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STRATIFIED OPERATORS AND GRADED
CONSEQUENCE RELATIONS
by
Giangiacomo Gerla

(A more complete version of this technical note can be find in Chapter 7 of my
book in Fuzzy Logic by Kluwer Editor)

1. GRADED DEDUCTIVE TOOLS FOR GRADED INFORMATION
In accordance with Tarski’s point of view, we identify a crisp deductive apparatus

with a “deduction operator”, i.e. a closure operator D : P(F)— P(F) where F is

the set of formulas in a logic. Given a set X of formulas, we interpret D(X) as the

set of logical consequences of X. Now, we can imagine a "stratified” deduction
apparatus, i.e. the availability of various deductive instruments each with a related
degree of validity. We can represent such a state of affairs assuming that, for every

A € [0,1], a crisp deduction operator D, is defined. Given a set X of formulas, we

interpret D;(X) as the set of formulas that we can derive from X by using
arguments which are "reliable” to degree A. More generally, it is possible that the
available information and the deduction apparatus are both stratified. In this case,
we represent the stratified information by a fuzzy set v : /—[0,1]. Then, if we

denote by C(v,A) the closed cut {a F : v(a)>A}, in the case a € D,(C(v,4)) for a

suitable 4 € [0,1], we say that « is a consequence of v to degree A. Obviously, we
must consider the lower-constraint for the truth degree of o which is the best we
are able to get. Then, it is natural to consider the number

D))= Sup{d e [0,1]: a € Di(C(v,A))} (1.1)
as the best lower-constraint for this truth degree. This suggests a way to define
new fuzzy logics that will be useful to investigate the interesting notion of a
graded consequence relation proposed in Chakraborty [1988].

In the sequel we denote by U the interval [0,1].

2. STRATIFIED FUZZY CLOSURE OPERATORS
The following definition enables us to associate any family of crisp operators with
a fuzzy operator.

Definition 2.1. Let (J;),.y be a family of operators in a set S and let J be the fuzzy
operator defined by setting, for every s € 7(S) and x € S,

J()(x) =Sup{i € U:x € JH(C(s,4))}. 2.1
Then we say that J is the fuzzy operator associated with (J)) v

We say that a family (J;),y of operators is a chain provided that (J;(X)),cv is a
chain for every subset X, i.e.,
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(i) Jo is the map constantly equal to S,

(i) (J),cv is order-reversing.
We say that (J;),cy is a continuous chain provided that (J3(X)),cyis a continuous
chain for every subset X, i.e.,

() Jo is the map constantly equal to S,

(i) JAX) =M<, Jx(X) for every subset X and 2 € U.

Definition 2.1 extends the notion of canonical extension of an operator
proposed in Biacino L., Gerla G., [1996]. Indeed, it is easy to prove that the
following proposition holds true.

Proposition 2.2. Let J be associated with a chain (J;),cvand H a crisp operator.
Then the following are equivalent:

(a) Jis an extension of H.

(b) J, =H forevery 0 < A< 1.

(¢) Jis the canonical extension of H.

Of course, we are interested in families of closure operators.

Theorem 2.3. Let (J)),cv be a family of closure operators and let J be the
associated operator. Then J is a fuzzy a-c-operator which is not, in general, a
closure operator. Assume that (J)),cy is a chain, then J is a fuzzy closure operator.

Proof- Trivially, J is order-preserving. In order to prove the inclusion property,

observe that, since C(s,4) < J,(C(s,14)), we have

s(x)=Sup{A e U:x € C(s,A)} <Sup{d € U:x € J(C(s,4)} = J(s)(x).

To show an example in which J is not a closure operator, let R be the real line and,
for every subset X of R, denote the topological closure of X by c(X) and the
smallest closed convex subset containing X by <X>. Then we can consider the
order-preserving family (J;),.y defined by setting J;(X) = ¢(X) for any 4 < 0.5 and
Ji(X) = <X> for 12 0.5. We claim that the associated operator J is not a closure
operator. Indeed, consider the fuzzy subset s defined by setting s(x) = | x | if —0.5<
x < 0.5 and, otherwise, by setting s(x) = 0. Then, for every 4 # 0, C(s,4) = (=0.5,1]
U [4,0.5) if 1< 0.5 and C(s,4) = J if 1> 0.5. Consequently, since

J$S)(x) = Sup{l € U:x € JH(C(s,4)} =Sup{A1<0.5:x € c(C(s,4))},
it is J(s)(x) = | x | if —0.5 < x £ 0.5 and, otherwise, J(s)(x) = 0. On the other hand,
since Jy 5(C(J(s),0.5)) = <{-0.5, +0.5}> = [-0.5,+0.5], we have that J(J(s))(x) = 0.5
for every x € [—0.5,+0.5]. This proves that J(J(s)) # J(s).

Finally, assume that (J;),cy is a chain. Then, to prove that J(J(s)) = J(s), it is
sufficient to prove that every cut C(J(s),4) is a fixed point for J;. Indeed, in this
case

JJ(s))(x) = Sup{A € U:x e JH(CJ(s),1)}

=Sup{d e U:x e CJ(s),A)} =J(s)(x).
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Now, observe that (J;(C(s,4))),cv is a chain of subsets of S. In fact, Jo(C(s,0)) =S
and if A < A, then Jy(C(s,4)) 2 JA(C(s,4)) 2 J»(C(s,4)). Furthermore, observe that
if u< A, then every fixed point for J, is a fixed point for J,. In particular,
JUAC(s,)) is a fixed point for J;. By recalling that the intersection of a class of
fixed points is a fixed point and by observing that,

C((5),2) = M ya JAC(5,10)),
we conclude that C(J(s),A) is a fixed point for J;. 0

The following proposition, whose proof we omit, shows that every fuzzy
closure operator obtained by a chain of closure operators can be obtained by a
continuous chain of closure operators.

Proposition 2.4. Let (J,),.y be any chain of closure operators and set, for every
AeUand X S,

”ﬂ(X) = m,u<iJ,u(X)~ (23)
Then (J")),cu is a continuous chain of closure operators. Moreover, the fuzzy
closure operator associated with (J)),cu coincides with the operator associated
with (J")zeu-

Definition 2.5. Let (J;),cy be a family of closure operators and let J' be the
associated fuzzy operator. We define the fuzzy closure operator associated with
() acu as the closure operator J generated by J'. In this case we say that J is
stratified. If (J;),cv 1s a chain, we say that J is well-stratified.

An example of a fuzzy operator which is stratified but not well-stratified is
given at the end of Section 4. In Castro, Trillas, Cubillo [1994] a a fuzzy
implication is a fuzzy relation Imp : S x § — U such that, for any x, y, z in S,

(a) Imp(x,x)=1 (reflexivity),
(b) Imp(x,y) A Imp(y,2) < Imp(x,z) (transitivity)
The fuzzy operator J associated with Imp is defined by setting

J($)(2) = Sup{s(x) A Imp(x,z) : x € S}. (2.4)
We claim that J is well-stratified. Indeed, set, for any 4 € U,
Ji(X) = {x € §:3x" € X such that Imp(x'x) > 1}. (2.5

It is easy to demonstrate that (J;),cy is a chain of closure operators and that J is the
fuzzy closure operator J associated with this chain. Note that if /mp is not crisp, J
is not an extension of a crisp operator and therefore, by Proposition 2.2, J is not a
canonical extension of a crisp operator.

3. STRATIFIED CLOSURE SYSTEMS
Now, we define a notion of stratified closure system which is well related to the
notion of stratified closure operator.

Definition 3.1. Let (C)),.ybe a family whose elements are classes of subsets of a
given set S. Then the class of fuzzy subsets of S
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C={s € 7(S) : C(s,4) € C, for every A= 0} 3.1)
is said to be the class of fuzzy subsets associated with (C))cy-

Proposition 3.2. Let C be the class of fuzzy subsets associated with the family
(C)icv- Then X is a crisp element of C iff, for any 1 # 0, X is a crisp element of C,.

In other words, (,oC, is the class of crisp elements of C.

Proof. If s is a crisp fuzzy set and X = Supp(s), then s € C iff X = C(s,4) € C;
for every 1 # 0. t

Obviously, we are interested in families of closure systems, obviously. We say
that a family of closure systems (C,);cy is a chain if

@) Co=1{S},

(i1) (Cy)acu is order-preserving.
Such a family is called a continuous chain if, for every A € U,

(G) Go=1{S},

(j) Ci=Sup{C,: u<Aa}.
Here the operator Sup is the join in the lattice of closure systems and hence (jj)
means that C; is the closure system generated by U, ;C,. This notion is well
related to the notion of continuous chain for closure operators.

(3.1) generalizes the formula for the canonical extension of a class of subsets.
More precisely:

Proposition 3.3. Let C be the fuzzy system associated with a chain (C)),cy of
classes of subsets. Then C is the canonical extension of a crisp class H iff every

C,, with A 20, coincides with H.

Proof. Suppose C =" where H is a class of subsets. Then, by Proposition 3.2,
H= .y C,. Assume that 1= 0 exists such that C; # 7 and let X be an element
of C; such that X ¢ H. Now, if s = 4 v X, then C(s,p0) = S if < A, otherwise

C(s,u) = X. As a consequence, since (C,),cy is a chain, C(s,u) € C, for every u
U. This demonstrates that s € C while it is obvious that s ¢ 9. This contradiction

proves that C, = H. The converse implication is trivial. O

Theorem 3.4. Let (C)),cv be a family of closure systems. Then the class C
associated with (C)),cy is a fuzzy closure system.

Proof. Let (s;);c; be a family of elements of C. Then, since for every 4 € U,
C(miel spA) = N ier C(si,4) € C4,
we have that ) ;.;s; € C and this proves that C is a closure system. O
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Note that, differently from the closure operators, a fuzzy closure system C
associated with a family of closure systems (C,),cy is always an extension of a

classical closure system, namely the system (1, C.

Definition 3.5. Let C be the fuzzy closure system associated with a family (Cy);cu
of closure systems, then C is said to be stratified. If (C)),cy is a chain, then we say
that C is well-stratified.

Notice that the class of stratified closure systems is closed under finite and
infinite intersections and therefore is a closure system.

Any family (J;);cy of closure operators defines a corresponding family
(Cs(J))scv of closure systems and any family (C,),cy of closure systems defines a
corresponding family (Co(C))) ey of closure operators. Indeed, we have the
following natural equivalences:

Proposition 3.6. Let (J;), v be a family of closure operators. Then
U)sevis a chain < (Cs(J)y))sev is a chain
(J2)acuv is a continuous chain < (Cs(J)))ev is a continuous chain.

Proof. The first equivalence is trivial. Assume that (J;),cy is a continuous
chain. We claim that Cs(J,) is the closure system generated by U ., Cs(J,). In fact,
it is obvious that Cs(J,) is a closure system containing U,.,Cs(J,). Let C be a
closure system containing the class U 4<uCs(J3) and let X be an element of Cs(J,).
Then, since X = J,(X) = M, Ju(X) and J4(X) is an element of Cs(J;), X is an
intersection of elements of U,.,Cs(J;). Hence X € C and this proves that
C 2o Cs(Jy).

Suppose (Cs(J1))evis a continuous chain. Then (J3),cpis a chain and Cs(J,) is
the closure system generated by U i<u Cs(J;). Consequently, since J,(X) is an
element of Cs(J,), a family (X}(;));c; of subsets of S exists such that A(i) < u, X} is
a fixed point of Jy; and J(X) = ﬂ,-g,Xg(,-). Furthermore, since X,; 2 X entails
Xaw 2 Jai(X), we have

JUX) = nteIJ/l(i)(X) =2 ml<;f]l(X)~
Now, (Jy)scu is order-reversing and therefore J(X) < <, J4(X). Thus, J/(X) =
N 4<uJ2(X) and this proves the continuity of (J3)cv - O

The next theorem says that Definitions 2.1 and 3.1 are related in a natural way:

Theorem 3.7. Let J be the closure operator associated with a family (J;),cv of
closure operators and C the closure system associated with the family (Cs(J}))ecu
of closure systems. Then, J= Co(C), that is

)iev —> (Cs(UD)iev

! l
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J «<—— C.

Proof. Let J' be the operator associated with (J;);cy. In order to prove J =
Co(C) we can prove that Cs(J) = C, i.e., that C = Cs(J"). Let s be an element of C,
then every cut C(s,A) belongs to Cs(J;) and therefore it is a fixed point for J;. Then

J(s)x)=Sup{l e U:x e Jy(C(s,0)} =Sup{l e U:x e C(s,A)} =s(x)
and this proves that s € Cs(J"). Conversely, if J'(s) = s, then, for every x € S,
Sup{ie U:x € JH(C(s,4))} = s(x).
In other words, x € J;(C(s,4)) implies A <s(x) and this proves that x € C(s,1).
Then, since J;(C(s,4)) is contained in C(s,1), C(s,A) is a fixed point for J;. Thus s
is an element of C. U

In a similar way one demonstrates the next theorem:

Theorem 3.8. Let C be the fuzzy closure system associated with a family (C));cu
of closure systems and J the closure operator associated with the family
(Co(CY))sev of closure operators. Then, C = Cs(J), that is

(Ciacu —> (Co(CY))seu

| |

cC <—— J.

Corollary 3.9. IfJis a closure operator, then
J stratified < Cs(J) stratified,
Jwell-stratified < Cs(J) well-stratified.
If Cis a fuzzy closure system, then
C stratified < Co(C) stratified,
C well-stratified < Co(C) well-stratified.

Proposition 3.10. Assume that J, and J, are two (well) stratified closure
operators. Then the closure operator generated by the product Jy oJ, is (well)
stratified.

Proof. Observe that Cs(J;) and Cs(J,) are both (well) stratified and therefore
Cs(J1)NCs(J,) is also (well) stratified. Moreover, it is easy to prove that
Cs(J))NCs(J,) is the set of fixed points of J; o J;. This completes the proof. [

4. A CHARACTERIZATION OF STRATIFIED CLOSURE SYSTEMS
Observe that every fuzzy closure system determines a family of closure systems in
a natural way.

Definition 4.1. Let C be a class of fuzzy subsets and set, for every 4 € U
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H(C,A) = {C(s,A4) : s € C}. 4.1)
Then we say that (H(C,4)); cv is the family of classes associated with C.

Proposition 4.2. For every fuzzy closure system C, and A € U, the class H(C,A) is
a closure system. Moreover, if C is associated with a family (C),cu of closure
systems then, for every A € U,

H(C,A) < C,.
Finally, in the case that (C)),cy is a continuous chain,

H(C,A) = C,.

Proof. Let (X));c; be a family of elements of H(C,A). Then a family (s,);c; of
elements of C exists such that X; = C(s;,A). Since ;e X; = C(MN;ess5,4) and N,y
belongs to C, the set N belongs to H(C,A). This demonstrates that H(C, 1) is a
closure system.

Assume that C is associated with a family (C,),cy of closure systems and let X
€ H(C,A). Then an element s, in C exists such that C(s;,4) = X. The fact that every
A-cut of an element in C belongs to C;, enables us to conclude that X € C;.

Assume that (C)),cy is a continuous chain and that X € C,. Then, since C, is
the closure operator generated by U<, C, , X = MNic.X; where each X; is an element
of a suitable Cy; , for (i) < A. Consider the fuzzy subset s; = X; v u(i). We claim
that s; € C. Indeed, since S belongs to any closure system, in the case ¢ < (i) we
have C(s;,t) = S € C;. In the case ¢ > (i), since C(s,f) = X; and X; € C,), from the
inclusion C,; < C, it follows that C(s,f) € C,. From s; € C it follows that X; =
C(s;,A) € H(C,A). Since H(C,A) is a closure system, this demonstrates that X =

NiciX; € H(C,A). 0

Definition 4.3. Given a fuzzy closure system C, we denote by C" the fuzzy closure
system associated with the family (H(C,A)),.y and we say that C" is the stratified
closure system associated with C.

In other words, we set
C'= {s € F(S) : C(s,4) € H(C,2) for every A € U}. (4.2)
In a series of papers we defined the canonical extension of a crisp closure system
C as the fuzzy closure systems
C" = {s:C(s,4) eC for any leU }
The following proposition, whose proof is trivial, shows that the notation in
Definition 4.3 is coherent with such a definition.

Proposition 4.4. If C is a classical closure system, then the stratified closure
system associated with C by (4.2) coincides with the canonical extension of C.
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The following proposition shows that the map associating any fuzzy closure
system C with the fuzzy closure system C" defines a closure operator in the lattice
of fuzzy closure systems. Furthermore, it characterizes the stratified fuzzy closure
systems as the fixed points of such an operator.

Theorem 4.5. Assume that C, C, and C, are fuzzy closure systems. Then
(i) ccC,
(i) CcCG = Cl* c Cz*,
(iii) (C)'=C".
Moreover,
C=C" < Cis astratified closure system.

Proof. Properties (i), (ii) and (iii) are obvious. It is self-evident that if C = C",
then C is stratified. Assume that C is the stratified closure system associated with a
family (C,),cp of closure systems. Then from the inclusion H(C,2) < C; we have

that C* < C and therefore that C" = C.
The converse implication is trivial. 0

Let 7 be a class of fuzzy subsets. Then we define Q(7) by setting
OTN)={AvCsA):seT,AeU}. (4.3)

Proposition 4.6. For every fuzzy closure system C,

C < C cc(0(0)
where ¢(Q(C)) is the fuzzy closure system generated by Q(C). Consequently,

C20(C) = C=C" =c(Q(0)).
Furthermore, if (H(C, 1)),y is a chain,

C'=c(Q(C))

C=c¢0(C) & C=C".

and therefore,

Proof. Let s € C" and observe that
C'={s € F(S) : forevery A € U, C(s,A) = C(s,A) for a suitable s, € C}.
Then,
s=MN,epAv C(s,A) = Nycu Av C(s52,4),
and therefore that s € ¢(Q(C)). This proves that C" = ¢(Q(C)).
Suppose that (H(C,A)),cv is a chain, and let s € C. Then, since C(s,1) €

H(C,A) < H(C,p) for every p#> A and
S ifu<A,
CAv C(s,A), w) =
C(s,A) ifu> 4,

we may conclude that O(C) < C"and therefore, that ¢(Q(C)) < C". 0



STRATIFIED OPERATORS 9

Examples. Let E be a finite dimensional Euclidean space, CS the class of closed
subsets of £ and CCS the class of closed convex subsets of S. Then we obtain a
continuous chain (C}),cy by setting Cy = {S} and

CCS if 0<A<0.5,
C,;. =
(o\) otherwise.

Denote the well-stratified closure system associated with this family by C. Then
s € C < C(s,1) is closed for > 0.5 and closed and convex for 4 <0.5.
Also, we have
C=C"=¢Q(C)) and H(C,A)=C,
and the class of crisp elements of C coincides with CCS.
A counterexample can be achieved by exchanging CCS with CS in defining
(C))sev, 1.€., by setting

[\ if 0<A<0.5,
CA =
CCS otherwise.

Then the obtained family is order-reversing. Moreover, if C is the fuzzy closure
system associated with (C));cu,
s € C < C(s,4) is closed for /I*S 0.5 and closed and convex for 4> 0.5.
Trivially, since C is stratified, C = C'. We claim that
QO ¢cC. (4.4)
Indeed, let X and Y be two disjoint closed subsets such that X U Y is not convex
and Y is convex and define s by

1 ifxe?,
s(x)=1 0.5 ifxelX,
0 otherwise.

We have that s € C and that 4 v C(s,4) = 4 v (X U ¥) for every 1< 0.5. Now,
since C(Av XU Y,u) = X U Y for every u> A, we have that CLAv XU Y,u) ¢ C,
for every > 0.5. Thus, 4 v C(s,4) ¢ C and this proves that O(C) is not contained
in C. As a consequence of (4.4) we have

C" # c(Q(C)). (4.5)
Another interesting property is that, for any 4 € U,
C,=H(C,A). (4.6)

In fact, let X be an element of C;. Then in the case 4> 0.5 the set X is closed and
convex. Hence X € C and X € H(C,A). If 1<0.5, then AAX is an element of C
such that X = C(AaX,A). This proves that X € H(C,1).

Finally, note that C is not well-stratified. Indeed, otherwise, let (Q;),cv be a
continuous chain of closure systems whose associate system is C. Then by
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Proposition 4.2, we have that O, = H(C,A) = C,. This is absurd. In fact, (C),cy, is

not order-preserving.
Co(C) is an example of fuzzy operator which is stratified and not well-
stratified.

5. A CHARACTERIZATION OF STRATIFIED OPERATORS
Given a fuzzy closure operator J, we may define a family (K(J,1)),cv of classical
operators by setting
K(J,HX) = CU(AnX), ) (5.1

for every A € U. If J is a deduction operator of a fuzzy logic, then we can interpret
K(J,A)(X) as the set of formulas which are consequences at least to degree A of the
formulas in X assumed at least to degree A.

The following proposition shows that K and 7 are related in accordance with
the diagrams:

J ——> Cs() c ————> Co(O)
K(J,2) <—— H(Cs(J),A) H(C,A) <— K(Co(C),A).

Proposition 5.1 (Castro [1993]) Given a fuzzy closure operator J, (K(J,A))cu is a
family of closure operators. More specifically, we have

K(J,A) = Co(H(Cs(J),A)). (5.2)
Given a fuzzy closure system C, we have
H(C,A) = Cs(K(Co(C),1)). (5.3)

Proof. Let X be a subset of S and suppose x € Co(H(Cs(J),A))(X). Then, since
H(Cs(J),A) is the class of the A-cuts of Cs(J), x € C(s,A) for every s € Cs(J) such
that X < C(s,4). Taking s = J(1 A X), since s € Cs(J) and

X=C(AAX1) c CJAA X)L =C(s,4),
we have x € C(J(A A X),A) = K(J,)(X).

Conversely, suppose x € K(J,A4)(X). Then J(4 A X)(x) > A and hence, for any s
€ Cs(J) such that s o4 A X, we have x € C(s,4). Thus, since s D AAX iff
C(s,A) 2 X, for every s € Cs(J) such that C(s,1) 2 X, we have x € C(s,4). This
proves that x € Co(H(Cs(J),A))(X).

In order to prove (5.3), we apply (5.2) to the fuzzy closure operator Co(C) by
obtaining
K(Co(C),A) = Co(H(C,A)).
This equation is equivalent to (5.3). [
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Definition 5.2. Given a fuzzy closure operator J we denote by J" the fuzzy closure
operator associated with the family (K(J,1)),cv of closure operators and we say
that J" is the stratified operator associated with J.

The above notation is in accordance with the notation for the canonical extension
of a classical closure operator. Indeed, given an operator J, denote by J' the fuzzy
operator defined by setting, for every fuzzy subset s,

J'(s) = J(Supp(s))-
Then, the following proposition holds:

Proposition 5.3. Let J be a classical closure operator. Then the stratified operator
associated with J' coincides with the canonical extension of J.

Proof. Observe that
Sup{A € U:x € J(C(s,4))} =Sup{A € U:x € J(Supp(AnC(s,4),4))}
=Sup{d e U:J(AAC(s,0)(x) > A}.
This demonstrates both that the a-c-closure operator associated with the family
(K(J',A)) v of closure operators is a closure operator and that this operator
coincides with the canonical extension. 0

The next proposition shows that the notion of stratified closure system C*
associated with a fuzzy closure system C is strictly related to the notion of
stratified fuzzy operator J associated with a fuzzy closure operator J. Indeed, the
following diagrams commute:

C —> Co(0) J —— D
l | | l
C «——— CoC) J «— cun’

Proposition 5.4. Let C and J be a fuzzy closure system and a fuzzy closure
operator, respectively. Then

C*'=Cs(Co(C)) ; J = Co(Cs(I)"). (5.4)

Proof. 1f J is a fuzzy closure operator, then by Proposition 3.6, J = Co(C)
where C is the closure system associated with the family (Cs(K(J,1)));cu-

Moreover, since by Proposition 5.1 K(J,4) = Co(H(Cs(J),A)), we have that

Cs(‘K(J,A)) = H(Cs(J),A). This proves the first part of the proposition.

Let C be a fuzzy closure system and set J = Co(C). Then from the proved
equality we obtain that (Co(C))" = Co(Cs(Co(C))") = Co(C") and therefore
Cs(Co(C)") = Cs(Co(C))=C". O
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The following Theorem shows that Definition 5.2 gives an interior operator in
the lattice of fuzzy closure operators. Furthermore, it characterizes the stratified
closure operators as the fixed points of such an operator.

Theorem 5.5. For every fuzzy closure operator J,

J<J 5 hsh= JTSL 5 J=J
Moreover,

J=J < Jis a stratified closure operator.

Proof. Inclusion Cs(J)" > Cs(J) entails that J'= Co(Cs(J)") < Co(Cs(J)) = J.
Likewise, since Cs(J") =**CS(J)*, . L
J =Co(Cs(J))=Co(Cs(J))=J.

Moreover, from J; <.J, it follows that C; o C, and, hence, that C," = C,". So, J,"=

Co((Cs(J1))") < Co(Cs(J)") = J» . Finally, J = J iff J = Co((Cs(J))") iff Cs(J) =

Cs(J)" iffa family (C}), <y exists such that Cs(J) is associated with it. In turn, this

happens iff J is associated with (Co(C))) cv- 0

6. STRATIFIED DEDUCTION SYSTEMS
We can interpret the definitions and the results in the previous sections in terms of

deduction systems. Indeed, we interpret a family ((F,D);)),v of deduction systems

as a deduction apparatus stratified in accordance with the reliability of the
deductive instruments used. More precisely, given a set X of formulas, we interpret

D,(X) as the set of formulas we can derive from X to degree A.

Definition 6.1. Let ((F,D,)),cv be a family of crisp deduction systems and D the
closure operator associated with (D;),cy. Then (F,D) is called, the fuzzy deduction
system associated with (F,D;)),cu- In this case, we say that (F,D) is stratified. If
((F,D;)) v is a chain, we say that (F,D) is well-stratified.

It is rather natural to admit that (9;),.y is a continuous chain. Indeed, given a

set X of formulas, condition Dy(X) = F means that every formula can be
considered as a consequence of X (at least) to degree zero. The inclusion
JAX) < Ny, Ji(X), means that, for every A < 4 if x is a consequence of X (at
least) to degree 4, then x is a consequence of X (at least) to degree A. Condition
JAX) 2 N a<uJ2(X) says that if x is a consequence of X (at least) to degree A for
any A < 4, then x is a consequence of X (at least) to degree s«

If (D;),cv 1s a chain, D can be defined in a more expressive way by the

relation -, defined by setting v -; a everywhere a € D,(C(v,4)). Indeed,
DV)(@)=Sup{le U:vt, a}. 6.1)
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Trivially, if Tau is the fuzzy subset of tautologies of D and Tau, the set of

tautologies of D, Tau(a) = Sup{A € U: a € Tau,} or, equivalently,
Tau = Uy (A A Tauy). (6.2)
In particular, « is a tautology of (F,D) iff « is a tautology of all the deduction

systems (F,D),).

Theorem 6.2. Let (F,D) be a stratified fuzzy deduction system. Then, for every set
X of formulas and y € U,

DunX)=(unDX)) v Tau. (6.3)
Moreover,

Inc(D) = 1. (6.4)

Proof. To prove (6.3) assume that D is associated with a family of (9,);cy of
closure operators. Since

X ifA<u
CunX, )=
@ ifA>

we have that
D(punrX)(x)=Sup{ie U:x € DyX), A< u} v Sup{i e U:x € D)D), A> u}.

Assume that x € D,(J) for a suitable A > g Then, since

Sup{le U:x € DyD), A>u} > u=Sup{i e U:x € DyX), A< u}
it is

UADX)(x)=Sup{Ai e U:x € DiX), A< u}
Because D is order-preserving,
D(D)(x) £ D(uAX)(x)=Sup{le U:x € DyD), 1> u} < D(D)(x)
and D(u A X)(x) = D(D)(x). Then
D(D)(x) = ((u n DX)(x)) v D(D))(x).

Assume that, for every 4> g, x ¢ D (D). Then Sup{A € U:x € Dy(D), A> u} =
0 and D(D)(x) < p. As a consequence

D(p AX)(x) = Sup{AeU : x € DyX), A< uy = u "D(X)(x)

= (1 ADX) v D(D))(x).
To prove (6.4), set X equal to the whole set of formulas /. Then (6.3) becomes
D(s*)=s" U Tau.

Consequently, Inc(s”) > p and therefore, Inc(D) > Sup {Inc(s”) : u e U} = 1. 0

The proof of the following theorem is trivial.
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Theorem 6.3. Let (F,D) be a fuzzy deduction system. Then (F,D) is stratified iff
the class of its theories is a stratified closure system. Moreover, if (F,D) is
associated with the family (F,D);)),cuv of deduction systems, then
Tis a theory of (F,D) < every cut C(t,A) of tis a theory of (F,D;).
Finally,
Xis a crisp theory of (F,D) < Xis a theory of any (F,D;).

Proposition 4.6 and Theorem 4.5 entail the next theorem:

Theorem 6.4. Assume that, for every A € U,
ttheory of (F,D) = Av C(t,A) theory of (F,D).
Then (F,D) is stratified.

By recalling that the deduction operator of a canonical similarity logic is generated
by the product of two stratified operators, from Proposition 3.10 we obtain:

Theorem 6.5. Any canonical similarity logic is well-stratified.

7. SEQUENTS AND CONSEQUENCE RELATIONS
We call sequent any element of the set SEQS= P(F) x FA, i.e., any pair (X,a)

where X is a set of formulas and « a formula. A sequent (X,«) represents the
metalogical claim that  is a consequence of the set X of formulas. In this section
we begin by giving the basic notions of the theory of crisp consequence relations.
We call a conclusion relation any set of sequents, i.e., any binary relation + from
P(F) to F. Given X € P(F) and « € F, we write X F « to denote that (X,a) € F.

Given Z € P(F), we write X + Z to denote that X+ o for any formula ¢ in Z.

Definition 7.1. A conclusion relation I is a consequence relation if
(i) XFa whenever € X,
(i) Xra = XUTlte,
(i) XrZand XU ZFa = Xta.

If F is a consequence relation and X + ¢, then we say that « is a consequence of X.
The meanings of the above conditions are apparent. Condition (i) says that every
formula in X is a consequence of X, condition (ii) that the logic under
consideration is monotone, (iii) that if the set of formulas Z follows from X and we
are able to prove o from X U Z, then we may prove « directly from X.

There is a strict connection between the operators and the conclusion relations.

Definition 7.2. Given an operator J, we define +; by setting
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Xhja < aeJX). 7.1
Given a conclusion relation - we denote by J, the operator defined by
JX)={ae F: X} a}. (7.2)

These definitions enable us to define a bijective correspondence between the class
of operators and the class of conclusion relations.

Proposition 7.3. Let J be an operator and let v be its associated conclusion
relation. Then

Jo=J. (7.3)
Let + be a conclusion relation and denote its associated operator by J. Then
b= (7.4)

Proof. For every X c F,
JX)={ae F:Xra}={ae F: aecJX)}=JX).
Likewise, for every X< Fand o € F
XHjaoe aeJ(X) © Xka. O

Definitions (7.1) and (7.2) establish also a one-one correspondence between the
crisp consequence relations and the closure operators.

Theorem 7.4. Let + be a conclusion relation. Then
F is a consequence relation < J, is a closure operator.
Let J : P(F) — P(F) be an operator. Then

J is a closure operator <\, is a consequence relation.

Proof. Assume that + is a consequence relation. Then, from (i) it follows that
Ju(X) 2 X and from (ii) that X o Y implies J.(X) 2 J.(Y). In order to prove that
J(J (X)) = J(X), observe that, since X - £ for every S € J.(X), by (iii),

JXOra = Xtka

Thus, J(Ji(X)) = {a € F: J(X) F a} < J.(X) and J(Ji(X)) = J(X).

Assume that J is a closure operator. Then, the inclusion property J(X) o X
entails that X i, o for every « € X, and this demonstrates (i). In order to prove (ii),
suppose X +;  and Y 2 X. Then, since « € J(X) and J is order-preserving, €
J(Y), i.e., Y F; . In order to prove (iii), assume that X +-; S for every f € Z and that
XUZtb; a Then, Zc J(X) and a € J(X U Z). Consequently, since X U Z < J(X)
and a € JX U 2Z)cJUJ(X) = JX), we have that that X ;. Thus +; is a
consequence relation.

The remaining part of the proposition follows from Proposition 7.3. O

For instance if J is the identity map, then the corresponding relation F; is the usual
membership relation. As a matter of fact, by (i) of Definition 7.1, this relation is
the least crisp consequence relation.
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The next theorem shows that the theory of consequence relations coincides
with the theory of the abstract deduction systems.

Theorem 7.5. A conclusion relation + is a consequence relation iff a deduction
system (FF, D) exists such that

Xra < ae DX). (7.5)

Proof. Let F be a consequence relation and let O = J.. Then D is a closure
operator satisfying (7.5). Conversely, if (F,9D) is a deduction system satisfying

(7.5), then F coincides with . So, |- is a consequence relation. 0

8. GRADED CONSEQUENCES AND SEQUENT CALCULUS

The concept of graded consequence relation was proposed in Chakraborty [1988]
as a graded extension of the crisp abstract concept of consequence relation F. We
call a graded conclusion relation any fuzzy subset of sequents, i.e., any fuzzy
relation g : SEQ — U from P(F) to F. If X is a set of formulas and « a formula,
we write g(X + ) instead of g(X,a). Moreover, given another set Z of formulas,
we set

gX+2)=Inflg(XV+2):z € Z}. 8.1)

Definition 8.1. We say that a graded conclusion relation g is a graded
consequence relation if, forevery X, Y, Z € P(F) and a € F,

(i) gX+ra)=1forevery a € X,
(i) gXVUYFa)2gXt ),
(i) gXFr @)= gXF D) AgXUZF o).

If 2 =g(X ) we say that « is a consequence of X at least to degree A. The
following proposition, whose proof is trivial, summarizes some elementary
properties of the graded consequences.

Proposition 8.2. Let g be a graded consequence. Then, for X, Y, Z, X;, Xp, Y1, 1>
subsets of IF and (Y));c; family of subsets of IF,

0 exrx=1,

(i)  gXUYF2)> g(XF2),

(1)) gXrN2 gXr2)AgXUZEY),

(V) gt Uity = Inflg(X +Yy) i e I},

v) XicXr=gXirY)< glhrY),

(vi) Yich=gXrY)2 gX+D)),

(vi) XoY=gX+))=1,

(vili) g XFY)2gXF2) Ag(ZF+ ).
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It is possible to interpret the crisp consequence relations as theories of a suitable
H-system with an infinitary inference rule. In fact, first we consider a crisp H-

system S = (A,R) which we call minimal sequent calculus, such that
- the set of formulas is the set SEQ of sequents,
- the set A of logical axioms is {(X,x) : x € X},
- there is a finitary rule:
X, @)
XuY, a
and an infinitary rule:

{X,p:peZ}y, XUZ a)
X, o

Proposition 8.3. The class of theories of the minimal sequent calculus coincides
with the class of crisp consequence relations.

Proof. Indeed, with reference to Definition 7.1, a set I of sequents contains the
set of logical axioms iff it satisfies (i). F is closed under the finitary rule iff it
satisfies (ii), + is closed under the infinitary rule iff it satisfies (iii). O

The next proposition shows that the class of graded consequence relations is
the canonical extension of the class of crisp consequence relations.

Proposition 8.4. The following are equivalent:
(a) g:SEQ— Uis a graded consequence relation.
(b) every cut C(g,A) is a consequence relation.

In other words, the class of graded consequence relations is the canonical
extension of the class of consequence relations.

Proof. (a) = (b) It is self-evident that C(g,A) satisfies (i) and (ii) of Definition
7.1. In order to prove (iii), suppose (X U Z,a) € C(g,A) and (X,z) € C(g,4) for
every z € Z. Then glX WZ +a) 24 and g(X +z) >4 for every z € Z.
Consequently, g(X +Z) > A and by (iii) of Definition 8.1 this implies that g(X F @)
> A. Hence, (X,a) € C(g,4).

(b) = (a) Let X be a set of formulas and x € X. Then, the fact that C(g,1) is a
consequence relation entails that (X,x) € C(g,1), i.e., g(X+x)=1. Let Y be a set of
formulas containing X, and 4 = g(X + @). Then, since (X,a) € C(g,4) and Y D X,
we have (Y,a) € C(g.A), i.e.,, g(Y + @) 21 = g(X + o). Finally, given any set Z of
formulas, set
A=Inf{iglXF2):zeZ)rgXUZ}F ).
Then, since C(g,4) is a consequence relation, (X,z) € C(g,A) for every z € Z and (X
v Z, a) € C(g, 1), we may conclude that (X,a) € C(g,4). Thus
gXra)2InfliglXF2):ze Z) AgX U ZF ). O
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We indicate the canonical extension of the minimal sequent calculus by S*, where
how to extend an infinitary rule in a fuzzy infinitary rule is evident. Then

- the fuzzy set of logical axioms is

{(Xx) 1 x € X,
- we have a finitary rule
X.2) : A
Xuy ’ A
- we have an infinitary rule
{Xp:peZ}, (XU Za) S, A
X, @ : InfiS) A A

The following theorem holds:

Theorem 8.5. The class of graded consequence relations coincides with the class
of theories of the canonical extension S’ of the minimal sequent calculus S.

Proof. This is trivial. [

In particular, the class of graded consequence relations is a closure system and
any fuzzy conclusion relation can be extended to a consequence relation (see
Castro, Trillas, Cubillo [1994]).

9. FINITE SEQUENT CALCULUS AND COMPACT GRADED
CONSEQUENCES

It is possible to avoid the infinitary inference rules provided that we only consider
compact graded consequences. In the following, if X is a set we denote the class of

finite subsets of X by P(X). A conclusion relation + is compact, if

X+ a < there exists X, € P(X) such that X+ a.
Trivially, if - is a conclusion relation, then
F is compact < J, is compact,
if J is an operator, then
J is compact < F;is compact.
A graded conclusion relation g is said to be compact if

gX,a) = Sup{g(X; + @) : Xy € PAX)}. .1

Proposition 9.1. 4 graded conclusion g is a compact graded consequence iff it
satisfies (9.1) and
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(i) glXra)=1forevery ac X
(i) gXuYra)>gXta),
(i) gXFa)2gXF2)AgX U {z} F ).

Proof. Let g be is a compact graded consequence. Then it is evident that (9.1),
(1), (i) and (iii) are satisfied. Conversely, assume these conditions are satisfied.
Then, first we demonstrate that, for every finite set Z,= {z,,...,2,},

gXra)y2(UnflgXvrz):z e Zy) ngX U Zit+ ).
Indeed, such an inequality coincides with (iii) for » = 1. Moreover, by induction
hypothesis,

gX+a)2Unflg(XFz):z € {z,0zna} }) AGX U {Z100Zh 1} F Q)

>(Inf{ig(Xtz):z € {z,nzu}}) ACX U {Z1,0z01} F Z)
A XU {z1,sZpo1,Zn} F Q)
2 (UnfigXtz):z e {z1,.2nm1}}) AGX F2) AgX U Zst+ @)
=UnflgXt+z):z € Z}) A g(X U Zs+ ).
Let Z be any set, then,
(Inflg(Xvrz):ze ZHYAgXUZF )
= (Inflg(X+2) : 2 € Z}) A (Suplg(X U Z+ @) : Zy € PAD))

=Sup{(nfigX+z):ze Z}) AgX U Z+a): Zr € PAL)}
SSup{nfigX+z):ze ZH)AgX O Zva): Zre PAZL)} < gX+ o). 0

We call finite sequent any sequent (X,) in which X is finite and we denote the set
of finite sequents by SEQ. If g is compact, then g is completely defined by its
restriction to SEQy. Conversely, let / be a fuzzy subset of SEQ,and set

g(X,a) = Sup{h(X,, ) : X;is a finite subset of X}.
Then g is a compact graded conclusion relation. If /4 satisfies (ii), then g is an
extension of 4 we indicate as the compact extension of h.

Proposition 9.2. g is a compact graded consequence relation iff g is the compact
extension of a fuzzy relation h : PAF) x F— U satisfying

(G) hX,)=1 forevery o € X,

() hX VY, a)2hX,a),

(i) MX, ) 2 KX, p) A WXV {5}, 0).

Proof. 1f g is a compact conclusion relation, then it is obvious that its
restriction & to SEQ; satisfies (j), (jj) and (jjj). Conversely, let g be the compact
extension of a fuzzy relation /4 satisfying (j), (jj) and (jjj). Then, by using
Proposition 9.1 we can prove g is a graded consequence relation by proving g
satisfies (i) and (ii) and

gX.a) 2 gX.p) A gX v {f}, ). 9-3)
Now, (i) and (ii) are trivial. In order to prove (9.3) observe that
gX,a) = Sup{h(Xp,a) : Xy € PAX)} 2 Sup{h(Xp.f) A (X, {f},0) : Xy e PUX)}.
On the other hand,
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gX.p rgX v {f},0)
= (Sup {h(X,. ) : Xi € PAX)}) A (Sup (h(Xs U {B},0) 1 Xo € PAX)})
=Sup {h(X1,0) A (X2 L {f},0) : X1, Xy € PAX)}.
Now, observe that, by setting X;= X; U X;,
WXiB) A h(Xy O f,a) 2 h(X1,0) A h(X2 W { S}, ).
Then, we can conclude that g(X,@) > g(X, ) A g(X L {f},). 0

Proposition 9.2 enables us to relate the compact graded consequence relations with
the theories of the canonical extension of a suitable sequent calculus. In fact, let S,
= (A,R) be the H-system such that

- SEQ is the set of formulas,

- the set A of logical axioms is {(X,x) € SEQ;: x € X},

- there are the following rules:

(Y.« . X.p, Xv i o
XUY,a) X, @)

We call minimal finite-sequent calculus such a system. Then, we have the
following theorem:

Theorem 9.3. Let Sf* be the canonical extension of S; Then, g is a compact

graded consequence relation iff g is (the compact extension of) a theory of S;.

Proof. 1t is evident that & : SEQ, — U satisfies (j), (jj) and (jjj) of Proposition
9.2 iff /1 is a theory of S; . O

10. GRADED CONSEQUENCES AND STRATIFIED OPERATORS
The following theorem shows that we can identify the graded consequence
relations with the continuous chains of consequence relations:

Theorem 10.1. 4 conclusion relation g is a graded consequence relation iff a
continuous family (\),cu of consequence relations exists such that
gX+a)=Sup{le U: X}, a}. (10.1)

Proof. Given A € U, denote the conclusion relation C(g,4) by ;. Then
gX+ra)=Sup{le U:(X,0) € C(g, )} =Sup{le U:XF, a}.
So, the proof follows from Proposition 8.4. [

In Theorem 7.5 we observed that a conclusion relation is a consequence
relation iff a closure operator J exists such that
Xta & aeJX).
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The question arises whether such a connection holds also for the graded
consequence relations and the fuzzy closure operators.

Proposition 10.2. Let J be a fuzzy closure operator and define the graded
conclusion relation g by setting

8X+ o) =J(X)(@) (10.2)
for every X € F and o € F. Then, in general, g satisfies (1) and (ii) but not (iii).

Proof. A straightforward verification proves the first part of the proposition. In
the following example (iii) is not satisfied (M. K. Chakraborty, personal

communication). Let F= {ay, o, 3, a4} and let s; and s, be the two fuzzy subsets
of F defined by setting

si(ar)) =si(a)=1,s51(a) =0.7,51(cs) = 0.8
and

sa(on) = s2() = so(aw) = 1, 52() = 0.9
Then, the class C = {sy, 5,} defines a fuzzy closure operator J. Namely, for every

fuzzy subset s and o € F,
J(s) (@) = Inf{s{a) : s; 2 s}.
Take X= {a), oz} and Z= {ay}. Then, a simple calculation gives
JX) () =0.7,JX U Z2)( ) =0.9,JX)( ay) =0.8.
So, if g is the conclusion relation associated with J,
gX+ ) =0.7, Infig(Xtz):ze Z} =0.8,and g(X U Z}+ ) =0.9.

Hence,

gX o) <UnfigXFz):ze Z})AgX U ZF m).
This demonstrates that (iii) is not satisfied. N

The following theorem shows that we can extend Theorem 7.5 to the graded
consequences provided we confine ourselves to the well-stratified deduction
systems (Gerla [1996]).

Theorem 10.3. A fuzzy conclusion relation g : P(F) x F— U is a graded
consequence relation iff a well-stratified deduction system (IF,D) exists such that

gX+a)=DX)(a) (10.3)
for every X subset of Fand o € F.

Proof. Let g be a graded consequence relation and, for every 4 € U, let D, be the
deduction operator associated with the consequence relation C(g,4), that is
DX)={xe F:gX+x)21}.
Moreover, denote by D the closure operator associated with (9,);.y . Then
gXra)=Sup{leU:gX+a)2 1} =Sup{l e U: aec DyX)}=DX) ().
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So, we must prove only that (9;),cy is a continuous chain. Let X be a set of
formulas. Then, trivially, Dy(X) = F. Furthermore, if ¢ € U, then

xeDX) < gXrx)2u < gXrx)>Aforevery A<u

< x e N, DiX).

Conversely, let (F,D) be the fuzzy deduction system associated with a given
continuous chain (D,);.y of deduction systems and, for every A € U, denote by I,
the consequence relation associated with D, that is F; = {(X,x) : x € D,(X)}. We
claim that (), <y is a continuous family. Indeed, -, = SEQ and

Xx)etr, oxe D(X) © x e DyX) forevery A< u

& (Xx) e by forevery A< p

Thus, by Theorem 10.1 the conclusion relation g defined by (10.3) is a graded
consequence relation. 0

Theorem 10.3 enables us to find examples of graded consequence in a simple way.
For instance, let S; and S, be two different deductive systems on the same set # of

formulas and let D; and D, be the related deduction operators. Moreover, assume
that S, is more powerful than §;, that is D(X) € Dy(X) for every set X of
formulas but that, at the same time, S, is less reliable than S;. Then, a continuous
family of closure operators is achieved by setting J, = D, for 1< 0.5 and J, = D,
for 2> 0.5. We obtain the corresponding graded consequence relation g by

1 ifx e DyX),

gXrx)=] 0.5 ifx € D,(X) - Di(X), (10.4)
0  otherwise.

Further examples of graded consequences are furnished by the canonical
similarity logics. In fact, the deduction operators of these logics are well-stratified.

Theorem 10.4. Let Con : P(F) x F— U the fuzzy relation associated with a
canonical similarity logic. Then, Con is a graded consequence relation.

Proof. See Theorem 6.5. 0

Remark. Theorem 10.3 suggests a natural way to extend a graded consequence
relation g in a fuzzy relation g° from the lattice F(F) to F. Indeed, it is
sufficient to consider the stratified deduction operator D associated with g and
to set

g Fa)=D(s) ). (10.5)
Equivalently, we can set
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g ra)=Sup{i e U:g(C(s,\)Fa)= A} (10.6)
for every s € F(F) and « € F. This suggests to examine the possibility of
extending the definition of graded consequence by calling fuzzy sequent any
element of the set SEQ = F(F)xF and defining the graded consequence

relations as suitable fuzzy subsets Con : SEQ — U of SEQ.
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