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GEOMETRY WITHOUT PQOINTS

G. GERLA
Dipartimento 4i Matematica ¢ Appiicazioni, Universita degli Studi di Napoli, Italy

R. VOLPE
Via O. Morisani 13, Napali, fraly

A number of authors have addressed “the well-known conviction that geometry may be built
without points” {[5]; see also the other references). In this paper we propose an approach to metric
spaces, and thence to geometry, based on the primitives: solid, inclusion, and distance between
solids.

DEFINITION. A space of solids is a set § of elements called sofids, together with a partia) order
relation < on §, called inclusion, and a function § from § X § to the nonnegative real numbers,
called distance, such that, for all solids u«, v, w:

(1) if 4 < w, then &z, u) > 8(u,w),

(2) the diameter A{v) = sup{8{p,g):p < v and g < v} is finite, and

8(u,v) + S(U,w) +4A(v) > 8(u,w),
(3) u < p if and only if 8(u’,v) = 0 for every 4’ included in u,
(4) if £ = 0, then there are solids «’, 4" such that
W <u, v<u, Mu)se A(v)<e, and 8(u,v) =8(u,v).

A point in a space of solids (S &) is a minimal element of (5, 5 ). An g-point, where ¢ > 0, 13
a solid u such that A{u) <

The following statements are easy consequences of the definition.

{a) For all # and v, 8(u,v) = 8(v,u).

G. Gerla received his degree in Mathematics from the University of Naples in 1970 and is now “Ricercatore™ at
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(b) The solid « is a point if and only if A(u) =

(c) The set of all points in § is a metric space with respect to §.

(d) If ' < « and v’ < v, then 8(u’, »") 2 8(u,v).

(e) For all u, u’, v, v,

8(u,0) —8(u',v") < 8(u, u’} + 8(v,v) + A(w) + A(v').
Hence if these solids are e-points, then
[B(u,v) —8(u',0)| < 8(u,u’) + 8(v,0) + 2e.

Obviously a metric space (M,d) is a space of solids with § = M, 8 =4, and < simple

equality. In this trivial example, every solid is a point. For a more interesting example obtained

from (M, d),let § be the set of all nonempty compact subsets 4 of M such that u°~ = u, where °
denotes interior and ~ denotes closure; define

8(u,v) =min{d(P,Q): P u, Q €},

and let < be set inclusion. We show that (S, < ,8) is a space of solids, called the space
associqted with (M, d).

Axiom (1) is clear. Since b is compact, A(v) < oo. To complete the proof of (2), choose U € u,
Vi, €u, Wew, I, €p such that

8(u,v) = d(U, V) and 8(w,v) = d(W,1,).
For ¢ > 0, let
D(V)={Pev®:d(P,V))<e})and D(V,) = (P €v°:d(P,V,) < e}.

Then »; = D(V;)” and v, = D(V,)" are solids contained in v. Choose ¥/ € v, and VJ € v, such
that &(v,,v,) = (¥}, V5). Then

d(Vi, 1) <d(V,, vy) +d(V{ Vi) + d(V,1h) <o+ 8(u,u,) + ¢
for all e > 0; sa d(V,, V) < 8(vy, v,) < A(w). Hence,
8(u,w) < d(U, W) < d(U,V)) +d(Q,V,) + d(Vy, W) < 8(u,v) +8(v,w) + A(v).

For (3), it is obvious that u < v implies §(u’,5) = 0 for all ' < u. Conversely, suppase that
8(u’,v) = 0 for all 4’ < u but that « £ . Choose P in 4°\ v and e > 0 such that C = {X €
M:d(X,P) < ¢} is digjoint from v. Let B = { X € u°: d(X,P) < ¢}. Then u’ = B~ is a solid
and ¢’ Ny = @&, Then 8(u',v) > 0, a contradiction; hence, # < o,

For (4), given u, v, and ¢, choose U and V such that 8(u,0) = d(U, V), let (U) = {X &
u? d(X,U)<e}and D(V)={X € v d(X,V) <e}. Then o' = D{U)™ and v’ = D(V)~ are
e-points and §(u’, v’) = 8(w, v).

Recall that a metric space (M, d) is perfect if it has no isolated points.

It is easy to see that

(f) a metric space is perfect if and only if its associated space of solids has no points.

The association of a space of solids with a metric space is characteristic of all spaces of solids,
in the following sense.

THEOREM. Every space of solids (S, < ,8) is isomorphic to a space of solids (S', C ,8"), where
S’ is a family of nonempty subsets of a metric space (M, d) and 8'(u, v} = inf{d(P,Q): P € u and
Oen)

Proof. Let M be the set of all sequences P= P} of salids such that p,, | < p, forall n and
limA(p,)=0. For P and Q = (gq,) in M, define d(P,(Q) = Limé(p,, q,)- Since (8(p,, q,)) is
increasing and bounded above by 8( p,, 41) + A(p,) + Alqy), d is defined on Mx M Itis easy

to show that (M, d) is a pseudometric space. Let M = M /&, where PRQ means d(P, g) =
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and for P,Q € M let d(p,Q) = d(P,Q), where P is in the equivalence class P and Q is in the
equivalence class Q. Then (M, d) is a metnc space, called the space associated with (S, <, 8).
Define the relation belongs to, B € M x 8, as follows: PBu means there is a sequence ( p,) in P
with p, = u, Define a function f from § into the set of all subsets of M by

f(u) ={Pe M: PBu}.

Let §° be the image of . We must prove, for all ¢, 0 in §: (1) f(u) £ @, (1) u < v = f(u) C f(v),
(ii1) 8(u,0) = &[f(u), f(v)], (iv) £ is injective.

(i) By repeated use of {4) we may build a sequence (p,) such that p; = u, p,., < p,, and
A(p,y=1/(n + 1). Then the equivalence class of this sequence is in f(u).

(i) If « < v, then any sequence u =p, > p, > - - maybeextendedtov > uzp, > ---.

(iii) Suppose PBu and Qfv. Choose sequences P = (p,) and Q = (g,) with p, = u, ¢, = v.
Then _

8(u,0) =8(p,q) < ‘?(ﬁsé) =d(P,Q);
SO
8(u,v) < inf{ 4(P,Q): PBuand QBuv} = & f(u), f(¥)].

Now by (4) we may build { p.),(g.) such that

/

PL=1t, 9 =0, Py <P dha1 < 45, A(B) < 1/n, A(gL) < 1/,
and

8(pisy, @) =8( P ) = 8(u,0).
Then these sequences represent equivalence classes P’, @’ such that 8(u, v) = 4(P’, Q). Thus
8(u,v) = inf{ (P ,Q): PBuand QBv}.

Hence 8(u,v) = 8f(u), f(»))
(iv) If u + v, then we may assume u £ 0. By (3) there exists «' < u such that 8(u’, v) > Q.
Then by (iil),

inf{ d( P, Q) : PRu’ and QBv} > 0;
hence f(u’) £ f(v). But by (ii), f(¢') < f(u); hence f(u) ¥ f(v).

FURTHER REMARKS. Since euclidean, elliptic, and hyperbolic geometries may be defined solely
in terms of axioms about metric spaces [1], the definition above leads te axiomatizations of
geometries without the primitives “point™. It remains to reformulate the resulting axioms in a
more natural, less convoluted way. As one example, define three e-points u,», w in a space of
solids (8, < , 8) to be s-collinear if one of the following holds:

8(u,v) +8(v,w) —8(u,w) < 3¢,
8(u,w) +8(w,0) —8(u,0) < 3¢,

8(v,u) +8(u,w)—8(v,w) < 3e.

Then the axiom

(A) there exist three noncollinear points
holds in the associated metric space (M, &) if and only if the axiom

(A") for some positive ¢ there exist three e-points that are not e-collinear,
holds in (S, < ,8).

Proof. Suppose that P, @ and T are noncollinear elements of M; let (p,), (g,) and (z,) be in
P, O and T. Then there exists £ > 0 such that
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d(P,T) +d(T,Q) - d(P,Q) > 3¢, d(P,0) +d(Q,T) — d(P,T) > 3¢
and d(Q,P) +d(P,T) —d(€,T) > 3e.
It follows that there exists m € N such that

A(p,) <&, A(q,) <e A(tL,) <& 8(p,,q,) +8(q,,4,) —8(p,,1,) > 3¢,
8(p.,1,) +8(¢,,9,) —8(p,.q,) > 3eand 8(q,,p,) +8(p,,1,) —8(q,,1,) > 3¢

for every 1 > m. This proves that p,,, g,, and ¢,, are not g-collinear e-points.
Conversely, suppose that there exist three ¢-points u, ¢ and w that are not e-collinear. Thus, if
PBRu, QBv and TRAw, we have that

d(P, Ty +d(T,Q) —d(P,Q) > 0.
Indeed, observe that
8(u,w) +8(w,v) —8(u,0) —2ez e

Now, by (iii), there exist UBu, U'Bu, VRv, V'8, Wihw, W'8w such that
3w, w) = d(U, W), 8(w,v) = d(W', V), 8(u,v) =d(U', V).

Then
d(P,TYy+d(T,Q) - d(P,0) > 8(u,w) +8(w,v) —d(P,Q)

2 8(u,w) + 8(w,v) —[d(P,U") +d(U, V) + d(V', Q)]

2 8(u,w) +8(w,0) —[e+ 8(u,v) +¢] =8(u,w) +8(w,v) —8(u,v) —2epe>0.
In thé same manner one proves that
d(P,Q) +d(Q,T)—d(P,T) >0
and that
4(Q,P) +d(P,T) —d(Q,T) > 0.

In conclusion, P, QO and T are noncollinear.
Axiom A can also be reformulated with no mention of points at all. Define three solids u, v, w
to be collinear it

8(u,v) +8(v,w) — 8(u,w) < 3Im
or

8(u,w) +8(w,v) — 8(u,z) <3Im
or

8(v,u) +8(u,w) —8(v,w) < Im,
whete m = max[A(u), A(v), A(w)]. Then A holds in (M, &) if and only if

(A") there exist three noncollinear solids
holds in (S, <, &).
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CENTROSYMMETRIC (CROSS-SYMMETRIC) MATRICES,
THEIR BASIC PROPERTIES, EIGENVALUES, AND EIGENVECTORS

TAMES R. WEAVER
Depariment of Mathematics / Statistics, The University of West Florida, Pensacola, FL 12514

1. Introduction. For a number of decades symmetric matrices over the reat field have been
studied intently by every begioning linear algebra student as a class of matrices which are defined
by the property of being symmetric about their main diagonal or by the fact that you can
interchange the rows and columns of a given symmetric matrix and it remains unchanged. In [1]
(p. 124y A. C. Aitken defines a centrosymmetric matrix P and this definition coincides with the
definition given by Graybill of a cross-symmetric matrix [6] (p. 361).

DEPINITION 1. An » X » matrix P over the real field is centrosymmetric if
P

i = Pn—1+1‘n—J+1s for1 = 'E-‘JJ’- s H.

A closer look at Definition 1 reveals that a centrosymmetric matrix is nothing more than a square
matsix which is symmetric about its center.

b a b ¢
(“]andded

b a
¢ b 4

are examples of centrosymmetric matrices. This type of matrix is very important in the study of
certain types of Markov Pracesses because they turn out to be transition matrices for the process.
As we look at centrosymmetric matrices we will find that they have many interesting properties,
comparable in seme ways with symmetric matrices, but yet in some ways they are very different
fram symmetric matrices. For instance; it will be shawn that they form an algebra.

2. Historical Notes. M. Iosifescu points out in [7] that *“ The concept of Markov dependence
appears in an explicit form in 1906 in a paper [12] of the Russian mathematician A. A. Markov
(1856-1922). In a series of papers starting with [12] he studied various properties of sequences of
dependent random variables which in his honor are nowadays called finite Markov chains.

Almost at the same time, studying the problem of shuffling the card deck, the French
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