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Schrodinger equation

Let V be a potential on R3 and define

H= —%A +V Schrodinger operator

In Classical Mechanics (E energy, p momentum, m mass):
2
p

E= o +V
Mapping observables to operators:
E—— ihZ p hv v vV
Using these maps on the previous relation:
E=£ 4V ih% = (— A+ V) =Hep

We get the time-dependent classical Schrondinger equation.
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Bound states: v, € L? s.t. H 1, = Eyi), and ||1/1,,||i2(Rd) =1. J

Assume that H admits only discrete spectrum o4(H) = {En}n>0.

Normal modes: solutions of ih% = H f,, with f(x,0) = (). J

Fo(x, £) = n(x)e R E,

Time-dependency is just a phase-shift.

/]R3 |fa(x, t‘)|2 dx = /]1@3 |1/)n(x)]2 dx = 1 J
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A rotation of the axis of time (called Wick rotation) transforms the
Schrodinger equation into a heat equation with potential.
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Time-fractional Schrodinger equations )

.0 o
i B N

e is a naive Schrodinger equation, while ¢ comes from a Wick
rotation of a time-fractional heat equation with potential.

Problem: is there preservation of probability masses? [N04], [AYH13] )




Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:



Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

/0 Co(t—r)g!(r)dr



Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

t

/ e (dr = L[ ot - )(e(r) - g(0)dr

dt J,




Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

t

/ e (dr = L[ ot - )(e(r) - g(0)dr

dt J,

It can be useful to characterize ¥ in terms of its Laplace transform

+oo
wz/o e Mi(t)dt



Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

t

/ e (dr = L[ ot - )(e(r) - g(0)dr

dt J,

It can be useful to characterize ¥ in terms of its Laplace transform

+o00 +0o0
o) /0 e H(t)dt = /0 (1- e )du(t)



Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

d¢ t

2L = [ eng@ar= % [ ot - el - g(O)ar

It can be useful to characterize ¥ in terms of its Laplace transform

+o00 +0o0
o) /0 e H(t)dt = /0 (1- e )du(t)



Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

d¢ t

2L = [ eng@ar= % [ ot - el - g(O)ar

It can be useful to characterize ¥ in terms of its Laplace transform

+o00 +0o0
o) /0 e H(t)dt = /0 (1- e )du(t)

® is a Bernstein function. )




Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

d¢ t

2L = [ eng@ar= % [ ot - el - g(O)ar

It can be useful to characterize ¥ in terms of its Laplace transform

+o00 +0o0
o) /0 e H(t)dt = /0 (1- e )du(t)

® is a Bernstein function. )

Non-singular kernels constitute a trivial class: see [DGGS2020]. J




Introduction
More general nonlocalities

Substituting 7, with a generic 7 € £%:

(0] t t
0= [ =g (ar = L [ ot - r)e(r) - 2(0)ar

It can be useful to characterize ¥ in terms of its Laplace transform

+o00 +0o0
o) /0 e H(t)dt = /0 (1- e )du(t)

® is a Bernstein function. )

Non-singular kernels constitute a trivial class: see [DGGS2020]. J

In general, we cannot use Wick rotations on these operator due to
the lack of scaling. J
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The ground state

We focus on: V(x)= " —

The Schrodinger operator H admits discrete spectrum
od(H) ={0,1,2,---} and H po = 0 for

1\i ¢
wol) = () ¢

Ground state transform: Uf(x) = po(x)f(x)

U : 1%(03(x)dx) — L*(RY) is an isometry.
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Intertwining and bound states

It holds U ' HU = —L |

Thanks to this intertwining relation we know that the bound states
of H are given by

o) = s”;(J_T)H( )= a0,

Notice that if f € L*(RY), then f = 37, fipj. The power
spectrum is defined as the sequence (Ap(f))n>0, Where
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Fractional Hermite-Sobolev spaces

For s > 0, we define the Hermite-Sobolev space H3,(R9) as the
closure of the Schwartz space S(RY) in L2(R?) with respect to the

norm
“+oo

£, = D (1 + n)*AS(F).
n=0
If s < 0, the Hermite-Sobolev space is instead the closure of
[2(R?) in S'(RY) with respect to the same norm.

o HZ(RY) = Dom(#), where with H we mean the maximal
self-adjoint extension of H.

o H(R?) is the form-domain of H.

@ By Kato square-root theorem, f € qu_[(Rd) if and only if
f € HY(RY) N L2(V(x) dx).

° {H%(Rd)}se]g is the Hilbert scale generated by v// + .
Hence we can extend the operator H : H3 > — H*(#) by
setting (H f); = ||
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A stochastic counterpart

For a fixed Bernstein function & there exists a unique (in
distribution) subordinator o¢(t) such that

E[e—/\aq,(t)] _ e—t¢'()\).
The related inverse subordinator is given by
Lo(t) =inf{y >0: oo(y) >t}
Theorem

For any A € C, the function eq(t; \) = E[e*t(8)] is well-defined
and it is the unique solution of

dd>
ey eo(t; A) = Aeo(t;\) t>0
eo(0; ) = 1.

Furthermore, if ®(X) = A%, then eq(t; A) = Eo(At?), where E, is
the Mittag-Leffler function.
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Strong and distributional solutions for the heat equation with potential

Theorem [AL,267]

Let g € H3,(RY) with Fourier coefficients g;. Then the Cauchy
problem

o%u
Ca(t)=—Hult), ul0)=g

admits a unique solution u € C(Rg; H5(R?)) N C(R; H,,s_zrz(Rd)),
with a 4 € C(RT; Hy(RY)) given by
u(t) = eo(t: —il)gies-
jend

In particular, if s > —2, u(t) € L>(R?) for t > 0 and if s > ¢ the
equation holds pointwise for all t > 0 and x € RY.
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Idea of the proof

Thanks to the intertwining relation, one can equivalently study the

solutions of s
v -1
500 = Lv(t), v(0) = vy 8-

This is done by employing the same strategy as in [LMS, 13] and
[ALP,21].

Introduction Functional setting Main results Feynman-Kac and Mehler's formula References

We have a partial parabolic smoothing: we only move from H3, to

Hifz for positive time. This partial smoothing is sharp, see
[AV,25].

.
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Solutions to the naive time-nonlocal Schrodinger equation

Theorem [AL,267]

Let g € H3,(RY) with Fourier coefficients gj. Then the Cauchy
problem

0%u
T =Hu(),  u0)=g

admits a unique solution u € C(RJ; H5,(R?)), with
% € C(RT; H;_l_z(Rd)) given by
u(t) = eolt: ili)gios:
jend

In particular, if s >0, u(t) € L>(RY) for t >0 and if s > ¢ +2
the equation holds pointwise for all t > 0 and x € RY.
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The fractlonal case: naive leads to stasis

Theorem [AL,267]

Let ®(\) = A\* and g € H,(RY) with Fourier coefficients gj. Then
the unique solution of the Cauchy problem

O%u
/m(t) = H u(t), u(0) =g

belongs to C(R™; H32(RY)) and 2% € C(RT; H3,(RY)).
Furthermore

t_';_T “U(t) gOSOOHHerz =0.

In particular, if s > 5 9 the convergence is also locally uniform.
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The fractlonal case: naive leads to stasis

Theorem [AL,267]

Let ®(\) = A\* and g € H,(RY) with Fourier coefficients gj. Then
the unique solution of the Cauchy problem

O%u
i (t)=Hu(t),  u0)=g

belongs to C(R™; H32(RY)) and 2% € C(RT; H3,(RY)).

Furthermore

t_';_T “U(t) gOSOOHHerz =0.

In particular, if s > 5 9 the convergence is also locally uniform.

The latter follows by the fact that E,(int®) — 0 as t — +oo for
any n > 1. Hence the naive version of the time-fractional
Schrodinger equation kills the typical oscillatory behaviour.
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The time-fractional Schrodinger equation

Theorem [AL,267]

Let ®(\) = A% and g € Hs,(RY) with Fourier coefficients gj. Then
the Cauchy problem

0®%u
(=) 5 t)=%Hu(t),  u(0)=

admits a unique solution u € C(R{; H3,(R?)), with
atd’ € C(R*; H;; 2(RY)), given by

u(t) =Y Ea (lil(=it)*) gigs-

jeNg

In particular, if s > 0, u € L2(R?) and if s > § + 2 the equation
holds also pointwise.
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Convergence towards non-stable solutions

Theorem [AL,267]

Let ®(\) = \* and g € H5,(RY) with Fourier coefficients gj. Then
the unique solution of the Cauchy problem

0%u
(=g =Hu(t), v)=¢

satisfies

gL,
lim ||U(t) - uPer(t)HH;-t = O, where Uper(t) = Z e_“laltgjspj-

t—+4o0
jeNg

In particular, if s > % + 2, the convergence is also locally uniform.

<
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Convergence towards non-stable solutions

Theorem [AL,267]

Let ®(\) = \* and g € H5,(RY) with Fourier coefficients gj. Then
the unique solution of the Cauchy problem

0%u
(=g =Hu(t), v)=¢

satisfies

gL,
lim ||U(t) - uPer(t)HH;-t = 0, where Uper(t) = Z e_“la’tgjgpj.

t—+o0
jeNg

In particular, if s > g + 2, the convergence is also locally uniform.

<

The latter follows by the fact that [GKMR,20]

E.(n(—it)*) = e " + O(t™Y).
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RENMEIS

° ||uper(t)||i2(Rd) = 1: no asymptotic loss of probability mass.

o Notice that uper is not necessarily periodic.

Theorem [AL, 267]

Let
No(g) ={n=1,2,---: g =0 for all |j| = n} U{0}.

Then wuper is periodic if and only if one of the following two
properties hold:
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° ||uper(t)||i2(Rd) = 1: no asymptotic loss of probability mass.

o Notice that uper is not necessarily periodic.

Theorem [AL, 267]

Let
No(g) ={n=1,2,---: g =0 for all |j| = n} U{0}.

Then wuper is periodic if and only if one of the following two
properties hold:

e No(g) = No \{n} for some n € N.
o For all ny, ny & No(g) it holds (ny/n2)'/ € Q.
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Inverse subordination of semigroups

Let {T:}+>0 be an exponentially bounded semigroup on a Banach space
B, i.e., denoting by £(B;B) the space of bounded linear operators on B,
there exist two constants C;, C; > 0 such that
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Feynman-Kac and Mehler's formula

Inverse subordination of semigroups

Let {T:}+>0 be an exponentially bounded semigroup on a Banach space
B, i.e., denoting by £(B;B) the space of bounded linear operators on B,
there exist two constants C;, C; > 0 such that

[ Tell ey < Cre®".

Then we can define, by means of Bochner subordination, the
one-parameter family of bounded linear operators

T2 = E[T1,(), that satisfies I T'-‘(D”L(]B;]B) < Geo(t; G).



Introduction nctional s g Main results Feynman-Kac and Mehler's formula

Inverse subordination of semigroups

Let {T:}+>0 be an exponentially bounded semigroup on a Banach space
B, i.e., denoting by L£(IB;B) the space of bounded linear operators on B,
there exist two constants C;, C; > 0 such that

[ Tell ey < Cre®".

Then we can define, by means of Bochner subordination, the
one-parameter family of bounded linear operators

T2 = E[T1,(), that satisfies I T,?Hﬁ(B;]B) < Geo(t; G).

Let A be the generator of an exponentially bounded semigroup {T:}:>0
on X and consider the one-parameter family of operators { T;”};>o.
Then, for any g € Dom(A) the function u(t) = TPg is a strong solution
of d®u

Pl Au(t) t>0

u(0) = g.
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Feynman-Kac semigroup
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The time-changed Feynman-Kac semigroup

Let W be a Brownian motion (with variance 2t) and consider the
Feynman-Kac semigroup

Tig) = B o (= [ VW) s ) ewie)].

In [2(R?) it holds T; = e~t*. Then if we consider an
independent inverse subordinator Lg, we get

T;Dg(x) = Ex

Lo(t)
exp (—/ V(W(s)) d5> g(W(ch(t)))] :
0

T is related to the time-nonlocal Schrédinger equation? J
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The Feynmrarn-rKahc formula

Theorem [AL, 26]

For all g € L?(RY), the function u(t,x) = TPg(x) is the unique
strong solution of

0®%u
w(t) = —Hu(t), u(0) = g.

In particular, it holds

TPg=> colti—liDge;
jend




Introduction | setting Main results Feynman-Kac and Mehler's formula

The Feynman-Kac formula

Theorem [AL, 26]

For all g € L?(RY), the function u(t,x) = TPg(x) is the unique
strong solution of

0®%u
() =—Hu), u0) =g

In particular, it holds

TPg=> colti—liDge;
jend

y

To prove the statement, it is sufficient to observe that it is true for
g € H(RY), that is dense in L?(RY). Hence, by density we have
the second part of the statement, that in turn implies the first part.
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The time-nonlocal Ornstein-Uhlenbeck process

Now let us focus on L and let U be the solution of
dU(t) = —U(t)dt + vV2dW(t)

Then we know that Prg(x) = Ex[g(U(t))], on L%(p3(x) dx),
satisfies P; = etl

Theorem [AL, 26]

For all g € L2(p3(x) dx), the function u(t,x) = PP g(x) is the
unique strong solution of

®u
g?(t) = Lu(t), u(0) = g.

In particular, it holds

PPe(x) = co(t: —liNgQi(x) = Exlg(U(Ls(1)))].

jeNg
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Then if p(t,y; x) is the pdf of U(t) with U(0) = x, we have

P.(U(Lo(1)) € B) = /B Ey[p(Lo(), yi x)] dy = /B po(t,y; ) dy.

On the other hand, for fixed t > 0, P® is a bounded linear
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Let us denote U®(t) := U(Le(t)), where Lo is independent of U.
Then if p(t,y; x) is the pdf of U(t) with U(0) = x, we have

P.(U(Lo(1)) € B) = /B Ey[p(Lo(), yi x)] dy = /B po(t,y; ) dy.

On the other hand, for fixed t > 0, P® is a bounded linear
operator on L2(3(x) dx), hence by Riesz representation theorem,
there exists a kernel pg(t, y; x) such that
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p(t,y;x)
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Integral kernels for P

Let us denote U®(t) := U(Le(t)), where Lo is independent of U.
Then if p(t,y; x) is the pdf of U(t) with U(0) = x, we have

P.(U(Lo(1)) € B) = /B Ey[p(Lo(), yi x)] dy = /B po(t,y; ) dy.

On the other hand, for fixed t > 0, P® is a bounded linear
operator on L2(3(x) dx), hence by Riesz representation theorem,
there exists a kernel pg(t, y; x) such that

PPe() = [ | )polt.yix)(y) oy
Comparing the two kernels, we get the following equality:

p(t,y;x)

Polt.yix) = = 5005

We can now relate the time-changed OU process with T,_f" J
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Mehler's formula

Theorem [AL, 267]

For any g € L2(RY) it holds

2200 = [ | E0ke(t.yix) d.
where

1 ly —e~teOx]> |y - |X|2)
ko(t,y;x)=E exp [ — +
ot i) |:(27'r (1— e—2Lo(0))? P ( 2(1 — em2tel9) 4

y
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Mehler's formula

Theorem [AL, 267]

For any g € L2(RY) it holds

TPg(x) = /d g(y)ke(t,y; x)dy,
R

where

1 e S |X|2)
ko(t,y;x)=E exp | — +
Az |:(27'r (1 — e-2Lo(9))% P ( 2(1 — e~2telt)) 4

4

To prove the statement, it is sufficient to observe that the
intertwining relation between — 7 and L transfers to T;> and P,
ie. T® =UPPU™L, that in turn implies

ko (t,y;x) = po(y)po(x)Po(t,y; x) = 228 po(t,y; x).
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Further applications

@ Despite exhibiting some apparently non-physical behaviour,
the theory of time-fractional Schrodinger equations found use
in quantum information theory, as in [ZGY, 21].
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@ Despite exhibiting some apparently non-physical behaviour,
the theory of time-fractional Schrodinger equations found use
in quantum information theory, as in [ZGY, 21].

@ Actually, we didn't have time to discuss the main probabilistic
application: if we slightly change the potential, considering

2
V(x) = % with the same strategy we can study some
properties of a time-changed softly killed Brownian motion.
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Thank you for the attention!!!
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