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1. Introduction

In the fremework of fuzzy logic, in [3] | propose ® sementic for
probability logic in which the probebilistic models sre the finitely
additive probebilities defined in @ Boolean slgebre B. In this psper we
propose 8 syntex for the probsbility logic eand we prove o
completeness theorem thet relates this syntex with the sementics.

Finelly, & fuzzy sintax relsted to upper end lower probabilities is
proposed.

2. A syntex for probeability logic.

We define the "normelizstion function" [ :R—[0,1] by setting [x]=x if
O<x<1, [X]=0 if x<O and [x]=1 if x>1. Moreover, for every h, d, keN, h2dzk,
we coll h-d-k-rule of inference the rule r=(r',r") where r' is defined in
D(h,d)={(ay,...,.xp)/ d(xy,...,xp) =d} by

(2.1) r'(cc1,...,mh) = Ck(al,...,(rh)
(where CK is defined in [3]) and
(2.2) F(%g,., %)= [(2 %=k+1)/(d-k+1)]

Also, we call h-d-collepsing rule the rule (c’,c") where c'is defined in
D(h,d) by setting c'(«y,...,.xp)=0 &nd

1 if XI"'..."‘Xh)d
C"(X],...,Xh)'—'

0 otherwise.



We cell probebilistic syntex the fuzzy syntex such that:

- the set of formules is B ;
- the logicel sxioms coincide with the clessicel logicel exioms, i.e. with
the fuzzy set a:B-[0,1] such that e(1)=1, and a(x)=0 if x=1;
- the inference rules are the h-d-k-rules and the collepsing rules.
We cell any theory on this syntex & probsbilistic theory .

The next two propositions show the completeness of the probebility
logic.

Proposition 2.1 Given & probsbilistic theory p, the following ere
equivalent

@) p is consistent ; b) p(0)=0; c) p is setisfisble.

As ©® consequence of Proposition 2.1, if v is consistent then it is

possible to ignore both the collepsing rules and the normalization
function in our proofs.

Proposition 2.2. Let p be & fuzzy subset of formules, then p is @
consistent probabilistic theory if and only if p is an envelope.

As o consequence, given 8 consistent mep v, the probabilistic theory
C(v) built up by (2.2) yields the envelope generated by v.
We heve s8lready observed thet if p is 8 model of v end xeB, then
[v(a),1-v(x)] is &n intervel spproximetion of p(a). We have 8lso thet p(«)
is in  [C(v)(x),1-C(v)(~a)]. Since [C(v)(x),1-C(v)(-a)] is contained in
[v(a),1-v(a)], this mesns that the deductive epperstus of probability
logic ensbles us to improve the initisl intervel spproximation of p.
Several ceses oare possible; for exemple

- [C(v)(x),1-C(v)(-a)l=g (v is inconsistent);

- [C(v)(a),1-C(v)(-)]=[0,1], that is C(v){(ax)=C(v)(-a)=0, (p(x) is
complietely undetermined; v cerries on no information sbout «o);



= [C(v)(x),1-C(v)(-a)] conteins only & number, i.e. C(v)(ax)+C(v)(~a)=1
(p(e) is completely determined by v).
As we will see in the next proposition, the last cese heppens
whenever C(v) is 8 complete theory.

Proposition 2.3. Given & fuzzy subset p of formulss, the following
are equivelent
8) p is 8 theory such thet p(x)+p(-x)=1 for every formule «;
b) p is 8 probability ;
c) pis e complete probabilistic theory ;
d) p is @ meximal consistent fuzzy subset of formules;
e) p is consistent and p(«)+p(-a)=1 for every formule «.

The equivelence between b) and c¢) shows thet probabilities are
anslogous to the complete theories in clessicel logic rether than to the
theories. Then the concept of probebility is not en sdequste tool to give
e foundetion to probebility logic and we heve to consider the more
general concept of envelope. On the other hand, it is 8 charecteristic of
the deductive eppsratus of any logic to admit deductions under
incomplete informeation, while the probebilities ere related with
complete informetion about & rendom situstion.

Remerk . Referring to Remeark in [3] end by interpreting p 8s o
betting function, it is possible to interpret Proposition 2.3 by esserting
thet the following sre equivalent:

- p is 8 (finitely additive) probability ;
- every bet is ressonable but even s little augmentation of p gives rise
to

unressonable bets;

- every bet is ressonseble and & player cennot heve sure winnings by
betting on an event « and its opposite -« at the same time.



This letter condition cheracterizes the probabilities s those betting
functions for which every bet is ressonsble both from the player's and
from the bank's point of view. This is in accordence with 8 subjective
spproach to probability theory.

3. Two examples.

Exemple 1. Usuelly, the probebility p(«x) of & sentence « is
interpreted as the probsbility thet s situstion occurs in which « is true.
Nemely, if w is & set of elementesry events and p':P(W)-[0,1] is »
probability, we set p(x)=p'({weW/ wi=a}). Now it seems rether naturel
to substitute the semantic reletion = with weeker relastions for
exemple "we are sble to recognize that « is true“.

We cen give 8 precise formuletion of this by introducing & function
l:W-®(B) thet we call "informetion function" and by interpreting I(w)
8s the information aveaileble in the cose that w occurs. Then the fuzzy
subset of formules v:B-[0,1] defined by

v(x)=p({wewW/axel(w)},
represents the probsbility thet 8 situstion occurs in which we are sble
to recognize that « holds. We have
- v consistent & W¥weW I(w) satisfies the finite intersection
property (that is I(w) is & consistent set of formulas)
- v probabilistic theory &= ¥weW, I(w) is o filter (I(w) is 8 theory);
- v is 8 complete probabilistic theory &
vYweWw, I(w) is an ultrefilter (I(w) is 8 complete theory).
Moreover,
- the theory C(v) is defined by C(v)(a)=p({weW/xeT(w)}
where T(w) denotes the filter (the theory) genersted by I(w);
- the probebilistic models m of v cen be obteined by

m(a)=p({weW/axeC(w)} where, for every weW, C(w) is 8 completion of
[(w).



Notice that the above construction generslizes the well known notion
of belief function (see for exemple [9]). Indeed, if B is finite, W={(1,...,n}
end for every ieW I(i) is o filter genereted by e; then we heave that

v(on)=p({iGWIeiso:})=Z{mi/eisa} where m;=p({i}). This proves thet v is o

belief function.

Exemple 2. Let R* be the cless of the intervel numbers i.e. the
closed intervels of the resl number set R, p:#(w)-[0,1] o probability
end f:W-R* & mep we call non deterministic rendom verieble. For
every subset Z of R we set

v(2)=p({lweW/f(w)sZ}) ¥ZeP(R),
i.e. v(Z) is the probability that ("every determination of") f seatisfies Z.
We have
- Vv is 8 probabilistic theory;
- v is complete & f is deterministic (single-velued).

Moreover the probabilistic models q of v cen be obteined by

q(2)=p({wew/g(w)eZ})

where g is 8 mep such that g(w)ef(w).

4. Effectiveness.

In this section we will consider the question of the effectiveness of
the proposed syntecticel spperatus. Now, in [2] suitsble notions of
decidebility end of recursive enumerebility for fuzzy subsets are
proposed. Nemely, assume that F is 8 set such that there is an effective
codificetion of F . Then we cell recursively enumereble o fuzzy subset
s of F such that s(x)=1im h(x,n) where h:FxN—-[0,1] is 8 computable mep
incressing with respect to n and with rationsl values. We say that s is
decidsble if both s end its complement ~s=1-s are recursively
enumerable. Now, sssume that F coincides with the Boolean slgebrs B
end cell sxiomatizeble ® theory admitting 8 decideble fuzzy set of



exioms. From Proposition 8.9 in [2] we get the following proposition.

Proposition 4.1 Every axiomotizeble probebilistic theory is
recursively enumerseble and every sxiomeatizeble complete probasbilistic
theory is decidsble.

5. Refutetion procedures

Recall thet in clessicel logic we have that if 3 is & system of sxioms
end « 8 formula then

2k a & Zul-a} is inconsistent.

This property gives rise to deduction techniques called "refutation
procedures”. Likewise, in probebility logic we cen prove the following
proposition where if §eL-{0}, then {c}® is the "singleton” defined by

(c}8(c)=6 and {c}¥(x)=0 if x=c.

Proposition S.1. For every consistent fuzzy subset v of formules
(5.1 CO(@)=V (A /vvi{-a}! ™™ is inconsistent).

This proposition together with the inconsistence condition given in
Proposition 3.3 of [3], ensbles to give & very handful refutetion system.

Moreover it is possible to obtain @ constructive formule to generste
C(v) s follows.

Proposition 5.2. |If v:B-[0,1] is consistent

2v(a) - da,,..., @, ;)
(5.2) C(v)(m)=\/{ i I h ) / d(cxl,...,cxh)>d(a1,...,cxh;cr)}

d(cc],...,txh)—d(ccl,...,o:h;o:

where we have set d(cz1,...,o:h;oc)=min{keN/Ck(ocI,...,o:h)}so:—1.

If B is finite, (5.2) gives & simple slgorithm to compute C(v)(x).



6. The sublogic of the upper snd lower probabilities.

Perheps it is of some interest to consider sub-syntexes of the
probebility syntex obteined by confining ourselves to some inference
rules. For exsemple, if we consider the binery rules only, then we
obteain & fuzzy syntex, thet we call ul-syntex , strictly releted with the
upper ond lower probsbilities. Recell thst en upper and lower
probability is 8 pair (px,p*) of functions from B into [0,1] such thet:

p*(1)=1, px(1)=1, p*(x)=1-px(-) for every «eB ond
(6.1) D*(¢I1V62)ZD*(G1)+D*(G2) ;
(6.2) D*(aivaz)sp*(al)*-p*(az)

for every « and oy end a, such thet «;Ara,=0 (see [5]).

Proposition 6.1. A peir (p«,p*) is en upper snd lower probebility
if end only if px is ® consistent theory on the ul-syntex end

p*(x)=1-px(-a) for every «eB.

Proposition 6.1 enteils theat the "intersection” of & femily of upper
and lower probsbilities is ean upper end lower probability end that the
formuls (2.2) in [3] ensbles us to build up the upper end lower
probability "genersted” by e given fuzzy subset of formulss.

It is not cleer if an edequate semantics for the ul-syntex exists.
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