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Outline

@ Fractional Pearson diffusions

- Spectral representation of the transition densities

- Strong solutions of time-fractional Kolmogorov backward equation for
fractional Fisher-Snedecor diffusion

- Correlation structure

@ Continuous time random walks (CTRWs) and fractional Pearson diffusions

- Bernoulli-Laplace urn scheme model: fractional Ornstein-Uhlenbeck
process

- Wright-Fisher urn scheme model: fractional Cox-Ingersoll-Ross and
Jacobi diffusion

- Ehrenfest-Brillouin model: fractional Jacobi diffusion

Markov chain for Student diffusion
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Fractional Pearson diffusions (FPD)

Fractional diffusion — definition

@ X; = (Xi(t), t > 0) — Markovian diffusion with transition densities p1(x, t; y)

@ D = (D, t > 0) — standard stable subordinator independent of the diffusion X,
with the Laplace transform

E[e ] = exp(—ts®), s>0, 0<a<1

@ E; =inf{x > 0: D\ > t} - inverse of the a-stable subordinator D

@ (E:, t > 0) — non-Markovian and non-decreasing, for every t random variable E,
has a density f;(-) with the Laplace transform

E[e™ %] = / e ¥ f(x)dx = Ea(—st?),
0
where E,(—st®) is the Mittag-Leffler function

> (—sta)j

) = 2 o)

(1)

@ fractional diffusion — non-Markovian process defined via time-change of the
diffusion Xi(t) by the inverse E; of the a-stable subordinator, i.e.

Xa(t)=X1(E:), t>0
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Fractional Pearson diffusions (FPD)

Fractional diffusions — applications

@ hydrology — modeling sticking and trapping of contaminant particles in a porous
medium (Meerschaert et al., 2003) or a river flow (Chakraborty et al., 2009)

@ finance — modeling delays between trades (Scalas, 2006)

@ statistical physics — fractional time derivative appears in the equation for a
continuous time random walk limit and reflects random waiting times between
particle jumps (Meerschaert, 2004)
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Pearson diffusions (PD)

Fractional Pearson diffusion — definition

@ fractional Pearson diffusion — non-Markovian process
(Xa(t), t 2 0) = (Xu(Er), t 2 0),

where (X1(t), t > 0) is the Pearson diffusion

@ Pearson diffusion — a unique strong solution (@ksendal, Theorem 5.2.1) of the
SDE
dXe = p(Xe)dt + o(Xe)dWe, >0 ()

with polynomial infinitesimal parameters

p(x) = a0+ a1x, o(x) = /2b(x) = \/2(b2x2 + bix + by)
@ p(x) — the stationary density of the diffusion (2) belongs to the Pearson family of
continuous distributions
@ u(x) and b(x) are related to the polynomials in the Pearson differential equation

p’(x) _ (al — 2b2)X + (a() — bl)
p(x) box? 4+ bix + bo
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Pearson diffusions (PD)

Pearson diffusions - classification

six subfamilies of Pearson diffusions — according to the degree of polynomial b(x) and,
in the quadratic case, to the sign of by and the sign of its discriminant A:

constant b(x) — OU process (Gaussian stationary distribution)

linear b(x) — CIR process (gamma stationary distribution)

quadratic b(x) with b, < 0 — Jacobi diffusion (beta stationary distribution)
quadratic b(x) with b, > 0 and A > 0 — Fisher-Snedecor (FS) diffusion
quadratic b(x) with b, > 0 and A = 0 — reciprocal gamma (RG) diffusion

quadratic b(x) with b, > 0 and A < 0 — Student diffusion

important references:

Kolmogorov (1931), Wong (1964), Forman & Sgrensen (2008), Avram et al.
(2013a, 2013b)
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Pearson diffusions (PD)

Pearson and fractional Pearson diffusions — sample paths

Sample paths of fractional and non-fractional RG and FS diffusions with parameters
v =10, 8 =20, 0 =0.01 and o = 0.7 based on 10000 points with inital state Xo = 0.4
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Transition densities of PD and FPD

Non-heavy-tailed Pearson diffusions

@ OU, CIR and Jacobi diffusions

@ transition densities — p(x, t;y) = (%P(Xt <x|Xo=y)

o closed-form expressions

S. Karlin and H.M. Taylor (1981) A Second Course in Stochastic Processes,
Academic Press, New York

o spectral representations of transition densities — given in terms of the
pure-point spectrum of the infinitesimal generator and the corresponding
eigenfunctions (Hermite, Laguerre and Jacobi polynomials, respectively)

@ spectral analysis — overview of existing results given in

N.N. Leonenko, M.M. Meerschaert and A. Sikorskii (2013) Fractional
Pearson diffusions, Journal of Mathematical Analysis and Applications,
403(2): 532-546
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Transition densities of PD and FPD

Comparing transition densities of non-heavy-tailed PD and
fPD

@ non-heavy-tailed diffusion
pa(x,tiy) = p(x) > e " Qu(y)@n(x), x, y €1, £ >0,
n=0
@ non-heavy-tailed fractional diffusion:

pa (X, t;y) _p(x)ZE F)Qu(y)Qn(x), x, y €1, t >0,

n=0
where

- p(x) is corresponding stationary distribution
- {Qn, n € N} are corresponding eigenfunctions
- {An, n € N} are corresponding eigenvalues
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Transition densities of PD and FPD

Heavy-tailed Pearson diffusions
@ reciprocal gamma, Fisher-Snedecor and Student diffusions

@ transition densities — representable in terms of the spectrum of the corresponding
infinitesimal generator and related functions

@ infinitesimal generator of heavy-tailed Pearson diffusion

*(x)

G (x) = p()F (x) + —=F"(%) 3)

1(x) - linear; o®(x) - quadratic, with positive leading coefficient
@ spectrum of the Sturm-Liouville operator (—G)

o discrete spectrum o4 C [0, A) - finite set of eigenvalues
eigenfunctions are finite systems of orthogonal polynomials (Bessel,
Fisher-Snedecor and Romanovski polynomials, respectively)

@ absolutely continuous spectrum o.c(G) in (A, co)
functions related to the 0..(G) - confluent (RG) and Gauss (FS, Student)

hypergeometric functions

@ Student diffusion — heavy-tailed Pearson diffusions with o.c(G) of multiplicity two
(still not completely resolved)
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Fisher-Snedecor (FS) diffusion

@ FS diffusion SDE

X (t) = —0 (Xl(t) - %) dt + \/’y(;e_z)Xl(t) (Xa(8) + B) dW(2), ()

where t > 0 and 6 > 0 (autocorrelation parameter)

@ stationary density

=)

7 7100y (x), >0, B>2

@ transition density — spectral representation
pi(x, tiy) = pa(x;, tiy) + pe(x; t; y) (5)
derived in

F. Avram, N.N. Leonenko and N. Suvak. (2013) Spectral representation of
transition density of Fisher-Snedecor diffusion, Stochastics, 85(2): 346-369
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Transition densities of PD and FPD

FS diffusion — discrete part of transition density

@ transition density — discrete part

1%]
pa(x; tiy) =fs(x) Y e " Faly) Fa() (6)
n=0
@ eigenvalues of the SL operator (—G)
Anzﬂfzn(ﬁ—zn), nef{0,1,....15/4}, B>2 (7)

@ eigenfunctions of the SL operator (—G) — Fisher-Snedecor polynomials

_a .8 d" n dan_ h_Y_B
Falx) = Kox' "2 (x4 B) 372 2 {2x 3 (x93 ) (8
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Transition densities of PD and FPD

FS diffusion — continuous part of transition density

@ transition density — continuous part

oo}

plxtin) =) s [ e AN Al VAN (9)

A= 282

8(8—2)
@ function fi — solution of the SL equation Gf(x) = —Af(x) for A > A

fi(x,—A) = 2k <7§ + ik(,\)’,g _

_ [P -2
K=" T

BY(2,2) T (=2 4+ k()T (2 + 2+ k() ||
I (%) I (1 + 2ik()\))

ik(\); %; 7%x) , (10)

@ normalization constant

a(\) = k() (11)
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Transition densities of PD and FPD

Fractional FS diffusion — transition density

@ fractional FS diffusion — (X.(t), t > 0), where Xo(t) = Xi(E:), t >0

e (Xi(t), t > 0) — FS diffusion given by the SDE (4)
o (E:, t >0), where E; =inf {x > 0: Dy > t}
inverse of the a-stable subordinator, 0 < o < 1

@ transition density — defined as
PUXa(0) € BIXa(0) = y) = [ palx tiy)ax (12)
B

for any Borel set B from B o)
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Fractional FS diffusion — transition density

Theorem

The transition density of fractional FS diffusion is given by

iy

L7

Pa(x, t;y) = fs(x) Fo(y) Fa(x) Ea(=Ant™)+ (13)
+f§7(r7X) / Ea(=AtY) a(A) fily, —A), f(x, —A) dA,

where F, are FS polynomials given by (8), fi is the solution of the non-fractional SL
problem given by (10), a()) is given by (11) and E.(—At®) is the Mittag-Leffler
function given by (1).

@ detailed proof could be found in

N.N. Leonenko, I. Papié, A. Sikorskii and N. Suvak. (2017) Heavy-tailed fractional
Pearson diffusions, Stochastic Processes and their Applications, 127 (11):
3512-3535
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Transition densities of PD and FPD

Fractional FS diffusion — transition density, sketch of the

proof

P(Xa(t) € B|Xa(0) = y) = [ P(Xi(7) € BIX1(0) = y) fe(T) dT

p1(x, T;y) fe(T) dx dT

0\8 0\8

/
[

— [ [ atx i)+ petxs i) () dr o = (14)
B
ol B L oooe
= [0 | [ 3 FaFae s+~ [ [ e R Nl ~Adrdr | dx
B o n=0 To A
L2 Lo
LC) 3 Al Fut) Ea(=2at) + [ a2 aN il N il —Ndx | & (15)
L
B A
@ change of the order of integration in (14) — follows from the non-negativity of p; and f; (Fubini-Tonelli theorem)
@ change of the order of integration in (15) — follows by the Fubini theorem since
//(e T h(r) a(A) Alys —A) filx, —A)| drdA < oo
0
(for bounds regarding the Gauss hypergeometric functions we refer to Erdelyi, Equation’17, page 77)
16 /56
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Transition densities of PD and FPD

Comparing transition densities of heavy-tailed PD anf fPD

@ FS diffusion

L 7]
p(x, t; x0) = fs(x Z —Ant P (x0) Fn(x)
n=0
fﬁ(x) / M () A0, —A)f(x, —A) dA
3(/3 2)
@ fractional FS diffusion:
L15)
Pa(X, t; x0) = fs(x) Y  Eal(—Ant™) Fu(xo) Fa(x)
n=0
+ @ / Ea(=At") a(N) A(x0, —A)fi(x, —A) dA
082
8(B—-2)
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Transition densities of PD and FPD

Fractional FS diffusion — transition density

@ transitions density p = pa (X, t; y) of the FS diffusion satisfies the following
equations:

o fractional forward (Fokker-Planck) equation

Op 0 ? (*(x)
9 ox (—u(x)p) + 2 < 5 P)

with the point-source initial condition p(x,0;y) = §(x — y)
o fractional backward equation

% 0 2(y) 82
0 _ e PO
ot dy 2 Oy

e 0%/0t“ — Caputo fractional derivative of order 0 < a < 1

dF(x) 1 /°° d .
= —f —
o T T—a) ) e xTY
0
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Transition densities of PD and FPD

Fractional FS diffusion - strong solutions of time-fractional
Kolmogorov backward equation

Theorem

For any g from the domain of the generator G, a strong solution of the fractional
Cauchy problem
9%q(y, 1)

gre =990 t), aly,0) = g(y), (16)

o1

where Fre is the Caputo fractional derivative of order 0 < o < 1, is given by

atiy) = / " palx. £ y)g(x) dx, (17)

where the transition density p.(x,t;y) of the fractional FS diffusion is given by (13).

@ detailed proof - Leonenko et al. (2017)
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Transition densities of PD and FPD

Correlation structure of the fractional Pearson diffusion

Theorem

Let us assume that X, (0) has the probability density m, where m(-) is the stationary
density of the corresponding Pearson diffusion. Then

s/t
Corr [Xa(t), Xa(s)] = Ea(—0t%) + ré‘f_ a)/g"(‘e;fla_ Vg (18)
0

fort > s> 0.

N.N. Leonenko, M.M. Meerschaert and A. Sikorskii (2013) Correlation structure of
fractional Pearson diffusions, Computers and Mathematics with Applications, 66(5):
737-745

@ fractional diffusion:

Corr[Xa(t), Xa(s)] = ——rt (1 s

T (1 — a) §+r(1+a))(1+°(1))’ b0

@ diffusion

Corr[Xy(t), Xi(s)] = e 779
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CTRWs and fractional Pearson diffusions

General approach to diffusion approximation via Markov
chains

@ starting Markov chain with state space S, C Ny and transition probabilities
Pij s i,j € Sy
{N)(r), r € N}

@ diffusion process {X(t), t > 0} with state space S:
dX(t) = u(X(t)) dt + /o2(X(t))dW(t), t>0, x€S§
@ connection between starting points N (0) =i € S, and X(0) =x € S
i=l&n(x)],

for n large enough, where g, : S — R, is strictly monotonic function such that

&' (i+1)-g ()] _=o

lim
n—oo
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CTRWs and fractional Pearson diffusions

General approach to diffusion approximation via Markov
chains

@ new Markov chain with state space g, *(S,):

HO () = g (NO(r)) (19)

X (t) .= H" (Lh;ltj) , (20)

where (hn, n € N) is sequence of positive reals tending to zero as n — oo.
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CTRWs and fractional Pearson diffusions

General approach to diffusion approximation via Markov
chains
Theorem

Let {H™(r), r € No}, for each n € N, be the Markov chain defined by (19). Let

X" = {X")(t), t >0}, for each n € N, be its corresponding time-changed process, with
the time change (20). If

)= 1S (670) - 0) . o300 = b 3 (6700 - 60)

n T P v 3
Ru(x) = Yo 8D gy gy < 1) - ) (21)
=0 '
have uniform limits
lim [l = plloo = lim [[o2 = = tim IRallc =0, (22)
n—oo n— oo %) n—oo

where ;i and o are infinitesimal parameters of the coresponding diffusion process
X = {X(t), t > 0} with state space S, then

X" = X in D([0, +00);S).
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CTRW - definition

@ S(n)=Y1+ Ya2+...Y, - random walk with iid particle jumps

@ T(n)=h+Jh+...Jo, T(0) =0 - random walk where J, > 0 are iid waiting
times between particle jumps

@ particle arrives at location S(n) at time T(n)

@ we assume that Y, is independent of J,.

N(t) =max{n>0: T, < t} (23)
is the number of jumps up to time t > 0

@ CTRW S(N(t)) - represents particle location at time t > 0

fPDs and CTRWs 24 /56



CTRWs and fractional Pearson diffusions

Fractional diffusions as the correlated CTRWs limits

To=0, T(r)=Gi+...G,, where G, > 0 are iid waiting times between particle
jumps that are independent of the Markov chain (H,("), r € No)

@ G is in the domain of attraction of the a-stable distribution with index 0 < a < 1

@ the waiting time of the Markov chain (HE")7 r € No) until its r-th move is
described by G,

N(t) = max{r > 0: T, < t} (24)

is the number of jumps up to time t > 0

(H(")(N(t)), t> o)

is the correlated continuous time random walks (CTRW) and describes the state of
the Markov chain at time t > 0

nw T([nt]) = De, n— o0 (25)
in Skorohod space D(R*) with J; topology
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CTRWs and fractional Pearson diffusions

Fractional diffusions as the correlated CTRWs limits

Theorem

Let {A(t), t > 0} be the weak limit of {A"(t), t > 0}, where both processes are
cadlag, i.e. let
A" = A in D([0, +00); S)

with J1 topology, where S is the state space for the process A. Let {N(t), t > 0} be the
renewal process defined in (24), and {E(t), t > 0} be the inverse of the standard
a-stable subordinator {D(t), t > 0} with 0 < aw < 1. Then

AW (n_lN (nl/at)) = A(E(t)), n— oo (26)

in the Skorokhod space D([0, +oc0) ; S) with J; topology.
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Fractional Pearson diffusions as the correlated CTRWs
[imits

@ Bernoulli-Laplace urn-scheme model: Ornstein-Uhlenbeck process
@ Wright-Fisher urn-scheme model: Cox-Ingersoll-Ross and Jacobi diffusion
@ Ehrenfest-Brillouin model: Jacobi diffusion

@ without specific model: heavy-tailed Pearson diffusions (Fisher-Snedecor,
reciprocal gamma and Student diffusion)
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CTRWs and fractional Pearson diffusions

Bernoulli-Laplace urn scheme - historical roots

Bernoulli-Laplace urn scheme

P. Laplace (1812) Théorie Analytique des Probabilités, Ve. Courcier, Paris

@ two urns, A and B, each contains n of total 2n balls
@ Of total 2n balls, n balls are black and n are white

@ from each urn we randomly choose one ball which is then placed in the opposite
urn

@ number of white balls in urn A after r draws?

(Z,(")7 r € Np), for each n € N - Markov chain with state space {0,1,2,...,n}
transition probabilities:

X

2 2
Pxox+1 = (1 — 7) y Pxx = 2i (1 — f) , Pxx—1 = (i) , 0 otherwise (27)
n n n n
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CTRWs and fractional Pearson diffusions

Bernoulli-Laplace urn scheme - historical roots

@ Laplace was interested in finding heat kernel
@ z, . - probability that urn A contains x white balls after r draws.
2
1 -1
Zx, r41 — <X+ ) Z><+1,r‘|'2i (]—_ i) zx,r+ (1_ x ) Zx—1,r (28)
n n n n
@ in order to approximate the solution of the equation (28), Laplace introduced the

following transformations:

X = %(n+uﬁ), r=nr
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Bernoulli-Laplace urn scheme - historical roots

aZXa r 1 822}(, r

Zx+1,r R Zx,r +

ox 2 9x2
21 R Ze s — 6Zx,r lazzx,r
' ’ ox 2 Ox?
Zx, r+1 N Zx,r T azx”
' ' ar

° AM: %7 Zx,r = U(,u, I’/)

82
Zert,r = U(u+ Ap, r') = U+ Ap 7+§( )2

_ N aiu 1 2827U
Ze1,r = U(p—Ap, Y= U—Ap 8 +2(AH) o0

190U

1
X, r :U ,/ — )~ -
Zorn = Uu, r' + 2)m Ut -0
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CTRWs and fractional Pearson diffusions

Bernoulli-Laplace urn scheme - historical roots

°
ou ) 10 ou | U
@ special case of Kolmogorov forward equation (Fokker-Planck equation)
ap(x,t 3] 16°
POSH — O (uplx, ) + 5 oy (7200p(x, )

for
H(x) = —2x, 0%(x) =2

which are the infinitesimal parameters of specifically parametrized
Ornstein-Uhlenbeck process.
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CTRWs and fractional Pearson diffusions

Bernoulli-Laplace urn scheme - OU diffusion

@ space variable transformation

1
H™ — (22,(">— —b ) ,bER, a0 30
T n—byn), a a# (30)
time variable transformation
X" .=H" 6>0 (31)
L5 nt]

Let X = (X, t > 0) be the OU diffusion, i.e. the solution of the SDE

dX; = -0 (Xt + g) dt +4/ %dW(t), t >0, (32)

where (W/(t), t > 0) is the standard Brownian motion.

infinitesimal generator:
Af(x) = —0 (x+ g) () + 7—f”( )

core of the generator: C3(R)
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CTRWs and fractional Pearson diffusions

Bernoulli-Laplace urn scheme - OU diffusion

Theorem

Let (H™, r € Ny), for each n € N, be the Markov chain defined by (30). Let
(Xt("), t > 0) for each n € N, be the time-changed process (31). Then

X"= X, n—

in Skorohod space D(R), where X = (X, t > 0) is the Ornstein-Uhlenbeck process
defined by (32).

Theorem

Let {N(t), t > 0} be the renewal process defined in (24), and {E(t), t > 0} be the
inverse of the standard a-stable subordinator {D(t), t > 0} with 0 < a < 1. Then

X" (n_lN (nl/“t)) = X(E(t)), n— oo

in the Skorokhod space D(R) with J; topology.
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Wright-Fisher urn scheme - Jacobi and CIR diffusion

Wright-Fisher urn scheme

S. Karlin and H.M. Taylor (1981) A Second Course in Stochastic Processes, Academic
Press, New York

@ describes gene mutations (in some genetic pool) over time, strongly influencing
selection in the corresponding population

@ population has n individuals, where in the current generation, /i individuals are of
type A and n — i are of type a

@ Once born, individual of A-type can mutate in a-type with probability o and
individual of a-type can mutate in A-type with probability 5

@ survival ability of each type is modeled by parameter parametar s: the ratio of
A-types over a-types is equal to 1 + s

fraction of mature A-types in population before reproduction is

pr = 14+9)[i(l—a)+(n—1)pF]
A+s)[iQ—a)y+(n=0)B]+[ic+(n—1)(1-7P)]

(33)
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Wright-Fisher urn scheme - Jacobi and CIR diffusion

Wright-Fisher urn scheme

@ Assumption of the model: the composition of the next generation is determined
through n binomial trials, where the probability of producing an A-type in each
trial is pi, where p; is given via (33)

@ the number of A-types in population over time is described by Markov chain
(G, r € No) with state space {0,1,2,...,n} and transition probabilities

pj = <;>If{(1 —pi)" (34)

@ parameters of the model: o, 5 i s
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CTRWs and fractional Pearson diffusions

Wright-Fisher urn scheme - Jacobi diffusion

@ parameters of the model:

a=—-, ==, s=0, ab>0

H = 6" (35)
@ time variable transformation
(n) ._ py(n
Y, = H\_Gnt]’ 0>0 (36)

@ Let Y =(Y; t > 0) be the Jacobi diffusion, i.e. solution of the SDE

dY: = —6(a+ b) (Yt - ?bb) dt + \/0Ye(1— Yo)dW(t), t>0, (37)

where (W/(t), t > 0) is standard Brownian motion
@ infinitesimal generator:

Af(y) =60(—y(a+ b) + b)f'(y) + %Qy(l — D))

@ core of the generator: C2([0,1])
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CTRWs and fractional Pearson diffusions

Wright-Fisher urn scheme - Jacobi diffusion

Theorem

Let (H™, r € Ny), for each n € N, be the Markov chain defined by (35). Let
(Yt("), t > 0) for each n € N, be the time-changed process (36). Then

Y'"=Y, n— oo

in Skorohod space D([0,1]), where Y = (Y;, t > 0) is the Jacobi diffusion defined by
(37).

Theorem

Let {N(t), t > 0} be the renewal process defined in (24), and {E(t), t > 0} be the
inverse of the standard a-stable subordinator {D(t), t > 0} with 0 < a < 1. Then

y(™ (n_lN (nl/“t)) = Y(E(t)), n— o

in the Skorokhod space D([0, 1]) with Ji topology.
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Wright-Fisher urn scheme - CIR diffusion

parameters of the model:

a== B=L 0<d<1 a b>0, s=0
n n

space variable transformation

n_ G
H = = (38)
time variable transformation
z\" = Hf"gnd”, 0>0 (39)
Let Z = (Z;, t > 0) be the CIR diffusion, i.e. the solution of the SDE
dZ, = —6 (Zt - g) dt + g/gztth, t>0, >0, a>0, b>0, (40)

where (W(t), t > 0) is standard Brownian motion
infinitesimal generator:

b\ . 10 .,
f(z)=— — =) f(z2)+ z=-=2f
Af(z) 0 (Z a) (2) 337 (2)

core of the generator: C2([0,0))
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Wright-Fisher urn scheme - CIR diffusion

Theorem

Let (H,("), r € Ng), for each n € N, be the Markov chain defined by (38). Let
(Zt("), t > 0) for each n € N, be the time-changed process (39). Then

Z"=2Z n—

in Skorohod space D(R"), where Z = (Z;, t > 0) is the CIR diffusion defined by (40).

Theorem

Let {N(t), t > 0} be the renewal process defined in (24), and {E(t), t > 0} be the
inverse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

z" (nle (nl/at)) = Z(E(t)), n— o

in the Skorokhod space D(R™) with J; topology.
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CTRWs and fractional Pearson diffusions

Ehrenfest-Brillouin model - Jacobi diffusion

Ehrenfest-Brillouin model

Garibaldi & Scalas (2010) Finitary Probabilistic Methods in Econophysics, Cambridge
University Press

@ consider a population of n objects that could be interpreted as particles in a
physical system, genes in applications in genetics or agents in economics models

@ state of the system:

N
n=(n,...,ni,...,ny), nm>0, Vke{l,...N}, an:n.
k=1
@ dynamics of the system: from initial state n = (n1,...,ni,..., Nk, ..., ny) to the

final state nf = (ny,...,m —1,...,m +1,..., ny)
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CTRWs and fractional Pearson diffusions

Ehrenfest-Brillouin model - Jacobi diffusion

@ the destruction of the object on the ith coordinate (category) in the initial state n
(the "Ehrenfest’s term™), resulting in the state vector

n,-:(nl,...,n,-—1,...,nk,...,nN),
which happens with probability
ni
P(niln) = —
(nin) = >
@ the creation of the object in the kth coordinate (category) given the state vector
n;, resulting in the final state vector n¥, with probability

K ok + N — Ok,
Plniln) = = — —1

N

where o = (a1, ..., an) is the vector of parameters such that > ax = « and dx,; is
k=1

the usual Kronecker's delta symbol, taking value 1 when k = i and zero otherwise.
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Ehrenfest-Brillouin Markov chain- Jacobi diffusion

@ (G™(r), r € Np) - marginal Ehnrefest-Brillouin Markov chain with state space
{0,1,...,n}

@ transition probabilities:

n—i o+ 1 N _i ar+n—1i
n a1+a2+n—1’ Pii-1 =

Pii1 = n e tarta—1

pii =1—pii+1 — pii-1, O otherwise, a >0, b > 0.
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Ehrenfest-Brillouin Markov chain- Jacobi diffusion

@ space variable transformation

G(")
H = 2 41
=2 (41)
@ time variable transformation
v\ = H[g’nzt s 0>0 (42)

@ Let Y =(Y; t > 0) be the Jacobi diffusion, i.e. the solution of the SDE

dYe = —0((c1 + a2)y — aa)dt + +/(20)y(1 — y)dW,, t>0 (43)

where (W/(t),t > 0) is the standard Brownian motion.

@ infinitesimal generator:
1
Af(y) = =0((a1 + a2)y — aa)f'(y) + 5(20)y(1 = )" ()
@ core of the generator: C2([0, 1])
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Ehrenfest-Brillouin Markov chain- Jacobi diffusion

Theorem

Let (H,("), r € Ng), for each n € N, be the Markov chain defined by (41). Let
(Yt("), t > 0) for each n € N, be the time-changed process (42). Then

Y'"=Y, n— oo

in Skorohod space D([0,1]), where Y = (Y;, t > 0) is the Jacobi diffusion defined by
(43).

Theorem

Let {N(t), t > 0} be the renewal process defined in (24), and {E(t), t > 0} be the
inverse of the standard a-stable subordinator {D(t), t > 0} with 0 < a < 1. Then

y(™ (n_lN (nl/“t)) = Y(E(t)), n— o

in the Skorokhod space D([0, 1]) with Ji topology.
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Markov chain for Student diffusion

@ (Z\"(r), r € N) - Markov chain with state space {0,1,...,n}

@ transition probabilities:
pPo,1 = 17 Pn,n—1 = 17

PR B PRE-/A S I PR L B PR A RS N A
Pii+t = 5¢ n n n) @ PHm1T o n n\n)"’

pi.i=1—piiv1 — pii-1, 0 otherwise,

where j € {1,2,...,n—1},0<d <1, ¢ >1 and nis large enough to ensure
pii+1 + pii-1 < 1.
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Markov chain for Student diffusion

@ space variable transformation
1
n

H™ = (22(")(r)—n—b\/ﬁ),3>07 beR

a

@ time variable transformation

X" = H™ (En%J) ,60>0

@ Let X = (X, t > 0) be the Student diffusion, i.e. the solution of the SDE

2
dX; = —0 Xt—i—é dt+ |20 1 x—&—é —|—i dW;, t>0
a c a 2a2

where (W(t), t > 0) is the standard Brownian motion.

@ infinitesimal generator:

Af(x) = —6 <x + g) F1x) + %29 ((1: (x + :)2 + 2;) £(x)

@ core of the generator: C2(R)

fPDs and CTRWs
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Markov chain for Student diffusion

Theorem

Let (H,("), r € No), for each n € N, be the Markov chain defined by (44). Let
(Yt("), t > 0) for each n € N, be the time-changed process (45). Then

X"= X, n—

in Skorohod space D(R), where X = (X;, t > 0) is the Student diffusion defined by (46).

Theorem

Let {N(t), t > 0} be the renewal process defined in (24), and {E(t), t > 0} be the
inverse of the standard a-stable subordinator {D(t), t > 0} with 0 < o < 1. Then

X (nle (nl/at)) = X(E(t)), n—

in the Skorokhod space D(R) with J; topology.
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CTRWs and fractional Pearson diffusions

Stretched non-local Pearson diffusions
This part is based on the paper

Beghin, L., Leonenko, N. N., Papié, I., & Vaz, J. (2026). Stretched non-local Pearson
diffusions, Stochastic processes and their applications 195 (In Press)
Kilbas-Saigo function: defined as

am/z) ZC,,Z,
with )
Y M+ a(km+ )]
=1 I>-1 4
e ) Hr[l+akm+/+1)]am>o’ > —1/a (47)

@ Kilbas-Saigo function generalizes the Mittag-Leffler function:

Baor0(2) = Zran+1 =Ea(9)
@ Kilbas-Saigo function generalizes the exponentlal function:

Ei1,0(z Z JCES! =é
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Stretched non-local Pearson diffusions: Caputo-type
derivative

Definition

We define the non-local differential operator D{*? as

DIV = = [

where 0 < a < 1 is order of the Caputo fractional derivative CDga) and +y is an arbitrary

nonnegative real number, representing stretching parameter of time argument.

dr =t D\, (48)

v

@ A first-order equation involving D{*?) and KS function:

D £(t) + kf(t) = 0 (49)
Solution:

F(£) = o Eati o (%) (50)
where fy is arbitrary
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Stretched non-local Pearson diffusions: time-change model

@ Stochastic representation of Kilbas-Saigo function:

Eomm-1(z) = E {exp {z/ (1- Ug)i(mfl) dtH 7
0

where (o8, t > 0) is a-stable subordinator such that
E[e ] =e", t>o0.

@ time-change model (Z{*" t >0), Z\*" .= ¢*t17

74 My+1) H7+n+1 (1+ n 71—04),
Mat+y+1)scat+y+n a+y a+y

@ fory=0and a €(0,1): Z 4 LT, where (L&, t > 0) is the inverse of of.
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Stretched non-local Pearson diffusions

Stretched non-local Pearson diffusions - stochastic process (Xt(a”), t> O) defined as
X = Xyaryy 20,

where

o (Zt(“”), t > 0) is nonnegative stochastic time-change model with Laplace
transform corresponding to Kilbas-Saigo function

Eexp (_)\Zt(aﬁ)) = Ea,14v/0,7/a (_)‘taJr’Y)

® (X, t > 0) is Pearson diffusion independent of time-change model (Z{*), t > 0)
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Stretched non-local Pearson diffusions - transition densities
for OU, CIR cases

@ non-heavy-tailed diffusion

')

pOé(Xv tvy) = p(X)ZeiA"tQ”(y)Q"(X)v X7 y € I7 t 2 Oa

n=0

@ non-heavy-tailed fractional diffusion:

Pa(x, 1) = p(x) 3 Eal=Aat") Qu(y)Qu(x), x, y €1, >0,

n=0

@ non-heavy-tailed stretched non-local diffusion:

pa(X7 t;y) = p(X)Z Ea,1+'y/a,'y/a (_)\ta+-y) Qn(y)Qn(X)7 x,y€l, t>0,

n=0
where
- p(x) is corresponding stationary distribution
- {Qn, n € N} are corresponding eigenfunctions
- {\n, n € N} are corresponding eigenvalues
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Stretched non-local Pearson diffusions - Open problems

@ heavy-tailed Stretched non-local Pearson diffusions:

- Extending the results for non-heavy-tailed stretched non-local Pearson
diffusions to the heavy-tailed cases
- transition densities, cauchy problems, stationary distribution...

@ Continous-time random walks for stretched non-local Pearson diffusions

- Extending the results obtained for CTRWS and fractional Pearson
diffusions

- This assumes proper convergence results for the time-change model
based on KS function in accordance to the obtained
inverse-subordinator convergence results

fPDs and CTRWs 53 /56



CTRWs and fractional Pearson diffusions

References |

=)

AVRAM, F., LEONENKO, N.N., Suvak, N. (2013a) Spectral representation of transition density of Fisher-Snedecor
diffusion, Stochastics, 85(2): 346-369

AvraM, F., LEONENKO, N.N., Suvak, N. (2013b) On spectral analysis of heavy-tailed Kolmogorov-Pearson diffusions,
Markov Processes and Related Fields, 19(2): 249-298

BEGHIN, L., LEONENKO, N. N., PaPIC, 1., & VAz (2026) Stretched non-local Pearson diffusions, Stochastic processes
and their applications, 195 (In press)

BORODIN, S., SALMINEN, P. (1996) Handbook of Brownian Motion: Facts and Formulae, Springer

CHAKRABORTY, P., MEERSCHAERT, M.M., Livm, C.Y. (2009) Parameter estimation for fractional transport: A
particle-tracking, Water Resources Research 45(10)

ERDELYI, A. (1981) Higher Transcendental Functions, Volume Il, Krieger Pub Co.

FORMAN, J.L., SORENSEN, M. (2008). The Pearson diffusions: A class of statistically tractable diffusion processes.
Scand. J. Statist. 35: 438-465
KARLIN, S., TAYLOR, H.M. (1981) A Second Course in Stochastic Processes, Academic Press, New York

KorLmocorov, A.N. (1931) On analytical methods in probability theory, Uber die analytischen Methoden in der
Wahrscheinlichkeitsrechnung, Math. Ann., 104: 415-458

B W e WE @ =

KALLENBERG, O. (2002) Foundations of Modern Probability, Springer Series in Statistics, Probability and its
applications, Springer

fPDs and CTRWs 54 /56



CTRWs and fractional Pearson diffusions

References |l

LAPLACE, P. (1812) Théorie Analytique des Probabilités, Ve. Courcier, Paris

LEONENKO, N.N., MEERSCHAERT, M.M., SIKORsKII, A. (2013) Fractional Pearson diffusions, Journal of Mathematical
Analysis and Applications, 403(2): 532-546

LEONENKO, N.N., MEERSCHAERT, M.M., SIKORsKII, A. (2013) Correlation structure of fractional Pearson diffusions,
Computers and Mathematics with Applications, 66(5): 737-745

BOURGUIN, S., CAMPESE, S., LEONENKO, N., TAQQU, M.S. (2019) Four moments theorems on Markov chaos, Annals
of Probablity, in press

KuLik, A.M. AND LEONENKO, N.N. (2013) Ergodicity and mixing bounds for the Fisher-Snendecor diffusion, Bernoulli,
19(5B): 2204-2329

LEONENKO, N.N., MEERSCHAERT, M.M., SCHILLING, R.L., SIKORSKII, A. (2014) Correlation Structure of
Time-Changed Lévy Processes, Communications in Applied and Industrial Mathematics,6/(1): p. e-483 (22 pp.)

LEONENKO, N.N., PAPIC, I., SIKORSKII, A., SUVAK, N. (2017) Heavy-tailed fractional Pearson diffusions, Stochastic
Processes and their Applications, 127(11): 3512-3535

LEONENKO, N.N., PaPI¢, 1., SIKORSKII, A., SUVAK, N. (2018) Correlated continuous time random walks and fractional
Pearson diffusions, Bernoulli,24/(4B): 3603-3627

W W W EE

LEONENKO, N.N., PAPIC, 1., SIKORSKII, A., SUVAK, N. (2019) Ehrenfest-Brillouin-type correlated continuous time
random walk and fractional Jacobi diffusion, Theory of Probability and Mathematical Statistics, Vol 99: 137-147

fPDs and CTRWs 55 /56



CTRWs and fractional Pearson diffusions

References ||

LEONENKO, N.N., PAPIC, T., SIKORSKII, A., SUVAK, N. (2020) Approximation of heavy-tailed fractional Pearson
diffusions in Skorokhod topology, Journal of Mathematical Analysis and Applications, 486(2)

McKEAN, H.P. (1956) Elementary solutions for certain parabolic partial differential equations, Transactions of the
American Mathematical Society, 82(2): 519-548

MEERSCHAERT, M.M., SCHEFFLER, H.P. (2004) Limit theorems for continuous-time random walks with infinite mean
waiting times, Journal of Applied Probability 41(3): 623-638

MEERSCHAERT, M.M., SIKORSKII, A. (2011) Stochastic Models for Fractional Calculus, De Gruyter
(DKSENDAL, B. (2000) Stochastic Differential Equations, Springer

ScaLas, E. (2006) Five years of continuous-time random walks in econophysics, Complex Netw. Econ. Interactions
567(1): 3-16

SCHUMER, R., BENSON, D.A., MEERSCHAERT, M.M., BAEUMER, B. (2003) Fractal mobile/immobile solute transport,
Water Resources Research 39(1): 12-69

) & WWE @ )

WONG, E. (1964). The construction of a class of stationary Markov processes. Sixteen Symposium in Applied

mathematics - Stochastic processes in mathematical Physics and Engineering, American Mathematical Society, Ed. R.
Bellman 16: 264-276

fPDs and CTRWs 56 / 56



	Fractional Pearson diffusions (FPD)
	Pearson diffusions (PD)
	Transition densities of PD and FPD
	CTRWs and fractional Pearson diffusions

