuzzy Herbrand
model for p if and only if every cut C(s, A) is an Herbrand model for
C(p, M. Also we say that J,(s) is the minimal fuzzy Herbrand model
containing s and, in particular, we call the least fuzzy Herbrand model M, of
p the fuzzy subset J,(0). It is immediate that

J*(s)(a) = Sup{A € U1 C(s Up, A) - a}. (10.3)

From the point of view of expert systems theory, we may interpret the
number J*(s)(a) as a valuation of the truth degree of «, given the
“general theory” p and the available fuzzy information s. In this case it is
very natural to assume that both s and p are finite, and therefore if
A > Ay, > - > ), are the elements of the codomain of s U p different
from zero, in (10.3) we have to consider only the programs C(s U
poAD, ., C(s Up, M.
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