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Sharpness Relation and Decidable Fuzzy Sets
GIANGIACOMO GERLA

Abstract —The concept of “decidability” for fuzzy sets is defined. We
prove that there exist fuzzy sets which do not have a decidable “sharpened”
version and fuzzy sets which are not “sharpened” versions of decidable
fuzzy sets.

I. INTRODUCTION

In this paper we define the decidability concept for fuzzy sets. We
prove that a fuzzy set g exists, with {x/g(x)=1/2} infinite, which does
not have a decidable sharpened version. We also prove that a fuzzy set g
exists, with {x/g(x)=1/2)=@, which is not a sharpened version of a
decidable fuzzy set f with {x/f(x)=1/2) finite or empty.

JI. NOTATION AND MATHEMATICAL PRELIMINARIES

Let X be a set and L a totally ordered set. An L-fuzzy set [1],[3] is a
map f: X — L. We denote by £(X, L) the class of L-fuzzy sets defined in
X. If f,g€B(X,L), fAg and fV g are defined point-by-point by
(f A g)(x)=inf(f(x), g(x)} and (f V g)(x) = sup{f(x). g(x)). If R and
Q denote, respectively, the set of real numbers and the set of rational
numbers, we set [0,1]={(x€R/0<x<1). Q[0,1]={(x€@/0<x<]1}.
Ifx,yvef0,l],wesetx<'yifygl/2andxgyory>1/2and x> y. If
/g€ L(X.[0,1]), we set f <" g if, for every x € X, f(x) < 'g(x). In this
case, we shall say that f is a sharpened version of g. If f € £ and for every
x € Xitis f(x)€{0,1)}, we call f crisp.

Finally, if N is the set of natural numbers and x € N, then ¢, is the
partial recursive function of N from N with index x [2).

III. DEeCIDABLE Fuzzy SETS

If X and Y are sets and f: X — Y, we can pose the problem of the
effective computability of f only if X and Y are codified by the elements of
N. This happens, for example, if X is a finitely generated language and Y
is the rational interval Q[0, 1].

Then, in order to define the decidable fuzzy sets, we must give the
following definitions.

Definition 1: We call £(X, L) codified if there exist ¢;: N — X and ¢,:
N — L such that ¢, and ¢, are one-to-one.

Definition 2: If (X, L) is codified by ¢, and c,. then we set, for every
zEN.f,=c,p.c;y . We call the fuzzy set f decidable if f = f, by a suitable
z € N.

By definition 2, if f, is total, then f, is a decidable fuzzy set.

Definition 3: Let £(X. L) be codified by ¢, and ¢,. Then we call
£(X, L) computable if L is a computable laitice; in other words, if the
functions f: N XN — N and g: N X N —> N defined by f(m,n)=c5"
(cy(n)A cy(m)) and g(m,n)= cz" (co{n)V cy(m)) are computable.

The following propositions are immediate consequences, respectively,
of the s-m-n theorem and Rice’s theorem [2].

Proposition 1: Let £(X, L) be computable. Then there exist two total
recursive functions & and ¢ such that, if f, and f, are decidable fuzzy sets,

r‘l‘lel’lfd(_lr.y) =fx A ./jy andfr(x.y) =fx Vf;y'
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Note that from Proposition 1 it follows that, if £(X, L) is computable,
then the decidable fuzzy set forms a sublattice of £( X, L).
Proposition 2: There is not a uniform effective method to decide if

fx= L[ <[y, orif £, is crisp.

IV. SHARPENED VERSION AND DECIDABILITY

In order to avoid formal complications, we set X = N. Moreover, we
examine only the particular case £ = £( X, Q[0, 1]). Obviously, £ is compu-
table. It is easy to prove that a function cr(x) exists such that, if £, is a
decidable fuzzy set, then f,,,, is crisp and £ ,,<’f,- In other words,
every decidable fuzzy set f can be sharpened to a decidable crisp fuzzy set.
This is not always possible if f is not decidable. In order to prove this, we
give the following proposition.

Proposition 3: If, for every a € Q[0, 1], we set

(x)={ 1-f.(x)  iff.(x)isconvergentand f, (x) =1/2
Ba a  otherwise,

then: a) a total recursive function / exists such that, for every decidable
fuzzy set f,, f,(h(2)) £ 'g.(h{z)); b) for every decidable fuzzy set f,, the
set {x/f,(x) £ 'g,(x)} is infinite; and c) for every decidable fuzzy set fos
if g, <’f,, then {x /f,(x) =1/2} is infinite.

Proof: In order to prove a), let & be an injective total recursive
function such that

0 iff,(x)isconvergentand f,(x) <1/2
Trn(x)=¢1 if f,(x) is convergent and f, (x) > 1,/2
divergent if f, ( x) is divergent.

By hypothesis, f, is total; hence, fj, is total and g,(k(z))=1-
Inizy(R(2)) €{0,1) for every z € N. If g,(h(z))=1, then f,,,(h(2))=0
and f,(h(z))<1/2. I g,(h(2))=0, then f,.,(h(2))=1 and f,(h(z))>
1/2. Hence, it is always f,(k(z)) £ g.(h(2)).

In order 10 prove b), we recall that the set X, = {(i /f,= .} ={i /9, = 9.}
is infinite. Moreover, for every i € X,, f.(k(1))=fi(h(D)) £ ‘g.(h(})).
Since # is injective, b) is proved.

In order to prove c), let f, be a decidable fuzzy set such that g, < 'f,.
Then also g,(z) < 'f,(z). If we suppose that f,(z)+1/2, then g,(z)=1—
f.(2), and therefore 1— f,(z)<'f.(2). If f,(z2)<1/2, then f.(z2)>1—
f:(2), and hence 1/2 < f,(z), while £,(z)>1/2 implies that 1 — f,(z) >
f.(2), and hence 1/2 > f,(z) is absurd. Then it is f,(z)=1/2 and, for
every i € X,, f,(i)=1/2. It follows that, for every i € X, f,(i) = f,(i) =
1/2. In conclusion, the set {x /f,(x)=1/2} is infinite.

Corollary: A fuzzy set g exists, with {x/g(x)=1/2} infinite, which
does not have a decidable sharpened version. Moreover, a fuzzy set g
exists, with {x/g(x)=1/2)=@, which is not a sharpened version of a
decidable fuzzy set f with {x /f(x)=1/2} finite or empty.

Proof: Ttsuffices to set f = g, with @ =1/2 and, respectively,a =1/2.

Note that the fuzzy sets g, have interesting properties. For example,
« < 'bimplies that g, < ‘g,. Moreover, a partial recursive function A exists
such that, for every y € Q[0,1], if y =1/2, then g,(4(y))= y. To prove
this, it is sufficient to suppose that # is a function such that f,,, is the
total recursive function constantly equal to 1~ y. Then g, (h(y))=1—
Sfroy(B(¥) =y It is also easy to prove that the set (x/g,(x)=y)} is
infinite.
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