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Reference paper

The talk is based on the following paper:

Capaldo M., Arevalillo J.M., Navarro J. (2025). Distorted distributions and ROC
curves. Scandinavian Journal of Statistics 52, 1786-1815. J
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Let X be a random variable.
- F(t) =Pr(X <t), t € R, denotes its cumulative distribution function
(CDF);
- F =1 — F denotes its survival function (SF);
- F7Y(u) = sup{t: F(t) < u}, u €0,1], is the quantile function;
CF Y u) = F (1 - u), forall u e [0,1];
cu=EX) = — [ F(t)dt + [T F(t)dt < +oc.
If F is absolutely continuous, then
- f = F' is the probability density function (PDF);
- X = f/F denotes the hazard rate (HR);
- 7 = f/F denotes the reversed hazard rate (RHR);

- n = —f'/f denotes the Glaser’s function, provided that f is
differentiable. ISW e
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Stochastic orders

Definition
We say that X is smaller than Y in the
- usual stochastic order, denoted by X < Y, if Fx(t) < Fy(t) holds
for all t. If there is equality in law, then we write X =4 Y;
- hazard rate order, denoted by X <, Y, if Fy(t)/Fx(t) is increasing
In t;
- reversed hazard rate order, denoted by X <,,, Y, if Fy(t)/Fx(t) is
Increasing In t;
- likelihood ratio order, denoted by X <, Y, if fy(t)/fx(t) is increasing
in t in the union of their supports, provided that Fx and Fy are
absolutely continuous.

.
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Aging classes

Definition
A random variable X with an absolutely continuous distribution is said to
have the

- increasing hazard rate (IHR) property if its HR A is increasing. If A is
decreasing, then X is said to have the decreasing hazard rate (DHR)
property;

- increasing reversed hazard rate (IRHR) property if its RHR 7 is
increasing. If 7 is decreasing, then X is said to have the decreasing
reversed hazard rate (DRHR) property;

- increasing in likelihood ratio (ILR) property if its Glaser's function 7 is
increasing. If ) is decreasing, then X is said to have the decreasing in
likelihood ratio (DLR) property;

- increasing density (ID) property if f is increasing. If f is decreasing,
then X is said to have the decreasing density (DD) property.
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Table: Relationships among the stochastic orders introduced above.

XSIrY = XSth

Y U
X Srhr Y = X Sst Y

Table: Relationships among the aging classes introduced above. Here "A — B”
stands “A implies B", where «+—* holds only if —co < | < r = 400, while —**
holds only if —co =/ < r < 400, with /, r € R denoting lower and upper limits of
the support.

DRHR +— ILR — IHR

/! N
DD ID

N e
DHR «+—* DLR —* IRHR
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Weighted distributions

Weighted or biased distributions are used to perturb an original distribution
by multiplying a baseline PDF with a suitable weight function. In
particular, for a given w : R — R non-negative weight function, if X has an

absolutely continuous distribution with PDF f, then the weighted random
variable X, has PDF defined as

=200 teR, (1)

by assuming that s, = [, w(t)f(t)dt is finite and non-zero.
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Generalized equilibrium distributions

If w(t) =1/7(t) for t <0 and w(t) = 1/\(t) for t > 0, then we get the
following (recent) generalization of the equilibrium distribution.

Definition

Let X be a non-degenerate random variable, having CDF F, SF F and
finite mean. The generalized equilibrium random variable of X, denoted as

X¢, has the following PDF

A9, <o
017y @
=0

where i = E(|X]) > 0.
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Skewed distributions

Suitable choices for the weight w in (1) lead to novel skewing strategies of
a given baseline PDF.

Definition

Let us assume that X has an absolutely continuous distribution with PDF
f, while Y has CDF G and SF G, respectively. If X and Y are
independent, then the left-skewed random variable X; has PDF

G(1)f(t)

fL(t) = Pr(Y > X)’

t e R, (3)

while the right-skewed random variable Xz has PDF

() — OO

= Pr(Y < X)’ teR. (4)

Note that X, <, X < Xg. ISW iz
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Distorted distributions

Definition

A distortion function is an increasing continuous function q : [0,1] — [0, 1],
such that g(0) = 0 and g(1) = 1.

The distorted CDF from F through q is given by Fq = gq(F). In addition,
the dual distortion function with respect to q is defined as

G(u)y=1-¢q(1 — v), u € [0,1]

and, thus, Fq = §(F) is the distorted SF of F.
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...gracias Miguel Angel y Alfonso!

Are all

ESTADISTICA ESPANOLA
Vol. 33, Num. 127, 1991, pags. 257 a 284

Deformacién de funciones de distribucion:
una técnica estadistica

por
JULIO MIRAS

Instituto Nacional de Estadistica

RESUMEN

Si F(x) es una funcién de distribucién y Gly) es otra funcién de
distribucién cuya masa estd contenida en el intervalo (0,1), la
composicién H{x)=G(F(x)), bajo ciertas condiciones, es una nue-
va funcién de distribucién. Denominamos a H(x) Deformacién de
F(x) engendrada por el generador G(y). Se propone una técnica
que consiste en postular una distribucion F(x) que representa el
modelo base o inicial en un problema de estadistica, y una
familia de generadores {G(y;0)} de modo que H(x;©) = G(F(x);©)
representa el conjunto de alternativas a la distribucién base.

Palabras clave: Comparacién de funciones de distribucién, Mo-
delos de inferencia estadistica.

Clasificacion AMS: 62E99

storted? capaldo@isw.rwth-aachen.de

ISW &

20 January

13/44



ROC and OD curves

The Receiver Operating Characteristic (ROC) curve is a plot of the True
Positive Rate (TPR, sensitivity or probability of detection) against the
False Positive Rate (FPR, probability of false alarm or error of type I) at
each threshold setting in a binary diagnosis (classification) test.
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ROC and OD curves

The Receiver Operating Characteristic (ROC) curve is a plot of the True
Positive Rate (TPR, sensitivity or probability of detection) against the
False Positive Rate (FPR, probability of false alarm or error of type I) at
each threshold setting in a binary diagnosis (classification) test.

A dual approach to the ROC analysis is described by the Ordinal
Dominance (OD) curve. Indeed, the OD curve is a plot of the true negative
rate (specificity or selectivity) against false negative rate (miss rate or error
of type Il) at each threshold setting in a binary diagnosis test.
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Definition
Let X and Y be random variables with absolutely continuous SFs F and G,

respectively. We assume that X and Y have an interval support with the
same initial point. Then, the ROC distortion curve between X and Y is

defined as

ROCg#(u) = G(F '(v)), ue[0,1]. (5)

V.

Definition

Let X and Y be random variables with absolutely continuous CDFs F and
G, respectively. We assume that X and Y have an interval support with
the same initial point. Then, the OD distortion curve between X and Y is
defined as

ODg r(u) = G(F*(v)), u € [0,1]. (6)
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A useful index to summarize the ROC curve is the area under the ROC
(AUROC) which is defined by

1
b 0 I
Similarly, we define the area under the OD (AUOD) as

1
AUODG ¢ — / ODe £ (u)du (8)
0

and clearly one has AUROC¢ £ + AUODg r = 1.

Proposition

If X and Y are independent, then

AUROCz 7 =Pr(Y > X),  AUODgf = Pr(Y < X).
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Let X be exponentially distributed with SF F(t) = e=*¢, for t > 0 and
A > 0. Let Y be Weibull distributed with SF G(t) = e\, for ¢ > 0,
A >0 and a > 0. Then, from Eq. (5), we get

ROCEF(U) —_ e—(—“‘(u))a’ ue [0, 1], o > 0, (9)

that is plotted in the left-hand side of the next figure for « =1/3,1/2,1,2.
For such choices of o one respectively has

AUROCg £ = 0.4311101,0.4543586, 0.5, 0.5456414. In addition, from Eq.
(6), we have

ODg F(u) =1 — e (=M= " € 10,1], a > 0, (10)

which is plotted in the right-hand side of the next figure for
a=1/3,1/2,1,2. For such choices of o one respectively gets
AUODg r = 0.5688899, 0.5456414, 0.5, 0.4543586.
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Figure: Plots of the ROC distortion curve given in Eq. (9) (left) and of the OD
distortion curve given in Eq. (10) (right), for v € [0,1] and & =1/3,1/2,1,2
(full, dashed, dotted and dotdashed, respectively).
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Connections with weighted distributions and Lorenz curve

Let X have absolutely continuous CDF F and SF F. Let X,, have CDF F,

SF F,, and PDF as in Eq. (1), according to a non-negative weight function
w. Then, from Eq. (5), it holds

ROC: +(u) Ml / wFE W)y,  welo]]
) w 0
and, from Eq. (6), one has
ODF,, r(u) = ,ul/ w(F~(v))dv, ue[0,1]. (11)
w JO
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Connections with weighted distributions and Lorenz curve

Let X have absolutely continuous CDF F and SF F. Let X,, have CDF F,

SF F,, and PDF as in Eq. (1), according to a non-negative weight function
w. Then, from Eq. (5), it holds

ROC: +(u) Ml / wFE W)y,  welo]]
) w 0
and, from Eq. (6), one has
ODF,, r(u) = ,ul/ w(F~(v))dv, ue[0,1]. (11)
w JO

If X is non-negative and w(t) = t, then p,, = p and we get

L(u) = ODf, r(u) = /%/Ou F~l(v)dv, u € [0,1],

which is the Lorenz curve of X.

V.
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Table: CDFs, SFs, quantile functions and means of relative random variables
having support [0,1]. Here X and Y have CDFs F and G, SFs F and G,

respectively.

Random variable V' = F(Y) S=F(Y) W = G(X) T=G(X)
CDF OD(;J:(U) ROCEyf(U) ODRG(U) ROCF,E(U)
SF ROCﬁ’f(l — IJ) ODG,F(]- — LI) ROCf’E(l — U) ODF’G(]. — U)
Quantile function  ODf ¢(u) ROGg5(v) ODg r(u) ROCz #(u)

Mean AUROCs £ AUODg F AUROG: & AUODE ¢

ISW=
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Proposition

Let X and Y be random variables with absolutely continuous CDFs F and
G, SFs F and G and PDFs f and g, respectively. Let us denote with

V =F(Y) and W = G(X) and let U be a random variable with a
standard uniform distribution. The following statements are equivalent:

(i) X < Y.

(i) U<, V.

(iii) W <, U.

(iv) ODg g(u) convex for u € [0,1].
(v) ROCg £(u) concave for u € [0, 1].
(vi) V is ID.
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Proposition

Let X and Y be random variables with absolutely continuous CDFs F and
G, SFs F and G and PDFs f and g, respectively. Anyone of the following
statements implies that V = F(Y) is IHR:

(i) X <i Y.

(ii) X is DHR and Y is IHR. )

capaldo@isw.rwth-aachen.de 20 January 24/44
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Proposition

Let Xy, Y1, Xo and Y, be random variables. Let us assume that
Vi = F(Y1) and Vi, = Fy(Y2), where F1 and F, are the CDFs of X; and
Xo, respectively. If Xo <q X1 and Y1 <g Yo, then Vi <4 V.

A

Proposition

Let X1, Y1, X5 and Y, be random variables. Let us assume that

Vi = Fl(yl) and Vb = F2(Y2), where F; and F» are the CDFs of X; and
X, respectively. If Xo <p, X1 and Y1 <p, Yo, with X1 DHR and Y7 IHR,
then Vi <p, Ws.

A
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Let X and Y be random variables with absolutely continuous SFs F and G,
respectively, having an interval support with the same initial point. By
recalling Eq. (5), the partial AUROC between X and Y for a given interval
(u1, up) is defined by
uz
PAUROC £(ur, u2) = / ROCz £(v)dv, 0<u <w<1, (13)
ui
which represents the AUROC between two given thresholds u; and ;.
Moreover, from Egs. (7) and (13), the relative AUROC between X and Y
for the interval (u1, up) is defined by

PAUROGG £(u1, up)
AUROC; 7

rAUROCEf(ul, up) = 0<u <w <1, (14)

which can be interpreted as the proportion of the AUROC being captured
between two given thresholds 1y and ws.
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Proposition

Let X be a random variable having absolutely continuous SF F. Let Y be
a random variable with SF G, independent from X. Then

rAUROCE’F(Ul, U2) == ROCFL’F(UQ) - ROCFL,F(Ul)’ 0 < u < ur < 1,

where F| is the SF of the random variable X| with PDF given in Eq. (3).

As a consequence of the latter proposition and X; <, X, the following
function

FAUROCEyf(O, U) = ROCfL’f(U) = FL(Fil(U)), ue [07 1]7 (15)

is a proper convex distortion function, namely the relative AUROC
distortion between X and Y.
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Let us denote with F and G the CDFs of X and Y, respectively. The
partial AUOD between X and Y for a given interval (uy, up) is defined by

u
pAUODG F(ur, up) = / G(Fﬁl(v))dv, 0<u <w<1l, (16)
uy

quantifying the AUOD between two given thresholds u; and up. Moreover,
from Egs. (8) and (16), the relative AUOD between X and Y for the
interval (u1, up) is defined by

pAlJOD(,"/:(Ul7 U2)
AUODg

I’AUODGJ:(Ul, U2) = 0 S 5} S u» S 1, (17)

which represents the proportion of the AUOD being captured between two
given thresholds vy and w».
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Let X be a random variable having absolutely continuous CDF F. Let Y
be a random variable with CDF G, independent from X. One has

rAUODg r(u1, u2) = ODf, F(u2) — ODF, F(uy), 0<u <w <1,

where Fr is the CDF of the random variable Xg with PDF given in Eq. (4).

v

From the latter proposition and X <), Xg, the following function
rAUODg (0, u) = ODf, r(u) = Fr(F Y (u)),  wel0,1],  (18)

is a proper convex distortion function, namely the relative AUOD distortion
between X and Y.
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Table: CDFs, SFs, quantile functions and means of the equilibrium version of the
relative random variables with support in [0, 1] given in the previous table. Here
X. (Xgr) denotes the left (right) skewed version of X with weight G (G), while Y,
(Yr) denotes the left (right) skewed version of Y with weight F (F).

Random variable V¢ =4 F(X|) 5S¢ =4 F(XRr) We =4 G(Y) Te =s G(YR)

CDF ODFL’F(LI) ROCFR,F(U) ODGLy(;(U) ROCER,E(U)
SF ROCGg, #(1 —u) ODg,p(1—u) ROGg g(1—u) ODgp6(l—u)
Quantile function  ODg f, (u) ROCffR(u) ODg ¢, (u) ROCE,ER(”)
Mean AUROGE, ¢ AUODF, r AUROGg, AUODg, ¢

ISW=
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Using the ideas previously discussed on ROC and OD distortion functions,
we evaluate the performance of four representative Machine Learning (ML)
binary classification methods, such as

- logistic regression (LR),
- support vector machine (SVM),
- multi layer perceptron (MLP) with a single hidden layer,

- random forest (RF) ensemble algorithm.

Let us denote by B the binary outcome, taking values 0 or 1 for each one
of the categories. Let us denote by S a scoring diagnosis variable being
determined by the outomes of a ML classifier (the measures of a biomarker
or by any other measurable variable) aimed at predicting the target class

B =1 of the binary outcome. On the other hand, let us consider

X:St (S‘BZO) and YZSt (S|B:1),

with CDFs F and G, SFs F and G, respectively.
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(i) The empirical estimation of the ROC can be calculated from the
scores provided by S evaluated on sample data, that is

A

Rom(u) =1~ Go(Frt(1—w),  welo0,1],

where F,,, and G, are the empirical CDFs, estimating respectively F
and G, with n and m denoting the respective sample sizes for the
categories B =1 and B = 0 in the sample data.

(i) An alternative approach is concerned with a kernel-based estimation

which employs a smooth kernel PDF estimation of class B = 0 and
B =1 observations to calculate the ROC curve.
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(iii) We consider the PHR Cox model, described by Gy(x) = (F(x))? for
6 > 0, where F and Gy are the SFs of X and Y, respectively. In this
case one has

ROCg, 7(u) = Go(F '(u)) =,  uelo,1], (19)

which is a concave distortion function for § € (0,1) and a convex one
for 6 > 1. From Egs. (7) and (19), it follows that

AUROC =1/(1+ 6), from which a semiparametric estimation of the
ROC can be calculated as

Ro.m(u; OprR) = UéPHR, u e [0,1], (20)

where Oppyp = —1 + 1/MW is the estimated value of 6, with MW
denoting the Mann-Whitney non-parametric estimation of the AUROC.
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(iv) Another option concerns with the PO model, described by

Gol) _gFI -y,

Go(x)  F(x)
Therefore, under the PO model, one has
Ou
1+(0—-1)u’
which is a concave distortion when 6 > 1 and a convex one for
6 € (0,1). From Egs. (7) and (21), it turns out that

ROCg, £(u) = Go(F ' (u)) = uel0,1], (21)

1 2
Ou 0 —0—0logh
AUROCg# du = 22
Go,F /0 1+(0—1)u " 6-12 7 (22)
which leads to the following semiparametric estimation of the ROC
N A O -
Rom(uBuo) = 22— welo1l, ()
i ( ver )u ISW & R

where 0 is the estimated value of 6.
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All the previous mentioned approaches are applied to assess the
performance of LR, SVM, MLP and RF classifiers to predict customer
churn in a Telco company. The data set consists of a sample of 3333
customers for whom several input business variables have been collected
along with a binary outcome taking the value B = 1 if the customer has
left the company (churn event) and the value B = 0 otherwise.

Table: Input variables collected and measured in the churn data set.

Variable Description

VMailMessage Number of voice mail messages

DayMins Service use during the day (in minutes)
DayCalls Total number of calls during the day
EveMins Service use during the evening (in minutes)
EveCalls Total number of calls during the evening
NightMins Service use during the night (in minutes)
NightCalls Total number of calls during the night
IntIMins Service use for international calls (in minutes)
IntlCalls Total number of international calls
CustServCalls Number of calls to the customer service RWTH
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ROC from Gaussian Kemel density estmation

Figure: Plots for ROC comparisons applied to the assessment of LR, SMV, MLP
and RF classifiers for churn prediction: Empirical ROC (top left), ROC from
Gaussian kernel PDF estimation (top right), PHR ROC distortion (bottom left)

and Marshall-Olkin ROC distortion (bottom right). aw | TONTH
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ECDF of prediction scores when B = 0 ECDF of prediction scores when B =1 Empirical ROCs

erovapiy scores

Figure: Empirical CDF comparisons of probability scores for B = 0
(left) and B =1 (middle) as well the corresponding empirical ROC
comparison of LR (blue) and RF (red) churn predictors (right).
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Final remarks

(i) We have studied the ROC distortion curve. Analogously, the OD curve
has been examined as a distortion too. This fact allows us to explicate
the distortion function which connects two SFs (or, respectively,
CDFs) when distortion-based model assumptions are unknown.
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Final remarks

(i) We have studied the ROC distortion curve. Analogously, the OD curve
has been examined as a distortion too. This fact allows us to explicate
the distortion function which connects two SFs (or, respectively,
CDFs) when distortion-based model assumptions are unknown.

(i) It is also helpful to interpret the Lorenz curve as a distortion function
which results from the OD distortion between a non-negative random
variable and its length biased version.
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Final remarks

(i) We have studied the ROC distortion curve. Analogously, the OD curve
has been examined as a distortion too. This fact allows us to explicate
the distortion function which connects two SFs (or, respectively,
CDFs) when distortion-based model assumptions are unknown.

(i) It is also helpful to interpret the Lorenz curve as a distortion function
which results from the OD distortion between a non-negative random
variable and its length biased version.

(iii) Several stochastic comparisons and aging results have been provided
as well, by taking into account the interpretation of ROC and OD
distortions as CDFs of suitable relative random variables.
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Final remarks

(i)

(ii)

(iii)

We have studied the ROC distortion curve. Analogously, the OD curve
has been examined as a distortion too. This fact allows us to explicate
the distortion function which connects two SFs (or, respectively,
CDFs) when distortion-based model assumptions are unknown.

It is also helpful to interpret the Lorenz curve as a distortion function
which results from the OD distortion between a non-negative random
variable and its length biased version.

Several stochastic comparisons and aging results have been provided
as well, by taking into account the interpretation of ROC and OD
distortions as CDFs of suitable relative random variables.

Relative AUROC distortion and relative AUOD distortion have been

defined. Both findings have close connections with recent skewing
mechanisms and with the concept of equilibrium distribution.
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We have studied the ROC distortion curve. Analogously, the OD curve
has been examined as a distortion too. This fact allows us to explicate
the distortion function which connects two SFs (or, respectively,
CDFs) when distortion-based model assumptions are unknown.

It is also helpful to interpret the Lorenz curve as a distortion function
which results from the OD distortion between a non-negative random
variable and its length biased version.

Several stochastic comparisons and aging results have been provided
as well, by taking into account the interpretation of ROC and OD
distortions as CDFs of suitable relative random variables.

Relative AUROC distortion and relative AUOD distortion have been
defined. Both findings have close connections with recent skewing
mechanisms and with the concept of equilibrium distribution.

Our theoretical findings are illustrated in different settings through real
data applications of the distortion-based approach by using a
semiparametric estimation of the ROC curve.
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